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FORMULA SUMMARY: ALGEBRA 


Lines 

Slope of line through (xj ,y x ) and (x 2 ,y 2 ): 

3^2 “ 

m = - 

*2 ~X\ 

Point-slope equation of line through (X],>’]) with slope m\ 

y - y\ = m{x - xj) 

Slope-intercept equation of line with slope m and y-intercept b\ 

y — + mx 

Distance from (x ] , y { ) to (x 2 , y 2 ): 

Distance = ^(*2 ~ x \) 2 + (^2 “ Jh) 2 
Midpoint of a line segment whose ends are at (xj, ) and (x 2 , y 2 ): 

... . . (x\ +x 2 jq + y 2 \ 

Midpoint = f—-—,—-—j 

Definition of Zero, Negative, and Fractional Exponents 

cP =1, Q — 1 — and, in general, a~ x = — 
a a x 

a }! 1 — = \fa, and, in general, a^ n = \[a 

Also, a mln = </^ = {yfa) m 

Rules of Exponents 

1. a x ■ o' = a x+l For example. 2 4 • 2 3 = (2 • 2 • 2 • 2) • (2 • 2 • 2) = 2 7 

„ a x x -, r , 2 4 2 - 2 - 2 - 2 ol 

2. — — <3 For example, — = -= 2 

a' 2 3 2-2-2 

3. (a x Y ~ a xt For example, (2 3 ) 2 = 2 3 * 2 3 = 2 6 

Definition of Log 

y = In x means e y = x; for example: In 1 = 0, since e {) = 1 
y = logx means 10 y = x; for example: log 10 = 1, since 10 1 = 10 

Rules of Logarithms 


log(/4B) = log A + log B 
log ( ^ ) = log A - log B 
log A 77 = plog A 

Identities 


\n{AB) = In A + In B 
ln(^) = In A - In £ 
In A p = p In A 


log 10 v = x In e x — x 

I0 logv = X 


= X 
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PREFACE 


In the 21 st century, students need the ability to solve problems; innovation depends on citizens who can 
think critically. The fifth edition of Functions Modeling Change: A Preparation for Calculus reaffirms our 
effort to refocus the teaching of mathematics in a balanced blend of concepts and procedures. Our approach 
encourages students to develop their problem-solving skills while acquiring the mathematical background 
needed to learn calculus or pursue their careers. 


Fifth Edition: Focus 

This edition of Precalculus continues to stress conceptual understanding and the connections among mathe¬ 
matical ideas. Understanding exponential change, for example, means being able to relate the size of a percent 
growth to the shape of a function’s graph, as well as assessing the reasonability of a model. 

Functions are the foundation of much of mathematics. Our approach encourages a robust understanding 
of functions in traditional and novel contexts. Skills are introduced and reinforced throughout the book. This 
balance of skills and understanding promotes students' critical thinking. 

Fifth Edition: Flexibility 

Precalculus courses are taken by a wide range of students and are taught in a wide variety of styles. As 
instructors ourselves, we know that the balance we choose depends on the students we have: sometimes a 
focus on conceptual understanding is best; sometimes more skill-building is needed. 

To enable instructors to select the balance appropriate for their students, the fifth edition expands the op¬ 
tions available for customizing material. For example, we have integrated examples involving linear inequal¬ 
ities in our treatment of linear equations, and offered more examples on rates of change in several chapters. 
The sections involving limit notation and phase shift have been restructured so that these topics can be easily 
skipped. Transformations of functions are now introduced in Chapter 2, while the full treatment remains in 
Chapter 6, providing instructors with more freedom about when to introduce them and how deeply to cover 
this topic. 

Origin of Text: The Calculus Consortium for Higher Education 

This book is the work of faculty at a diverse consortium of institutions, and was originally generously sup¬ 
ported by the National Science Foundation. It represents the first consensus among such a diverse group of 
faculty to have shaped a mainstream precalculus text. Bringing together the results of research and experience 
with the views of many users, this text is designed to be used in a wide range of institutions. 

Guiding Principles: Varied Problems and the Rule of Four 

Conceptual understanding is enhanced when students engage in non-procedural problem-solving. Problems 
classified into clear-cut types tend to develop proficiency at finding answers, but not necessarily a robust 
conceptual understanding. Strong problem-solvers feel capable of making progress on problems they have 
not seen before, not just those of known type. Consequently, we are guided by the following principles: 

• Problems are varied and often challenging. Many of our problems cannot be answered by following a 
template in the text. 

• Text examples are diverse and represent the natural integration of skills and concepts. 

• The Rule of Four: each concept and function is represented symbolically, numerically, graphically, and 
verbally. This principle, originally introduced by the Consortium, promotes multiple representations. 
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• We provide students and instructors quick means of assessing comprehension before moving on by using 
the true-false Strengthen Your Understanding problems at the end of each chapter. 

• Our central theme, functions as models of change, links the components of our precalculus curriculum. 
Algebra is integrated where appropriate. 

• Topics are fewer in number than it is customary so they can be treated in greater depth. The topics are 
those essential to the study of calculus. 

• Problems involving real data give students practice with modeling. 

• We include both classic and current applications to prepare students to model with mathematics in a 
variety of contexts. 

• Our problems allow students to become proficient in the use of technology, including symbolic manipu¬ 
lators, computers, tablets, and online software, as appropriate. 

• Our precalculus materials allow for a broad range of teaching styles. They are flexible enough for use in 
large lecture halls, small classes, or in group or lab settings. 


Changes in the Fifth Edition 

The fifth edition reflects the many helpful suggestions from users while preserving the focus and guiding 
principles of previous editions. We have made the following changes: 

• Many examples and problems are new or have been rewritten. Data has been updated and new data 
introduced. 

• The three chapters on trigonometry have been reorganized and rewritten: 

— Trigonometric functions on the circle are introduced both in radians and degrees in Chapter 7, 
highlighting the natural relationship between radians and the unit circle as soon as periodic functions 
are introduced. 

— Sinusoidal functions modeling periodic phenomena and simple trigonometric equations are also 
introduced in Chapter 7, while more involved trigonometric models and equations requiring relation¬ 
ships such as double-angle identities are treated in Chapter 9. 

— Phase shift has been made an optional topic in Chapter 7. 

— Triangle trigonometry is discussed separately in Chapter 8, after trigonometric and sinusoidal func¬ 
tions are treated in Chapter 7. 

• A brief exploration of linear inequalities has been integrated with the material on solving linear equations 
in Chapter 1 . 

• Vertical and horizontal shifts are introduced in Chapter 2, and referenced in Chapter 3 when introducing 
the vertex form of a quadratic equation. Shifts are reviewed at the beginning of Chapter 6 and considered 
in combination with other transformations. 

• Odd and even functions are introduced by looking at invariance of certain functions under reflections, 
and thus better integrated with the transformation focus of Chapter 6. 

• The effect of changing the order of transformations, the last section in Chapter 6 in the fourth edition, 
has been shortened and included in the previous section. 

• The section on power functions in Chapter 11 has been rewritten to increase the focus on graphical 
behavior and proportionality. 

• Examples on average rate of change have been added throughout the book, such as for exponential 
functions (in Chapter 5) and periodic functions (in Chapters 7 and 9). 

• WileyPLUS, the primary online resource suite paired with the textbook, has been updated with improved 
problems and hints, including many new problems from the fifth edition. 
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What Student Background is Expected? 

Students using this book should have successfully completed a course in intermediate algebra or high school 
algebra II. The book is thought-provoking for well-prepared students while still accessible to students with 
weaker backgrounds. Providing numerical, graphical, and algebraic approaches builds on different student 
strengths and provides students with a variety of ways to master the material. Multiple representations give 
students tools to persist, lowering failure rates. 

Our Experiences 

The first four editions of this book were used at hundreds of schools around the country in a wide variety of 
settings. It has been used successfully in both semester and quarter systems, in large lectures and small classes 
as well as in full-year courses in secondary schools. It has also been used in computer labs and small groups, 
often with the integration of a number of different technologies. 


Content 

The central theme of this book is functions as models of change. We emphasize that functions can be grouped 
into families and that functions can be used as models. We explore how function characteristics connect to 
difference quotients and rates of change, naturally previewing key calculus ideas. 

Because linear, quadratic, exponential, power, and periodic functions are most frequently used to model 
physical phenomena, they are introduced before polynomial and rational functions. Once introduced, a family 
of functions is compared and contrasted with other families of functions. 

A large number of the examples that students see in this precalculus course are real-world problems. By 
the end of the course, we hope that students will use functions to help them understand the world in which 
they live. We include non-routine problems to emphasize that such problems are not only part of mathematics, 
but in some sense are the reason for doing mathematics. 

Technology 

The book does not require any specific software or technology. Instructors have used the material with graph¬ 
ing calculators, graphing software, or scientific calculators. 

Chapter 1: Linear Functions and Change 

This chapter introduces the concept of a function as well as graphical, tabular, symbolic, and verbal represen¬ 
tations of functions, discussing the advantages and disadvantages of each representation. It introduces rates of 
change and uses them to characterize linear functions. Examples on modeling with linear functions, including 
interpreting linear inequalities, are discussed. A section on fitting a linear function to data is included. 

The Skills Refresher section for Chapter 1 reviews linear equations, linear inequalities, and the coordi¬ 
nate plane. 

Chapter 2: Functions 

This chapter studies functions in more detail. It introduces domain, range, previews function shifts and the 
concepts of composite and inverse functions, and investigates the idea of concavity using rates of change. A 
section on piecewise functions is included. 

Chapter 3: Quadratic Functions 

This chapter introduces the standard, factored, and vertex forms of a quadratic function and explores their 
relationship to graphs, including shifts. The family of quadratic functions provides an opportunity to see the 
effect of parameters on functional behavior. 

The Skills Refresher section for Chapter 3 reviews factoring, completing the square, and quadratic equa¬ 
tions. 
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Chapter 4: Exponential Functions 

This chapter introduces the family of exponential functions and the number e . It compares exponential and 
linear functions, solves exponential equations graphically, and gives applications to compound interest. 

The Skills Refresher section for Chapter 4 reviews the properties of exponents. 

Chapter 5: Logarithmic Functions 

This chapter introduces logarithmic functions with base 10 and base e, both in order to solve exponential equa¬ 
tions and as inverses of exponential functions. After discussing manipulations with logarithms, the chapter 
focuses on modeling with exponential functions and logarithms. Logarithmic scales and a section on lineariz¬ 
ing data conclude the chapter. 

The Skills Refresher section for Chapter 5 reviews the properties of logarithms. 

Chapter 6: Transformations of Functions and Their Graphs 

This chapter investigates transformations. It revisits shifts, introduces reflections and stretches, and explores 
even and odd symmetry using transformations. The effect of ordering when combining transformations is 
explored. 

Chapter 7: Trigonometry and Periodic Functions 

This chapter introduces trigonometric functions in both radians and degrees as models for periodic motion. 
After exploring graphs and formulas of sine, cosine, and tangent, general sinusoidal functions are introduced. 
This chapter introduces the inverse trigonometric functions to solve trigonometric equations. 

The Skills Refresher section for Chapter 7 reviews sine and cosine values of special angles measured in 
both radians and degrees. 

Chapter 8: Triangle Trigonometry and Polar Coordinates 

This chapter develops right-triangle trigonometry, and introduces the Law of Sines and the Law of Cosines. It 
also defines polar coordinates, explores their relationship to Cartesian coordinates, and considers the graphs 
of polar inequalities. 

Note: Chapter 8 can be skipped by instructors who prefer not to emphasize triangle trigonometry. 

Chapter 9: Trigonometric Identities, Models and Complex Numbers 

This chapter opens with a discussion of trigonometric equations, and then explores trigonometric identities 
and their role in trigonometric models, such as damped oscillations and acoustic beats. The chapter closes 
with complex numbers, including Euler’s Formula and de Moivre’s theorem. 

Chapter 10: Compositions, Inverses, and Combinations of Functions 

This chapter discusses combinations of functions. It investigates composite and inverse functions, which were 
introduced in Chapter 2, in more detail. 

Chapter 11: Polynomial and Rational Functions 

This chapter discusses power functions, polynomials, and rational functions. The chapter explores dominance 
and long-run behavior and concludes by comparing polynomial and exponential functions, and by fitting 
functions to data. 

The Skills Refresher section for Chapter 11 reviews algebraic fractions. 

Chapter 12: Vectors 

This chapter contains material on vectors and operations involving vectors. An introduction to matrices is 
included in the last section. 


Preface vii 


Chapter 13: Sequences and Series 

This chapter introduces arithmetic and geometric sequences and series and their applications. 

Chapter 14: Parametric Equations and Conic Sections 

The concluding chapter looks at parametric equations, implicit functions, hyperbolic functions, and conic 
sections: circles, ellipses, and hyperbolas. The chapter includes a section on the geometrical properties ofThe 
conic sections and their applications to orbits. 

Note: Chapter 14 is available online only. 

Supplementary Materials 

The following supplementary materials are available for the fifth edition: 

• The Instructor’s Manual contains teaching tips, lesson plans, syllabi, and worksheets. It has been 
expanded and revised to include worksheets, identification of technology-oriented problems, and new 
syllabi. (ISBN 978-1-1 19-01383-9) 

• The Printed Test Bank contains test questions arranged by section. 

• The Instructor’s Solution Manual has complete solutions to all problems. (ISBN 978-1-118-94162-1) 

• The Student Solution Manual has complete solutions to half of the odd-numbered problems. (ISBN 
978-1-1 18-94163-8) 

• The Computerized Test Bank, available in both PC and Macintosh formats, allows instructors to create, 
customize, and print a test containing any combinations of questions from a large bank of questions. 
Instructors can also customize the questions or create their own. 

• Classroom Activities are posted at the book companion website. These activities were developed to 
facilitate in-class group work as well as to introduce new concepts and to practice skills. In addition to 
the blank copies for each activity that can be handed out to the students, a eopy of the activity with fully 
worked out solutions is also available. 

• The Book Companion Site at www.wiley.com/college/connally contains all instructor supplements. 

• WileyPLUS is a powerful online suite of teaching and learning resources tightly integrated with the text. 
WileyPLUS enables instructors to assign, deliver and grade individually customized homework assign¬ 
ments using exercises and problems from the text. Students receive immediate feedback on their home¬ 
work and access to full solutions to assigned problems electronically. Students may also access hints to 
the problems. In addition to online homework. WileyPLUS provides student tutorials, an instructor grade- 
book, integrated links to the electronic version of the text, and all of the text’s supplemental materials. 
For more information, visit www.wiley.com/college/wileyplus or contact your local Wiley representative 
for more details. 

• Mini-lecture Videos linked with examples in the WileyPLUS student version of the text provide greater 
detail to the solution of examples in each section of the text. These may assist students in reading the text 
prior to class or in reviewing material after class. 

• The Faculty Network is a peer-to-peer network of academic faculty dedicated to the effective use of 
technology in the classroom. This group can help you apply innovative classroom techniques, implement 
specific software packages, and tailor the technology experience to the specific needs of each individual 
class. Visit www.wherefacullyconnect.com or ask your Wiley representative for details. 

ConcepTests 

ConeepTests, modeled on the pioneering work of Harvard physicist Eric Mazur, are questions designed to 
promote active learning during class, particularly (but not exclusively) in large lectures. Our evaluation data 
show students taught with ConcepTests outperformed students taught by traditional lecture methods 739? ver¬ 
sus 179? on conceptual questions, and 63% versus 54% on computational problems. ConcepTests arranged by 
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section are available in PowerPoint and Classroom Response System-ready formats from your Wiley repre¬ 
sentative. (ISBN 978-1-118-94161 -4) 
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To Students: How to Learn from this Book 

• This hook may be different from other math textbooks that you have used, so it may be helpful to know about 
some of the differences in advance. At every stage, this book emphasizes the meaning (in practical, graphical 
or numerical terms) of the symbols you are using. There is much less emphasis on “plug-and-chug" and using 
formulas, and much more emphasis on the interpretation of these formulas than you may expect. You will often 
be asked to explain your ideas in words or to explain an answer using graphs. 

• The book contains the main ideas of precalculus in plain English. Success in using this book will depend on 
reading, questioning, and thinking hard about the ideas presented. It will be helpful to read the text in detail, 
not just the worked examples. 

• There are few examples in the text that are exactly like the homework problems, so homework problems can't 
be done by searching for similar-looking “worked out” examples. Success with the homework will come by 
grappling with the ideas of precalculus. 

• Many of the problems in the book are open-ended. This means that there is more than one correct approach 
and more than one correct solution. Sometimes, solving a problem relies on common-sense ideas that are not 
stated in the problem explicitly but which you know from everyday life. 

• This book assumes that you have access to a calculator or computer that can graph functions and find (approx¬ 
imate) roots of equations. There are many situations where you may not be able to find an exact solution to a 
problem, but can use a calculator or computer to get a reasonable approximation. An answer obtained this way 
can be as useful as an exact one. However, the problem does not always state that a calculator is required, so 
use your own judgment. 

• This book attempts to give equal weight to four methods for describing functions: graphical (a picture), numer¬ 
ical (a table of values), algebraic (a formula) and verbal (words). Sometimes it’s easier to translate a problem 
given in one form into another. For example, you might replace the graph of a parabola with its equation, or 
plot a table of values to see its behavior. It is important to be flexible about your approach: if one way of looking 
at a problem doesn’t work, try another. 

• Students using this book have found discussing these problems in small groups helpful. There are a great many 
problems that are not cut-and-dried; it can help to attack them with the other perspectives your colleagues 
can provide. If group work is not feasible, see if your instructor can organize a discussion session in which 
additional problems can be worked on. 

• You are probably wondering what you’ll get from the book. The answer is, if you put in a solid effort, you will 
get a real understanding of functions as well as a real sense of how mathematics is used in the age of technology. 
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Chapter One LINEAR FUNCTIONS AND CHANGE 


1.1 FUNCTIONS AND FUNCTION NOTATION 

In everyday language, the word function expresses the notion of dependence. For example, a person 
might say that election results are a function of the economy, meaning that the winner of an election 
is determined by how the economy is doing. Someone else might claim that car sales are a function 
of the weather, meaning that the number of cars sold on a given day is affected by the weather. 

In mathematics, the meaning of the word function is more precise, but the basic idea is the 
same. A function is a relationship between two quantities. If the value of the first quantity determines 
exactly one value of the second quantity, we say the second quantity is a function of the first. We 
make the following definition: 


A function is a rule that takes certain numbers as inputs and assigns to each input number 
exactly one output number. The output is a function of the input. 

The inputs and outputs are also called variables. 

Representing Functions: Words, Tables, Graphs, and Formulas 

A function can be described using words, data in a table, points on a graph, or a formula. 


Example 1 


Solution 


It is a surprising biological fact that most crickets chirp at a rate that increases as the temperature 
increases. For the snowy tree cricket (Oecanthus fultoni), the relationship between temperature and 
chirp rate is so reliable that this type of cricket is called the thermometer cricket. We can estimate 
the temperature (in degrees Fahrenheit) by counting the number of times a snowy tree cricket chirps 
in 15 seconds and adding 40. For instance, if we count 20 chirps in 15 seconds, then a good estimate 
of the temperature is 20 + 40 = 60°F. 1 

The rule used to find the temperature T (in °F) from the chirp rate R (in chirps per minute) is an 
example of a function. The input is chirp rate and the output is temperature. Describe this function 
using words, a table, a graph, and a formula. 


• Words: To estimate the temperature, we count the number of chirps in fifteen seconds and add 
forty. Alternatively, we can count R chirps per minute, divide R by four and add forty. This is 
because there are one-fourth as many chirps in fifteen seconds as there are in sixty seconds. 
For instance, 80 chirps per minute works out to i * * 80 = 20 chirps every 15 seconds, giving an 
estimated temperature of 20 + 40 = 60°F. 

• Table: Table l.l gives the estimated temperature, 7\ as a function of R , the number of chirps 
per minute. Notice the pattern in Table 1.1: each time the chirp rate, R , goes up by 20 chirps per 
minute, the temperature, T, goes up by 5°F. 


Table 1.1 Chirp rate and temperature 


R , chirp rate 
(chirps/minute) 

7\ predicted 

temperature (°F) 

20 

45 

40 

50 

60 

55 

80 

60 

100 

65 

120 

70 

140 

75 

160 

80 


T (°F) 


100 

90 

80 

70 

60 

50 

40 

30 

20 

10 


P = (80,60) 


40 


—i- 1 - R, chirp rate 

80 120 160 (chirps/min) 


Figure 1.1: Chirp rate and temperature 


1 This relationship is often called Dolbear’s Law. as it was first proposed in Amos Dolbear, "The Cricket as a Thermometer," 
in The American Naturalist , 31(1897), pp. 970-971. 
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• Graph: The data from Table 1.1 are plotted in Figure 1.1. For instance, the pair of values R = 80, 
7 — 60 is plotted as the point P, which is 80 units along the horizontal axis and 60 units up 
the vertical axis. Data represented in this way are said to be plotted on the Cartesian plane. The 
precise position of P is shown by its coordinates, written P = (80,60). 

• Formula: A formula is an equation giving T in terms of R. Dividing the chirp rate by four and 
adding forty gives the estimated temperature, so: 


Estimated temperature (in °F) = - • Chirp rate (in chirps/min) + 40. 

S ---' 4 V "-V-' 


Rewriting this using the variables T and R gives the formula: 

T = 7^ + 40. 

4 

Let’s check the formula. Substituting R — 80, we have 

T = 7 • 80 + 40 = 60, 

4 


which agrees with point P = (80,60) in Figure 1.1. The formula T = ^R + 40 also tells us that 
if R = 0, then T = 40. Thus, the dashed line in Figure 1.1 crosses (or intersects) the 7-axis at 
7 = 40; we say the T-intercept is 40. 


All the descriptions given in Example 1 provide the same information, but each description has 
a different emphasis. A relationship between variables is often given in words, as at the beginning 
of Example 1. Table 1.1 is useful because it shows the predicted temperature for various chirp rates. 
Figure 1.1 is more suggestive of a trend than the table, although it is harder to read exact values of 
the function. For example, you might have noticed that every point in Figure 1.1 falls on a straight 
line that slopes up from left to right. In general, a graph can reveal a pattern that might otherwise 
go unnoticed. Finally, the formula has the advantage of being both compact and precise. However, 
this compactness can also be a disadvantage since it may be harder to gain as much insight from a 
formula as from a table or a graph. 


Mathematical Models 

When we use a function to describe an actual situation, the function is referred to as a mathematical 
model. The formula T — ~ R + 40 is a mathematical model of the relationship between the temper¬ 
ature and the cricket’s chirp rate. Such models can be powerful tools for understanding phenomena 
and making predictions. For example, this model predicts that when the chirp rate is 80 chirps per 
minute, the temperature is 60°F. In addition, since 7 = 40 when R = 0, the model predicts that the 
chirp rate is 0 at 40°F. Whether the model’s predictions are accurate for chirp rates down to 0 and 
temperatures as low as 40°F is a question that mathematics alone cannot answer; an understanding 
of the biology of crickets is needed. However, we can safely say that the model does not apply for 
temperatures below 40°F, because the chirp rate would then be negative. For the range of chirp rates 
and temperatures in Table 1.1, the model is remarkably accurate. 

In everyday language, saying that 7 is a function of R suggests that making the cricket chirp 
faster would somehow make the temperature change. Clearly, the cricket’s chirping does not cause 
the temperature to be what it is. In mathematics, saying that the temperature “depends” on the chirp 
rate means only that knowing the chirp rate is sufficient to tell us the temperature. 
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Function Notation 

To indicate that a quantity Q is a function of a quantity t, we abbreviate 
Q is a function of t to Q equals “/ of f” 
and, using function notation, to 

Q = fit). 

Thus, applying the rule / to the input value, r, gives the output value, f(t\ which is a value of Q. 
Here Q is called the dependent variable and t is called the independent variable . In other words. 

Output = /(Input) 

or 

Dependent = /(Independent), 

We could have used any letter, not just /, to represent the rule. 

The expressions “Q depends on t” or “Q is a function of /” do not imply a cause-and-effect 
relationship, as the snowy tree cricket example illustrates. 

Example2 Example 1 gives the following formula for estimating air temperature, 7\ based on the chirp rate, R , 

of the snowy tree cricket: 

T = -R+ 40. 

4 

In this formula, T depends on R. Writing T — f ( R ) indicates that the relationship is a function. 


Example 3 


Solution 


The number of gallons of paint needed to paint a house depends on the size of the house. A gallon 
of paint typically covers 250 square feet. Thus, the number of gallons of paint, n, is a function of the 
area to be painted, A ft 2 . We write n = f (A). 

(a) Find a formula for /. 

(b) Explain in words what the statement /(10,000) = 40 tells us about painting houses. 


(a) If A = 250, the house requires one gallon of paint. If A = 500, it requires 500/250 = 2 gallons 
of paint, if A = 750 it requires 750/250 = 3 gallons of paint, and so on. We see that a house of 
area A requires A/250 gallons of paint, so n and A are related by the formula 


n = /(A) = -. 

7 250 


(b) The input of the function n — f (A) is an area and the output is an amount of paint. The statement 
/(10,000) = 40 tells us that an area of A — 10,000 ft 2 requires n — 40 gallons of paint. 


Functions Don’t Have to Be Defined by Formulas 

People sometimes think that functions are always represented by formulas. However, other repre¬ 
sentations, such as tables or graphs, can be useful. 

Example4 The average monthly rainfall, R , at Chicago's O’Hare airport is given in Table 1.2, where time, r, is 
in months and t— 1 is January, t — 2 is February, and so on. The rainfall is a function of the month, 
so we write R — f(t). However, there is no formula that gives R when t is known. Evaluate /(1) 
and /(11V Explain what your answers mean. 

Table 1.2 Average monthly rainfall at Chicago's O 'Hare airport 


Month, t 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

Rainfall, R (inches) 

1.8 

1.8 

2.7 

3.1 

3.5 

3.7 

3.5 

3.4 

3.2 

2.5 

2.4 

2.1 


Solution The value of /(1) is the average rainfall in inches at Chicago’s O’Hare airport in a typical January. 

From the table, /(l) = 1.8 inches. Similarly, /(II) = 2.4 means that in a typical November, there 
are 2.4 inches of rain at O’Hare. 
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When Is a Relationship Not a Function? 

It is possible for two quantities to be related and yet for neither quantity to be a function of the other. 


Example 5 A national park contains foxes that prey on rabbits. Table 1.3 gives the two populations, F and R , 
over a 12-month period, where t = 0 means January 1, t - 1 means February 1, and so on. 

Table 1.3 Number of foxes and rabbits in a national park , by month 


r, month 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

R, rabbits 

1000 

750 

567 

500 

567 

750 

1000 

1250 

1433 

1500 

1433 

1250 

F, foxes 

150 

143 

125 

100 

75 

57 

50 

57 

75 

100 

125 

143 


(a) Is F a function of tl Is R a function of tl 

(b) Is F a function of R1 Is R a function of F1 


Solution (a) Remember that for a relationship to be a function, an input can only give a single output. Both 

F and R are functions of ?. For each value of f, there is exactly one value of F and exactly one 
value of R . For example, Tabic 1.3 shows that if t = 5, then R = 750 and F = 57. This means 
that on June 1 there are 750 rabbits and 57 foxes in the park. If we write R — f(t) and F = g(0, 
then /(5) = 750 and g(5) = 57. 

(b) No, F is not a function of R. For example, suppose R = 750, meaning there are 750 rabbits. 
This happens both at t = 1 (February 1) and at t = 5 (June 1). In the first instance, there are 143 
foxes; in the second instance, there are 57 foxes. Since there are R-values which correspond to 
more than one F- value, F is not a function of R. 

Similarly, R is not a function of F. At time t ~ 5, we have R ~ 750 when F — 57, while 
at time t = 7, we have R — 1250 when F = 57 again. Thus, the value of F does not uniquely 
determine the value of R . 


How to Tell if a Graph Represents a Function: Vertical Line Test 

What does it mean graphically for y to be a function of x? Look at a graph of y against x, with y on 
the vertical axis and x on the horizontal axis. For a function, each x-value corresponds to exactly 
one y- value. This means that the graph intersects any vertical line at most once (either once or not at 
all). If a vertical line cuts the graph twice, the graph contains two points with different y-values but 
the same x-value; this violates the definition of a function. Thus, we have the following criterion: 


Vertical Line Test: If there is a vertical line that intersects a graph in more than one point, 
then the graph does not represent a function. 


Example 6 In which of the graphs in Figures 1.2 and 1.3 could y be a function of x? 



Figure 1.2: Since no vertical line intersects this curve at Figure 1.3: Since one vertical line intersects this curve 

more than one point, y could be a function of x at more than one point, y is not a function of x 
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Solution The graph in Figure 1.2 could represent y as a function of x because no vertical line intersects this 
curve in more than one point. The graph in Figure 1.3 does not represent a function because the 
vertical line shown intersects the curve at two points. 


A graph fails the vertical line test if at least one vertical line cuts the graph more than once, as 
in Figure 1.3. However, if a graph represents a function, then every vertical line must intersect the 
graph at no more than one point. 


Exercises and Problems for Section 1.1 

Skill Refresher 


In Exercises S1-S4, simplify each expression. 

SI. c+ ic S2. 

S3. 2xr * 1 2 + 2nr ■ 2r S4. 

In Exercises S5-S8, find the value of the expressions for the 
given value of x and y. 

55. x — 5y for x — y — —5. 

56. 1 - 12x + x 2 for x = 3. 

57. —E_ for x = -1. 

2-x 3 

Exercises 


P + 0.01 P +0.02P 

\2k — 2n 
6 n 


S8. 


—2 for x = 

1 + 1 /* 4 5 6 7 


The figures in Exercises S9-S10 are parallelograms. Find the 
coordinates of the point A. 



S10. y 



In Exercises 1-2, write the relationship using function notation 
(that is, y is a function of x is written y = /(x)). 

1. Number of molecules, m, in a gas. is a function of the 
volume of the gas, v. 

2. Weight, w , is a function of caloric intake, c. 

In Exercises 3-6, label the axes for a sketch to illustrate the 
given statement. 

3. “Over the past century we have seen changes in the pop¬ 
ulation, P (in millions), of the city. . .” 

4. “Sketch a graph of the cost of manufacturing q items. . ” 

5. “Graph the pressure, /?, of a gas as a function of its vol¬ 
ume, iK where p is in pounds per square inch and v is in 
cubic inches.” 

6. “Graph D in terms of y. . 

7. Figure 1.4 gives the depth of the water at Montauk Point, 
New York, for a day in November. 

(a) How many high tides took place on this day? 

(b) How many low tides took place on this day? 

(c) How much time elapsed in between high tides? 


depth of water (feet) 



Figure 1.4 


8. Using Table 1.4, graph n = f (A), the number of gallons 
of paint needed to cover walls of area A. Identify the in¬ 
dependent and dependent variables. 


Table 1.4 


A 

0 

250 

500 

750 

1000 

1250 

1500 

n 

0 

1 

2 

3 

4 

5 

6 
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9. Use Figure 1.5 to till in the missing values: 
(a) /(())=? (b) /(?) = () 



15. (a) You are going to graph p = /(w). Which variable 
goes on the horizontal axis? 

(b) If 10 = /(—4), give the coordinates of a point on the 
graph of f. 

(c) If 6 is a solution of the equation f{w) — 1, give a 
point on the graph of /. 

In Exercises 16-19 a relationship is given between two quan¬ 
tities. Are both quantities functions of the other one, or is one 
or neither a function of the other? Explain. 


10. Use Table 1.5 to fill in the missing values. (There may be 
more than one answer.) 

(a) /(())=? (b) /(?) = () 

(c) /(1) =? (d) /(?) = 1 


Table 1.5 


X 

0 

1 

2 

3 

4 

/(*) 

4 

2 

1 

0 

1 


Exercises 11-14 use Figure 1.6. 



11. Find /(6.9). 

12. Give the coordinates of two points on the graph of g. 

13. Solve f(x) = 0 for x. 

14. Solve f(x) = g(x) for x. 


16. 7 iv 2 + 5 = 17. y = x 4 - 1 18. m = yfi 


19. The number of gallons of gas, g, at $3 per gallon and the 
number of pounds of coffee, c, at $10 per pound that can 
be bought for a total of $100. 


In Exercises 20-25, could the graph represent y as a function 
of x? 




22. y 


23. y 


x 


24. y 


• • • 
• • 


25. y 



X 


Problems 


26. At the end of a semester, students’ math grades are listed 
in a table which gives each student’s ID number in the left 
column and the student’s grade in the right column. Let 
N represent the ID number and G represent the grade. 
Which quantity, N or G, must necessarily be a function 
of the other? 

27. A person’s blood sugar level at a particular time of the 
day is partially determined by the time of the most recent 
meal. After a meal, blood sugar level increases rapidly, 
then slowly comes back down to a normal level. Sketch a 
person's blood sugar level as a function of time over the 


course of a day. Label the axes to indicate normal blood 
sugar level and the time of each meal. 

28. When a parachutist jumps out of a plane, the speed of her 
fall increases until she opens her parachute, at which time 
her falling speed suddenly decreases and stays constant 
until she reaches the ground. Sketch a possible graph of 
the height H of the parachutist as a function of time t , 
from the time when she jumps from the plane to the time 
when she reaches the ground. 

29. A buzzard is circling high overhead when it spies some 
road kill. It swoops down, lands, and eats. Later it takes 
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off sluggishly, and resumes circling overhead, but at a 
lower altitude. Sketch a possible graph of the height of 
the buzzard as a function of time. 

30. Table 1.6 gives the ranking r for three different names— 
Hannah, Alexis, and Madison. Of the three names, which 
was most popular and which was least popular in 

(a) 1995? (b) 2004? 

Table 1.6 Ranking of names—Hannah (r h ), Alexis (r a ), and Madison 
(r m )—for girls born between 1995 (t — 0) and 2004 (t = 9) 2 


(d) Starts 10 miles from home and is halfway home after 
one hour. 

(e) Starts 5 miles from home and is 10 miles from home 
after one hour. 



t 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

r h 

7 

7 

5 

2 

2 

2 

3 

3 

4 

5 

r a 

14 

8 

8 

6 

3 

6 

5 

5 

7 

11 

r m 

29 

15 

10 

9 

7 

3 

2 

2 

3 

3 


31. Table 1.6 gives information about the popularity of the 
names Hannah, Madison, and Alexis. Describe in words 
what your answers to parts (a)-(c) tell you about these 
names. 

(a) Evaluate r m (0) - ^(0). 

(b) Evaluate r m (9) - r h (9). 

(c) Solve rjt) < r a (t ). 



32. Figure 1.7 shows the fuel consumption (in miles per gal¬ 
lon, mpg) of a car traveling at various speeds (in mph). 

(a) How much gas is used on a 300-mile trip at 40 mph? 

(b) How much gas is saved by traveling 60 mph instead 
of 70 mph on a 200-mile trip? 

(c) According to this graph, what is the most fuel- 
efficient speed to travel? Explain. 

fuel consumption 
(mpg) 



Figure 1.7 


33. Match each story about a bike ride to one of the graphs 
(i)-(v), where d represents distance from home and t is 
time in hours since the start of the ride. (A graph may be 
used more than once.) 

(a) Starts 5 miles from home and rides 5 miles per hour 
away from home. 

(b) Starts 5 miles from home and rides 1 0 miles per hour 
away from home. 

(c) Starts 10 miles from home and arrives home one hour 
later. 


34. Figure 1.8 shows the mass of water in air, in grams of 
water per kilogram of air, as a function of air temperature 
in °C, for two different levels of relative humidity. 

(a) Find the mass of water in 1 kg of air at 30°C if the 
relative humidity is 

(a) 100% (b) 50% (c) 75% 

(b) How much water is in a room containing 300 kg of 
air if the relative humidity is 50% and the tempera¬ 
ture is 20°C? 

(c) The density of air is approximately 1.2 kg/m 3 . If the 
relative humidity in your classroom is 50% and the 
temperature is 20°C, estimate the amount of water in 
the air. 


amount of water (in g) in 1 kg of air 



2 Data from the SSA website at www.ssa.gov, accessed January 12, 2006. 
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35. Lei /(/) he the number of people, in millions, who own 
cell phones / years after 1990. Explain the meaning of the 
following statements. 

(a) ./(It)) = 100.3 (b) j\a) = 20 

(c) /(20) = h (d) n = f{t) 

36. (a) Ten inches of snow is equivalent to about one inch 

of rain. 1 * 3 Write an equation for the amount of precip¬ 
itation, measured in inches of rain, r — / (s), as a 
function of the number of inches of snow, ,v. 

(b) Evaluate and interpret f(5). 

(c) Find ,v such that j\s) — 5 and interpret your result. 

37. An 8-fool-lall cylindrical water tank has a base of diam¬ 
eter 6 feet. 

(a) How much water can the tank hold? 

(b) How much water is in the lank if the water is 5 feet 
deep? 

(c) Write a formula for the volume of water as a function 
of its depth in the tank. 

38. Table 1.7 gives A = /(d), the amount of money in bills 
of denomination d circulating in US currency in 2013. 4 
For example, there were $74.5 billion worth of $50 bills 
in circulation. 

(a) Find / (100). What does this tell you about money? 

(b) Are there more $1 bills or $5 bills in circulation? 


Table 1.7 


Denomination ($) 

1 

2 

5 

10 

20 

50 

100 

Circulation ($bn) 

10.6 

2.1 

12.7 

18.5 

155.0 

74.5 

924.7 


(b) Plot F on the vertical axis and t on the horizontal 
axis. Use this graph to explain why you believe that 
F is a function of /. 

(c) Plot F on the vertical axis and R on the horizontal 
axis. From this graph show that F is not a function 
of R. 

(d) Plot R on the vertical axis and F on the horizontal 
axis. From this graph show that R is not a function 
of F. 

41. Since Roger Bannister broke the 4-minule mile on May 
6, 1954, the record has been lowered by over sixteen sec¬ 
onds. Table 1.9 shows the year and times (as min:sec) of 
new world records for the one-mile run. -1 (Official records 
for the mile ended in 1999.) 

(a) Is the time a function of the year? Explain. 

(b) Is the year a function of the time? Explain. 

(c) Let y(r) be the year in which the world record, r, was 
set. Explain what is meant by the statement 

y-(3 : 47.33) - 1981. 

(d) Evaluate and interpret y(3 : 51.1). 


Table 1.9 


Year 

Time 

Year 

Time 

Year 

Time 

1954 

3:59.4 

1966 

3:51.3 

1981 

3:48.53 

1954 

3:58.0 

1967 

3:51.1 

1981 

3:48.40 

1957 

3:57.2 

1975 

3:51.0 

1981 

3:47.33 

1958 

3:54.5 

1975 

3:49.4 

1985 

3:46.32 

1962 

3:54.4 

1979 

3:49.0 

1993 

3:44.39 

1964 

3:54.1 

1980 

3:48.8 

1999 

3:43.13 

1965 

3:53.6 






39. Table 1 .8 shows the daily low temperature for a one-week 
period in New York City during July. 

(a) What was the low temperature on July 19? 

(b) When was the low temperature 73°F? 

(c) Is the daily low temperature a function of the date? 

(d) Is the date a function of the daily low temperature? 


Table 1.8 


Date 

17 

18 

19 

20 

21 

22 

23 

Low temp (°F) 

73 

77 

69 

73 

75 

75 

70 


40. Use the data from Table 1.3 on page 5. 

(a) Plot R on the vertical axis and t on the horizontal 
axis. Use this graph to explain why you believe that 
R is a function of /. 


42. The sales tax on an item is 6%. Express the total cost, C, 
in terms of the price of the item, P. 

43. A price increases 5% due to inflation and is then reduced 
10% for a sale. Express the final price as a function of the 
original price, P. 

44. Wri te a formula for the area of a circle as a function of 
its radius and determine the percent increase in the area 
if the radius is increased by 10%. 

45. There are x male job-applicants at a certain company and 
y female applicants. Suppose that 15%' of the men are ac¬ 
cepted and 18% of the women are accepted. Write an ex¬ 
pression in terms of ,* and y representing each of the fol¬ 
lowing quantities: 

(a) The total number of applicants to the company. 

(b) The total number of applicants accepted. 

(c) The percentage of all applicants accepted. 


1 hup://mo.water.usgs.gov/outreach/rain, accessed May 7, 2006. 

4 http://www.ledcralreserve.gov/paymcntsystems/coin_currcircvaIue.htm, accessed February 16, 2014. 

3 www.inlbplease.com/ipsa/A0112924.html, accessed January 15, 2006. 

































Chapter One LINEAR FUNCTIONS AND CHANGE 


46 . A chemical company spends $2 million to buy machin¬ 
ery before it starts producing chemicals. Then it spends 
$0.5 million on raw materials for each million liters of 
chemical produced. 

(a) The number of liters produced ranges from 0 to 5 
million. Make a table showing the relationship be¬ 
tween the number of million liters produced, /. and 
the total cost, C, in millions of dollars, to produce 
that number of million liters. 

(b) Find a formula that expresses C as a function of /. 

RATE OF CHANGE 


47 . A person leaves home and walks due west for a time and 
then walks due north. 

(a) The person walks 10 miles in total. If w represents 
the (variable) distance west she walks, and D repre¬ 
sents her (variable) distance from home at the end of 
her walk, is D a function of wl Why or why not? 

(b) Suppose now that x is the distance that she walks in 
total. Is D a function of x? Why or why not? 


The worldwide annual sales of smartphones have increased each year from when they were first 
introduced. To measure how fast sales increase, we calculate a rate of change in number of units 
sold 

Change in units sold 
Change in time 

Due to the rising popularity of smartphones, annual sales of regular cell phones, or feature phones , 
have been declining. See Table 1.10. 

Let us calculate the rate of change of smartphone and feature phone sales between 2010 and 
2013. Table 1.10 gives 

Average rate of change of _ Change in sales _ 968 - 301 ^ ^22 3 mn ^ 

smartphone sales from 2010 to 2013 Change in time 2013-2010 y ear - 

Thus, the number of smartphones sold has increased on average by 222.3 million units per year 
between 2010 and 2013. See Figure 1.9. Similarly, Table 1.10 gives 

Average rate of change of feature phone __ Change in sales _ 838 - 1079 ^ ^ ^ mn/ 

sales from 2010 to 2013 Change in time 2013 -2010 ~ * year. 

Thus, the number of feature phones sold has decreased on average by 80.3 million units per year 
between 2010 and 2013. See Figure 1.10. 

Table 1.10 Worldwide annual sales of smartphones and feature phones 6 


Year 

2010 

2011 

2012 

2013 

Smartphone sales (millions of units) 

301 

480 

661 

968 

Feature phone sales (millions of units) 

1079 

1075 

914 

838 


smartphone sales 
(millions) 


968 


301 


9 

H 


Change in time 
= 2013 -2010 


*i 

Change in sales 
= 968 - 301 



— 1 —-— - 1 - J - L year 

2010 2011 2012 2013 


feature phone sales 
(millions) 

1079 h • 
838 - 


Change in time 
= 2013 -2010 


I Change in sales 
= 838- 1079 


* - ■— --* 1 ■ year 

2010 2011 2012 2013 


9: Smartphone sales Feature phone sales 

6 Accessed Feb. 14 2014, www.fiercewireless.com/europe/story/gartner-smartphones-outsell-feature-phones-2013/20l4- 
02-13 and www.fiercewireless.com/europe/special-reports/analyzing-worlds- 14-biggest-handset-makers-q2-2013 
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Rate of Change of a Function 

The rate of change of sales is an example of the rate of change of a function. In general, if Q = /(/), 
we write A Q for a change in Q and At for a change in t . We define: * * * * * 7 

The average rate of change, or rate of change, of Q with respect to t over an interval is 

Average rate of change _ Change in Q _ A Q 
over an interval Change in t At 


The average rate of change of the function Q = f(t) over an interval tells us how much Q 
changes, on average, for each unit change in t within that interval. On some parts of the interval, Q 
may be changing rapidly, while on other parts Q may be changing slowly. The average rate of change 
evens out these variations. 

Increasing and Decreasing Functions 

In the previous example, the average rate of change of smartphone sales is positive on the interval 
from 2010 to 2013 since the number of smartphones sold increased over this interval. Similarly, the 
average rate of change of feature phone sales is negative on the same interval since the number of 
feature phones sold decreased over this interval. The annual sales of smartphones is an example of 
an increasing function and the annual sales of feature phones is an example of a decreasing function. 
In general we say the following: 


If Q = f(t) for t in the interval a <t <b, 

• / is an increasing function if the values of / increase as t increases in this interval. 

• / is a decreasing function if the values of / decrease as t increases in this interval. 


Looking at smartphone sales, we see that an increasing function has a positive rate of change. 
From the feature phone sales, we see that a decreasing function has a negative rate of change. In 
general: 


if Q = m, 

• If / is an increasing function, then the average rate of change of Q with respect to t is 
positive on every interval. 

• If / is a decreasing function, then the average rate of change of Q with respect to t is 
negative on every interval. 


Example 1 The function A = q(r ) = nr 2 gives the area. A, of a circle as a function of its radius, r. Graph q. 

Explain how the fact that q is an increasing function can be seen on the graph. 

Solution The area increases as the radius increases, so A — q(r) is an increasing function. We can see this in 

Figure 1.11 because the graph climbs as we move from left to right and the average rate of change, 

AA/Ar , is positive on every interval. 


7 The Greek letter A, delta, is often used in mathematics to represent change. In this book, we use rate of change to mean 
average rate of change across an interval. In calculus, rate of change means something called instantaneous rate of change. 
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Example 2 


Solution 



Figure 1.11: The graph of an increasing function, A — q(r), rises when read from left to right 


Carbon-14 is a radioactive element that exists naturally in the atmosphere and is absorbed by living 
organisms. When an organism dies, the carbon-14 present at death begins to decay. Let L = g(r) rep¬ 
resent the quantity of carbon-14 (in micrograms, /*g) in a tree t years after its death. See Table 1.11. 
Explain why we expect g to be a decreasing function of t and how the graph displays this. 

Table 1.11 Quantity of carbon -14 as a function of time 


r, time (years) 

0 

1000 

2000 

3000 

4000 

5000 

L, quantity of carbon-14 (/^g) 

200 

177 

157 

139 

123 

109 


Since the amount of carbon-14 is decaying overtime, g is a decreasing function. In Figure 1.12, the 
graph falls as we move from left to right and the average rate of change in the level of carbon-14 
with respect to time, AL/Af, is negative on every interval. 



Figure 1.12: The graph of a decreasing function, L ~ &(/), falls when read from left to right 


In general, we can identify an increasing or decreasing function from its graph as follows: 

• The graph of an increasing function rises when read from left to right. 

• The graph of a decreasing function falls when read from left to right. 

Many functions have some intervals on which they are increasing and other intervals on which 
they are decreasing. These intervals can often be identified from the graph. 


Example3 On what intervals is the function graphed in Figure 1.13 increasing? Decreasing? 
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Figure 1.13: Graph of a function that is increasing on some intervals and decreasing on others 

Solution The function appears to be increasing for values of x between —3 and -2, for x between 0 and 1 , 

and for x between 2 and 3. The function appears to be decreasing for x between —2 and 0 and for x 
between 1 and 2. Using inequalities, we say that / is increasing for — 3 < x < —2, for 0 < x < 1, 
and for 2 < x < 3. Similarly, / is decreasing for -2 < x < 0 and 1 < x < 2. 


Function Notation for the Average Rate of Change 

Suppose we want to find the average rate of change of a function Q — f (t) over the interval a < t < b. 
On this interval, the change in t is given by 

A t = b - a. 

At t = a, the value of Q is f(a ), and at t = b, the value of Q is / (b). Therefore, the change in Q is 
given by 

A Q = m - f(a). 

Using function notation, we express the average rate of change as follows: 


Average rate of change of Q = f(t) _ Change in Q _ A Q _ f(b ) — f(a) 
over the interval a < t < b Change in t A t b — a 


In Figure 1.14, notice that the average rate of change is given by the ratio of the rise, f(b) — f (a), 
to the run, b — a. This ratio is also called the slope of the dashed line segment. H 

In the future, we may drop the word “average” and talk about the rate of change over an interval. 


Q 



Figure 1.14: The average rate of change is the ratio Rise/Run 


8 See Section 1.3 for further discussion of slope. 
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In previous examples we calculated the average rate of change from data. We now calculate 
average rates of change for functions given by formulas. 


Example4 Calculate the average rates of change of the function /(x) = x 2 between x = 1 and x = 3 and 
between x = — 2 and x — 1. Show your results on a graph. 

Solution Between x = 1 and x = 3, we have 

Average rate of change of /(x) 
over the interval 1 < x < 3 


Between x = — 2 and x = 1, we have 

Average rate of change of /(x) 
over the interval —2 < x < 1 Change in x 1 - (-2) 

= l 2 - (-2) 2 = 1 -4 _ 

1 - (-2) 3 

The average rate of change between x = 1 and x = 3 is positive because /(x) is increasing on 
this interval. See Figure 1.15. However, on the interval from x = -2 and x = 1, the function is partly 
decreasing and partly increasing. The average rate of change on this interval is negative because the 
decrease on the interval is larger than the increase. 



Figure 1.15: Average rate of change of /(x) on an interval is the slope of the dashed line on that interval 


Change in /(x) 
Change in x 


Change in /(x) /(1) - /(-2) 


/(3) - /(l) 

3 - 1 

3 2 — l 2 _ 9 — 1 
3- 1 2 


= 4. 


Exercises and Problems for Section 1.2 

Skill Refresher 


In Exercises S1-S10, simplify each expression. 


SI. 


4-6 

3-2 


S2. 


1-3 

2 2 - (-3) 2 


S3. 


-3 - (-9) 
- 1-2 


S4. 


(1 3“ } (1 4 2 } 


3-4 


S5. 


I-(-4) 2 _(i_ ( 5 2 )) 


56. 2(x + a) — 3(x — b ) 

57. x 2 — (2x + a) 2 

58. 4x 2 — (x — b) 2 



x-y 


S10. 


2(x + h) 2 - lx 2 
(x + h) - x 


-4-5 
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Exercises 


In Exercises 1—4, on what intervals is the function increasing? 
Decreasing? 



5. Table 1.10 on page 10 gives the annual sales (in millions) 
of smartphones and feature phones. What was the average 
rate of change of annual sales of each of them between 

(a) 2010 and 2012? (b) 2012 and 2013? 

(c) Interpret these results in terms of sales. 

6. Table 1.10 on page 10 shows that feature phone sales are 
a function of smartphone sales. Is this function increasing 
or decreasing? 

7. In 2007, you have 40 songs in your favorite iTunes 
playlist. In 2010, you have 120 songs. In 2014, you have 
40. What is the average rale of change per year in the num¬ 
ber of songs in your favorite iTunes playlist between 

(a) 2007 and 2010‘? (b) 2010 and 2014? 

(c) 2007 and 2014? 

8. Table 1.12 gives the populations of two cities (in thou¬ 
sands) over a 17-year period. 


9. Figure 1.16 shows distance traveled as a function of time. 

(a) Find AD and At between: 

(i) t — 2 and t — 5 (ii) t = 0.5 and t ~ 2.5 
(iii) t = 1.5 and t — 3 

(b) Compute the rate of change, AD/A;, over each of 
the intervals in part (a), and interpret its meaning. 


D (mites) 



Exercises 10-14 use Figure 1.17. 



Figure 1.17 


(a) Find the average rate of change of each population 
on the following intervals: 

(i) 19% to 2006 (ii) 1996 to 2013 

(iii) 2001 to 2013 

(b) What do you notice about the average rate of change 
of each population? Explain what the average rate of 
change tells you about each population. 


Table 1.12 


Year 

1996 

1998 

2001 

2006 

2013 

a 

42 

46 

52 

62 

76 

P 2 

82 

80 

77 

72 

65 


10. Find the average rate of change of / for 2.2 < a < 6.1. 

11. Give two different intervals on which A/(a)/Aa = 0. 

12. What is the average rate of change of g between x = 2.2 
and x ~ 6.1 ? 

13. What is the relation between the average rate of change 
of / and the average rate of change of g between x = 2.2 
and a' = 6.1 ? 

14. Is the rate of change of / positive or negative on the fol¬ 
lowing intervals? 

(a) 2.2 < a < 4 (b) 5 < a < 6 

15. If F is a decreasing function, what can you say about 
F(— 2) compared to F(2)? 

16. If G is an increasing function, what can you say about 
G(3) — G(— 1)? 
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Problems 


17. Figure 1.18 shows the percent of the side of the moon to¬ 
ward the earth illuminated by the sun at different times 
during the year 2008. Use the figure to answer the fol¬ 
lowing questions. 

(a) Give the coordinates of the points A , 5, C, D , E . 

(b) Plot the point F = (15,60) and G = (60,15). Which 
point is on the graph? 

(c) During which time intervals is the function increas- 
ing? 

(d) During which time intervals is the function decreas¬ 
ing? 


% of face of moon 
toward earth illuminated 



19. (a) What is the average rate of change of g(x ) = 2x - 3 
between the points (-2, -7) and (3,3)? 

(b) The function g is either increasing or decreasing ev¬ 
erywhere. Explain how your answer to part (a) tells 
you which. 

(c) Graph the function. 


20. (a) Let f{x) — 16 - x 2 . Compute each of the following 
expressions, and interpret each as an average rate of 
change. 


(i) 

(iii) 


/( 2 )-/( 0 ) 

2-0 

/( 4 ) - /( 0 ) 

4-0 


(ii) 


/(4)-/(2) 

4-2 


(b) Graph /(x). Illustrate each ratio in part (a) by sketch¬ 
ing the line segment with the given slope. Over 
which interval is the average rate of decrease the 
greatest? 


21. Imagine you constructed a list of the world record times 
for a particular event—such as the mile footrace, or the 
100-meter freestyle swimming race—in terms of when 
they were established. Is the world record time a function 
of the date when it was established? If so, is this function 
increasing or decreasing? Explain. Could a world record 
be established twice in the same year? Is the world record 
time a function of the year it was established? 

22. The function P = f(t) gives the population of a town, 
in thousands, after t years. A graph of / is given in Fig¬ 
ure 1.20. 


18. Figure 1.19 gives the population of two different towns 
over a 50-year period of time. 

(a) Which town starts (in year t = 0) with the most peo¬ 
ple? 

(b) Which town is growing faster over these 50 years? 

P, population (in 1000s) 



(a) Find the average rate of change of the population of 
the town during the first 10 years. 

(b) Does the population of the town grow more between 
t = 5 and t - 10 years, or between t = 15 and t — 30 
years? Explain. 

(c) Does the population of the town grow faster between 
1 — 5 and t = 10 years, or between r = 15 and t = 30 
years? Explain. 


P 



Figure 1.19 


Figure 1.20 
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23. The most freakish change in temporal u re ever recorded 
was from — 4°F to 43°F between 7:30 am and 7:32 am on 
January 22, 1943 at Spearfish, South Dakota. 0 What was 
the average rate of change of the temperature for this time 
period? 

24. You have zero dollars now and the average rate of change 
in your net worth is $5000 per year. How much money 
will you have in forty years? 

25. The surface of the sun has dark areas known as sunspots, 
that are cooler than the rest of the sun’s surface. The num¬ 
ber of sunspots 111 fluctuates with lime, as shown in Fig¬ 
ure 1.21. 

(a) Explain how you know the number of sunspots, .s, in 
year / is a function of r. 

(b) Approximate the time intervals on which .v is an in¬ 
creasing function of /. 

.v (number of sunspots) 


27. Because scientists know how much carbon-14 a living or¬ 
ganism should have in its tissues, they can measure the 
amount of carbon-14 present in the tissue of a fossil and 
then calculate how long it took for the original amount 
to decay to the current level, thus determining the lime 
of the organism's death. A tree fossil is found to contain 
130 /*g of carbon-14, and scientists determine from the 
si/.e of the tree that it would have contained 200 //g of 
carbon-14 at the time of its death. Using Table 1.11 on 
page 12, approximately how long ago did the tree die? 

28. Figure 1.22 shows the graph of the function g(x). 

, , r ,• , £(4) ~£(0) 

(a) Estimate - . 

4-0 

(b) The ratio in part (a) is the slope of a line segment 
joining two points on the graph. Sketeh this line seg¬ 
ment on the graph. 

(c) Estimate ^for a — —9 and b = -1 . 

b - a 

(d) On the graph, sketch the line segment whose slope is 
given by the ratio in part (e). 
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Figure 1.21 


Figure 1.22 


26. Table 1.13 shows the number of calories used per minute 

as a function of body weight for three sports. 11 

(a) Determine the number of calories that a 200-lb per¬ 
son uses in one half-hour of walking. 

(b) Who uses more calories, a 120-lb person swimming 
for one hour or a 220-lb person bicycling for a half- 
hour? 

(c) Does the number of calories used by a person walk¬ 
ing increase or decrease as weight increases? 


Table 1.13 


Activity 

100 lb 

120 lb 

150 lb 

1701b 

200 lb 

220 lb 

Walking 

2.7 

3.2 

4.0 

4.6 

5.4 

5.9 

Bicycling 

5.4 

6.5 

8.1 

9.2 

10.8 

11.9 

Swimming 

5.8 

6.9 

8.7 

9.8 

11.6 

12.7 


29. Find the average rale of change of /(x) = 3x : + l between 
the points 

(a) (1,4) and (2, 13) (b) (y, A:) and {nun) 

(c) (x, fix)) and (x+/?, f{x+h)) 

30. A water company employee measured the water level (in 
centimeters) in a reservoir during March and computed 
the average rates of change in Table 1.14. 

(a) What are the units of the average rates of change in 
Table 1.14? 

(b) Interpret the average rates of change in context. 

(c) For each lime interval, what was the total change in 
water level? 

(d) Draw a possible graph of the water level as a function 
of time. 


Table 1.14 


Interval (days) 

1 <t < 11 

11 <t < 16 

16 <f <31 

Average rate of change 

7 

5 

3 


9 Th e Glib mess Book of Records. 1995. 

10 ftp://ftp.ngdc.noaa.gov/STP/SOLAR DATA/SUNSPOT NUMBERS/YEARLY.PLT, accessed November 30, 2009. 
11 From 1993 World Almanac. 
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31. Table 1.15 gives the amount of garbage, G, in millions of 

tons, produced 12 in the US in year t . 

(a) What is the value of At for consecutive entries in this 
table? 

(b) Calculate the value of AG for each pair of consecu¬ 
tive entries in this table. 

(c) Are all the values of AG you found in part (b) the 
same? What does this tell you? 

(d) The function G changed from increasing to decreas¬ 
ing between 2005 and 2010. To what might this be 
attributed? 


Table 1.15 


t 

1960 

1970 

1980 

1990 

2000 

2005 

2010 

G 

88.1 

121.1 

151.6 

208.3 

242.5 

252.7 

249.9 


32. Table 1.16 shows the times, t , in sec, achieved every 10 
meters by Carl Lewis in the 100-meter final of the World 


Championship in Rome in 1987, 13 Distance, d , is in me¬ 
ters. 

(a) For each successive time interval, calculate the av¬ 
erage rate of change of distance. What is a common 
name for the average rate of change of distance? 

(b) Where did Carl Lewis attain his maximum speed dur¬ 
ing this race? Some runners are running their fastest 
as they cross the finish line. Does that seem to be true 
in this case? 


Table 1.16 


t 

0.00 

1.94 

2.96 

3.91 

4.78 

5.64 

d 

0 

10 

20 

30 

40 

50 

t 

6.50 

7.36 

8.22 

9.07 

9.93 


d 

60 

70 

80 

90 

100 
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Constant Rate of Change 

In the previous section, we introduced the average rate of change of a function on an interval. For 
many functions, the average rate of change is different on different intervals. For the remainder of 
this chapter, we consider functions that have the same average rate of change on every interval. Such 
a function has a graph that is a line and is called linear . 

Population Growth 

Mathematical models of population growth are used by city planners to project the growth of towns 
and states. Biologists model the growth of animal populations and physicians model the spread of 
an infection in the bloodstream. One possible model, a linear model, assumes that the population 
changes at the same average rate on every time interval. 


Example 1 


Solution 


A town of 30,000 people grows by 2000 people every year. Since the population, P, is growing at 
the constant rate of 2000 people per year, P is a linear function of time, t, in years. 


(a) What is the average rate of change of P over every time interval? 

(b) Make a table that gives the town’s population every five years over a 20-year period. Graph the 
population. 

(c) Find a formula for P as a function of L 

(a) The average rate of change of population with respect to time is 2000 people per year. 

(b) The initial population in year / = 0 is P = 30,000 people. Since the town grows by 2000 people 
every year, after five years it has grown by 


2000 people 
year 


years - 10,000 people. 


Thus, in year t = 5 the population is given by 


P = Initial population + New population = 30,000 -I- 10,000 = 40,000. 

l2 http://http://www. epa.gov/osw/nonhaz/municipal/pubs/msw_2010_rev_factsheet.pdf, accessed January, 2013. 
13 W. G. Pritchard, “Mathematical Models of Running”, SIAM Review. 35, 1993, pp. 359-379. 
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Example 2 


Solution 


In year t — 10 the population is given by 


P ~ 30,000 + 2000 people/ycar • 10 years = 50,000. 

V -V-' 

2().(K)0 new people 


Similar calculations for year / = 15 and year t = 20 give the values in Table 1.17. Sec Fig¬ 
ure 1.23; the dashed line shows the trend in the data. 


Table 1.17 Population over 20 years 


/, years 

P, population 

0 

30,000 

5 

40,000 

10 

50,000 

15 

60,000 

20 

70,000 


P, population 


70,000 

60,000 

50,000 

40,000 

30,000 

20,000 

10,000 


9 '' P = 30,000 + 2000/ 

/• 


t, time (years) 

5 10 15 20 


Figure 1.23: Town’s population over 20 years 
(c) From part (b), we see that the si/e of the population is given by 

P = Initial population + Number of new people 
= 30,000 + 2000 people/year ■ Number of years, 
so a formula for P in terms of t is 


P = 30,000 + 2000/. 


The graph of the population data in Figure 1.23 is a straight line. The average rate of change 
of the population over every interval is the same, namely 2000 people per year. Any linear function 
has the same average rate of change over every interval. Thus, we talk about the rate of change of a 
linear function. In general: 

• A linear function has a constant rate of change. 

• The graph of any linear function is a straight line. 

Financial Models 

Economists and accountants use linear functions for straight-line depreciation . For tax purposes, 
the value of certain equipment is considered to decrease, or depreciate, over time. For example, 
computer equipment may be state-of-the-art today, but after several years it is outdated. Straight-line 
depreciation assumes that the rate of change of value with respect to time is constant. 


A small business spends $20,000 on new computer equipment and, for tax purposes, chooses to 
depreciate it to $0 at a constant rate over a five-year period. 

(a) Make a table and a graph showing the value of the equipment over the five-year period. 

(b) Give a formula for value as a function of time. 

(a) After five years, the equipment is valued at $0. If V is the value in dollars and t is the number 
of years, we see that 

Rate of change of value Change in value AF -$20,000 

--:—:- = —- =- = -$4000 per year. 

from / = 0 to / = 5 Change in time At 5 years 
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Thus, the value drops at the constant rate of $4000 per year. (Notice that AK is negative 
because the value of the equipment decreases.) See Table 1.18 and Figure 1.24. Since V changes 
at a constant rate, V — f(t) is a linear function and its graph is a straight line. The rate of change, 
-$4000 per year, is negative because the function is decreasing and the graph slopes down. 


Table 1.18 Value of equipment 
depreciated over a 5-year period 


/, year 

V, value ($) 

0 

20,000 

1 

16,000 

2 

12,000 ' 

3 

8000 

4 

4000 

5 

0 


V, value ($ 1000s) 


20 

16 

12 

8 

4 



12 3 4 5 


t, time (years) 


Figure 1.24: Value of equipment depreciated over a 5-year period 


(b) After t years have elapsed, 

Decrease in value of equipment = $4000 - Number of years = $4000/. 
The initial value of the equipment is $20,000, so at time /, 

V = 20,000 - 4000/. 


A General Formula for the Family of Linear Functions 

Example 1 involved a town whose population is growing at a constant rate with formula 


Current 

population 


Initial 

= population 


30,000 people 


Growth 

rate 


2000 people per year 


Number of 
X years 

S___ J 

"V 

t 


so 


P = 30,000 + 2000/. 


In Example 2, the value, V, as a function of / is given by 


Total _ 
cost ~ 


Initial 
value 4- 


$ 20,000 


Change per Number of 
year x years 


-$4000 per year t 


SO 

V = 20,000 + (-4000)/. 

Using the symbols x, y, />, m, we see formulas for both of these linear functions follow the same 
pattern: 

Output = Initial value + Rate of change X Input . 

V _ J ^ ■■ - - J J V.__ J 

y 


b 


"V 

m 
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Summarizing, we get the following results: 

If y — f (x) is a linear function, then for some constants b and m: 

y = b+ mx. 

• m is called the slope, and gives the rate of change of y with respect to x. Thus, 

Ay 

m= 

Ax 

If (x 0 , y 0 ) and (xj, y^ are any two distinct points on the graph of /, then 

Ay yi - y 0 

m = — =-. 

Ax Xj — x 0 

• b is called the vertical intercept, or y-intereept, and gives the value of y for x = 0. In 
mathematical models, b typically represents an initial, or starting, value of the output. 


Every linear function can be written in the form y = b + mx. Different linear functions have 
different values for m and b. These constants are known as parameters ',; the set of all linear functions 
is called a family. 


Example 3 In Example 1, the population function, P = 30,000 + 2000/, has slope m = 2000 and vertical 
intercept b = 30,000. In Example 2, the value of the computer equipment, V = 20,000 - 4000/, has 
slope m - -4000 and vertical intercept b = 20,000. 


Tables for Linear Functions 

A table of values could represent a linear function if the rate of change is constant, for all pairs of 
points in the table; that is, 

^ , ... „ Change in output ^ 

Rate of change of linear function = —-—-= Constant. 

Change in input 

Thus, if the value of x goes up by equal steps in a table for a linear function, then the value of y 
goes up (or down) by equal steps as well. We say that changes in the value of y are proportional to 
changes in the value of x. 


Example 4 Table 1.19 gives values of two functions, p and q. Could either of these functions be linear? 


Table 1.19 Values of two functions p and q 


X 

50 

55 

60 

65 

70 

p(x) 

0.10 

0.11 

0.12 

0.13 

0.14 

q(x) 

0.01 

0.03 

0.06 

0.14 

0.15 


Solution The value of x goes up by equal steps of Ax = 5. The value of p(x) also goes up by equal steps of 
A p = 0.01, so Ap/Ax is a constant. See Table 1.20. Thus, p could be a linear function. 

















Chapter One LINEAR FUNCTIONS AND CHANGE 


Example 5 


Solution 


Table 1.20 Values of Ap/ Ax 


Table 1.21 Values of Aq/Ax 


X 

p(x) 

Ap 

Ap/Ax x 


Aq 

Aq/Ax 

50 

0.10 


50 

0.01 





0.01 

0.002 


0.02 

0.004 

55 

0.11 


55 

0.03 





0.01 

0.002 


0.03 

0.006 

60 

0.12 


60 

0.06 





0.01 

0.002 


0.08 

0.016 

65 

0.13 


65 

0.14 





0.01 

0.002 


0.01 

0.002 

70 

0.14 


70 

0.15 




In contrast, the value of q(x) does not go up by equal steps. The value climbs by 0.02, then by 
0.03, and so on. See Table 1.21. This means that Aq/Ax is not constant. Thus, q could not be a linear 
function. 


It is possible to have data from a linear function in which neither the x-values nor the ^-values 
go up by equal steps. However the rate of change must be constant, as in the following example. 


The former Republic of Yugoslavia exported cars called Yugos to the US between 1985 and 1989. 
The car is now a collector's item. 14 Table 1.22 gives the quantity of Yugos sold, Q, and the price, p, 
for each year from 1985 to 1988. 

(a) Using Table 1.22, explain why Q could be a linear function of p. 

(b) What does the rate of change of this function tell you about Yugos? 

Table 1.22 Price and sales of Yugos in the US 


Year 

Price in $, p 

Number sold, Q 

1985 

3990 

49,000 

1986 

4110 

43,000 

1987 

4200 

38,500 

1988 

4330 

32,000 


(a) We are interested in Q as a function of p, so we plot Q on the vertical axis and p on the horizontal 
axis. The data points in Figure 1.25 appear to lie on a straight line, suggesting a linear function. 
Q, number sold 
50,000 

45,000 

40,000 

35,000 

30,000 


^- 1 - 1 - L - 1 - p. price ($) 

4000 4100 4200 4300 4400 

Figure 1.25: Since the data from Table 1.22 falls on a straight 
line, the table could represent a linear function 


4 www.inel.hr/qmjric/epov.htm, accessed January 16. 2006. 
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To provide further evidence that Q is a linear function, we check that the rate of change of 
Q with respect to p is constant for the points given. When the price of a Yugo rose from $3990 
to $4110, sales fell from 49,000 to 43,000. Thus, 


A/? — 4110 — 3990 = 120, 


A Q = 43,000 - 49,000 = -6000. 

Since the number of Yugos sold decreased, A Q is negative. Thus, as the price increased from 
$3990 to $4110, 

„ r L A Q -6000 

Rate ol change of quantity as price increases = - =- = —50 cars per dollar. 

* 1 J 1 Ap 120 F 


Next, we calculate the rate of change as the price increased from $41 10 to $4200 to see if 
the rate remains constant: 


A Q 

Rate of change =- 

Ap 


38,500-43,000 

4200-4110 


4500 „ 

-= —50 cars per dollar, 

90 F 


and as the price increased from $4200 to $4330: 


Rate of change = 


AQ 

Ap 


32,000- 38,500 
4330-4200 


6500 _ n . „ 

-= -50 cars per dollar. 

130 F 


Since the rate of change, -50, is constant, Q could be a linear function of p. Given additional 
data, AQ/ Ap might not remain constant. However, based on the table, it appears that the function 
is linear. 

(b) Since AQ is the change in the number of ears sold and Ap is the change in price, the rate of 
change is -50 cars per dollar. Thus the number of Yugos sold decreased by 50 each time the 
price increased by $1. 


Warning: Not All Graphs That Look Like Lines Represent Linear Functions 

The graph of any linear function is a line. However, a function's graph can look like a line without 
actually being one. Consider the following example. 


Example 6 The function P = 100(1.02)' approximates the population of Mexico in the early 2000s. Here P 
is the population (in millions) and t is the number of years since 2000. Table 1.23 and Figure 1.26 
show values of P over a 5-year period. Is P a linear function of t? 


Table 1.23 Population of 
Mexico t years after 2000 


t (years) 

P (millions) 

0 

100 

1 

102 

2 

104.04 

3 

106.12 

4 

108.24 

5 

110.41 


P, population (millions) 


140 

120 

100 

80 

60 

40 

20 




1 


This looks like a 
straight line (but isn't) 

_i_ i,.i t, time (years 

2345 since 2000) 


Figure 1.26: Graph of P = 100(1.02)' over 5-year 
period: Looks linear (but is not) 
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Solution 


The formula P = 100(1.02) r cannot be written in the form P — b+mt, so P is not a linear function of 
t. However, the graph of P in Figure 1.26 appears to be a straight line. We check P’s rate of change 
in Table 1.23. When t — 0, P = 100 and when t = 1, P = 102. Thus, between 2000 and 2001, 

Rate of change of population = = —j—-— = 2. 

For the interval from 2001 to 2002, we have 

D f , u AP 104.04- 102 . 

Rate of change = — =-= 2.04, 

B At 2-1 

and for the interval from 2004 to 2005, we have 


AP 

Rate of change =- 

At 


110.41 - 108.24 
5-4 


2.17. 


Thus, P’s rate of change is not constant. In fact, P appears to be increasing at a faster and faster rate. 
Table 1.24 and Figure 1.27 show values of P over a longer (60-year) period. On this scale, these 
points do not appear to fall on a straight line. However, the graph of P curves upward so gradually 
at first that over the short interval shown in Figure 1.26, it barely curves at all. The graphs of many 
nonlinear functions, when viewed on a small scale, appear to be linear. 


Table 1.24 Population over 60 years 


t (years since 2000) 

P (millions) 

0 

100 

10 

121.90 

20 

148.59 

30 

181.14 

40 

220.80 

50 

269.16 

60 

328.10 


P, population (millions) 



Figure 1.27: Graph of P = 100(1.02)' over 60 years: Not linear 


Exercises and Problems for Section 1.3 

Skill Refresher 


In Exercises S1-S2, find/(0) and /(3). 

SI. /(x)=^x + 5 S2. f(t) - 17 - 4r 

In Exercises S3-S4, find /(2) - /(0). 


X 

0 

1 

2 

3 

t 

-1 

0 

1 

2 

/(X) 

-2 

0 

3 

4 

fit) 

0 

2 

7 

-1 


In Exercises S5-S6, find the coordinates of the x and y inter¬ 
cepts. 

S5. y = —4x + 3 S6. 5x -2y = 4 

For each of the linear expressions in x in Exercises S7-S10, 
give the constant term and the coefficient of x. 

57. 3 - 2x + - 

2 

58. 4 — 3(x + 2) + 6(2x — 1) 

59. ax - ab - 3x + a + 3 
S10. 5(x — l) + 3 
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Exercises 

In Exercises 1-3, which line has the greater 

(a) Slope? (b) ^-intercept? 

1. y = -1 + 2x; y=—2 + 3x 

2. y = 3 4- 4x; y = 5 - 2x 

3. y = jx; y~ 1 “ 6x 

In Exercises 4-9, could the data represent a linear function? If 
so, give the rate of change. 


X 

0 

5 

10 

15 

fix) 

10 

20 

30 

40 


X 

0 

10 

20 

30 

h(x) 

20 

40 

50 

55 


X 

0 

100 

300 

600 

g(x) 

50 

100 

150 

200 


/ 

J 

2 

3 

4 

5 

g(0 

5 

4 

5 

! 4 

5 


X 

-3 

-1 

0 

3 

m 

5 

1 

-1 

-7 


r 

9 

8 

7 

6 

5 

p(y) 

42 

52 

62 

72 

82 


In Exercises 10-13, identify the vertical intercept and the 

slope, and explain their meanings in practical terms. 

10. The population of a town can be represented by the for- 

2 

mula P(t) = 54.25 - -/, where P(t) represents the pop¬ 
ulation, in thousands, and t represents the time, in years, 
since 1970. 

11. A stalactite grows according to the formula L(f) = 
17.75+ where L(t) represents the length of the sta¬ 
lactite, in inches, and t represents the time, in years, since 
the stalactite was first measured. 

12. The profit, in dollars, of selling n items is given by P(ri) = 
0.98/2 - 3000. 

13. A phone company charges according to the formula 
C(ri) = 29.99 + 0.05/2, where n is the number of minutes, 
and C(n) is the monthly phone charge, in dollars. 


Problems 


14. Table 1.25 shows the cost C, in dollars, of selling x cups 
of coffee per day from a cart. 

(a) Using the table, show that the relationship appears to 
be linear. 

(b) Plot the data in the table. 

(c) Find the slope of the line. Explain what this means 
in the context of the given situation. 

(d) Why should it cost $50 to serve zero cups of coffee? 


Table 1.25 


X 

0 

5 

10 

50 

100 

200 

C 

50.00 

51.25 

52.50 

62.50 

75.00 

100.00 


15. Table 1.26 gives the proposed fine r = f(v) to be imposed 
on a motorist for speeding, where v is the motorist’s speed 
and 55 mph is the speed limit. 

(a) Decide whether / appears to be linear. 

(b) What would the rate of change represent in practical 
terms for the motorist? 

(c) Plot the data points. 


Table 1.26 


v (mph) 

60 

65 

70 

75 

80 

85 

r (dollars) 

75 

100 

125 

150 

175 

; 200 


16. In 2003, the number, N , of cases of SARS (Severe Acute 
Respiratory Syndrome) reported in Hong Kong 15 was ini¬ 
tially approximated by N = 78.9 + 30.1/, where t is the 
number of days since March 17. Interpret the constants 
78.9 and 30.1. 

17. A new Toyota RAV4 costs $23,500. The car’s value de¬ 
preciates linearly to $18,823 in three years time. 16 Write a 
formula which expresses its value, V, in terms of its age, 
/, in years. 

18. In 2012, the population of a town was 21,510 and growing 
by 63 people per year. Find a formula for P , the town’s 
population, in terms of /, the number of years since 2012. 

19. A flight costs $10,000 to operate, regardless of the num¬ 
ber of passengers. Each ticket costs $127. Express profit, 
7i, as a linear function of the number of passengers, n , on 
the flight. 


15 World Health Organization, www.who.int/csr/sars/country/en, accessed September, 2005 
16 http://wwwjnotortrend.com/used_cars/ll/toyota/rav4/pricing/, accessed January 2013 
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20. Owners of an inactive quarry in Australia have decided 
to resume production. They estimate that it will cost them 
$10,000 per month to maintain and insure their equipment 
and that monthly salaries will be $30,000. It costs $800 
to mine a ton of rocks. Write a formula that expresses the 
total cost each month, c, as a function of r , the number of 
tons of rock mined per month. 

21. In each case, graph a linear function with the given rate 
of change. Label and put scales on the axes. 

(a) Increasing at 2.1 inches/day 

(b) Decreasing at 1.3 gallons/mile 

22. A small cafe sells coffee for $3.50 per cup. On average, it 
costs the cafe $0.50 to make a cup of coffee (for grounds, 
hot water, filters). The cafe also has a fixed daily cost of 
$450 (for rent, wages, utilities). 

(a) Let R, C, and P be the cafe’s daily revenue, costs, 
and profit, respectively, for selling x cups of coffee 
in a day. Find formulas for R, C, and P as functions 
of x. [Hint: The revenue, R , is the total amount of 
money that the cafe brings in. The cost, C, includes 
the fixed daily cost as well as the cost for all x cups 
of coffee sold. P is the cafe’s profit after costs have 
been accounted for.] 

(b) Plot P against x. For what x-values is the graph of P 
below the x-axis? Above the x-axis? Interpret your 
results. 

(c) Interpret the slope and both intercepts of your graph 
in practical terms. 

23. Table 1.27 gives the area and perimeter of a square as a 
function of the length of its side. 

(a) From the table, decide if either area or perimeter 
could be a linear function of side length. 

(b) From the data make two graphs, one showing area as 
a function of side length, the other showing perime¬ 
ter as a function of side length. Connect the points. 

(c) If you find a linear relationship, give its correspond¬ 
ing rate of change and interpret its significance. 


Table 1.27 


Length of side 

0 

1 

2 

3 

4 

5 

6 

Area of square 

0 

1 

4 

9 

16 

25 

36 

Perimeter of square 

0 

4 

8 

12 

16 

20 

24 


24. Make two tables, one comparing the radius of a circle to 
its area, the other comparing the radius of a circle to its 
circumference. Repeat parts (a), (b), and (c) from Prob¬ 
lem 23, this time comparing radius with circumference, 
and radius with area. 


25. Sri Lanka is an island that experienced approximately lin¬ 
ear population growth from 1950 to 2000. On the other 
hand, Afghanistan was torn by warfare in the 1980s and 
did not experience linear or near-linear growth. 17 

(a) Table 1.28 gives the population of these two coun¬ 
tries, in millions. Which of these two countries is A 
and which is B? Explain. 

(b) What is the approximate rate of change of the linear 
function? What does the rate of change represent in 
practical terms? 

(c) Estimate the population of Sri Lanka in 1988. 


Table 1.28 


Year 

1950 

1960 

1970 

1980 

1990 

2000 

Population of country A 

8.2 

9.8 

12.4 

15.1 

14.7 

23.9 

Population of country B 

7.5 

9.9 

12.5 

14.9 

17.2 

19.2 


26. Table 1.29 gives the average temperature, 7 1 , at a depth d, 
in a borehole in Belleterre, Quebec. 18 Evaluate AT /Ad 
on the following intervals, and explain what your answers 
tell you about borehole temperature. 

(a) 25 < d < 150 

(b) 25 < d < 75 

(c) 100 < d < 200 


Table 1.29 


d , depth (m) 

25 

50 

75 

100 

7\ temp (°C) 

5.50 

5.20 

5.10 

5.10 

d, depth (m) 

125 

150 

175 

200 

T, temp (°C) 

5.30 

5.50 

5.75 

6.00 

d, depth (m) 

225 

250 

275 

300 

T, temp (°C) 

6.25 

6.50 

6.75 

7.00 


27. Table 1.29 gives the temperature-depth profile, T = f(d), 
in a borehole in Belleterre, Quebec, where T is the aver¬ 
age temperature at a depth d. 

(a) Could / be linear? 

(b) Graph /. What do you notice about the graph for 
d > 150? 

(c) What can you say about the average rale of change 
of / for d > 150? 


17 www.cenSuB.gov/ipc/www/idbsusum.html. accessed January 12. 2006. 

18 Hugo Beltrami of St. Francis Xavier University and David Chapman of the University of Utah posted this data at 
http://geophysics.stfx.ca/public/borehole/borehole.html, accessed November 10. 2005. 
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28. A company finds that there is a linear relationship be¬ 
tween the amount of money that it spends on advertising 
and the number of units it sells. If it spends no money on 
advertising, it sells 300 units. For each additional $5000 
spent, an additional 20 units are sold. 

(a) If x is the amount of money that the company spends 
on advertising, find a formula for y. the number of 
units sold as a function of x. 

(b) How many units does the firm sell if it spends 
$25,000 on advertising*? $50,000'? 

(c) How much advertising money must be spent to sell 
700 units'? 

(d) What is the slope of the line you found in part (a)? 
Give an interpretation of the slope that relates units 
sold and advertising costs. 

29. Tuition cost T (in dollars) for part-time students at 
Stonewall College is given by T = 300 + 200C, where C 
represents the number of credits taken. 

(a) Find the tuition cost for eight credits. 

(b) How many credits were taken if the tuition was 
$1700? 

(c) Make a table showing costs for taking from one to 
twelve credits. For each value of C, give both the tu¬ 
ition cost, T, and the cost per credit, T/C. Round to 
the nearest dollar. 

(d) Which of these values of C has the smallest cost per 
credit? 

(e) What does the 300 represent in the formula for T? 

(f) What does the 200 represent in the formula for 7"? 

30. The summit of Africa’s largest peak, Mt. Kilimanjaro, 
consists of the northern and southern ice fields and the 
Furtwangler glacier. An article in the Proceedings of the 
National Academy of Sciences 14 indicates that in 2000 
(/ = 0) the area of the ice cover at the peak of Mt. Kili¬ 
manjaro was approximately 1951 m 2 . By 2007, the area 
had shrunk to approximately 1555 nr. 

(a) If this decline is modeled by a linear function, find 
A — f (r), the equation of the ice-cover area as a func¬ 
tion of time. Explain what the slope and A-intercept 
mean in terms of the ice cover. 

(b) Evaluate /(11 ). 

1.4 FORMULAS FOR LINEAR FUNCTIONS 


(c) If this model is correct, when would you expect the 
ice cover to disappear? 

31. When each of the following equations are written in the 
form y ~ b + mx. the result is y — 5 + 4x. Find the con¬ 
stants r, .s. k.j in these equations. 

(a) y — 2r + x yfs 

(b) y=j-(j- I )a\ 

k 

32. Graph the following function in the window —10 < x < 
10, - 10 < y < 10. Is this graph a line? Explain. 


33. Graph y = 2x + 400 using the window —10 < x < 
10, — 10 < y < 10. Describe what happens, and how you 
can lix it by using a better window. 

34. Graph y — 200x + 4 using the window —10 < x < 
10,-10 < y < 10. Describe what happens and how you 
can fix it by using a better window. 

35. Figure 1.28 shows the graph of y = x : /1000 + 5 in the 
window -10 < x < 10,-10 < y < 10. Discuss whether 
this is a linear function. 



Figure 1.28 


36. The cost of a cab ride is given by the function C = 
2.50 + 2c/, where d is the number of miles traveled and 
C is in dollars. Choose an appropriate window and graph 
the cost of a ride for a cab that travels no farther than a 
10-mile radius from the center of the city. 


To find a formula for a linear function we find values for the slope, m, and the vertical intercept, b , 
in the formula y = b + mx. 

Finding a Formula for a Linear Function from a Table of Data 

If a table of data represents a linear function, we first calculate m and then determine b. 


19 http://www.pnas.org/content/early/2009/10/30/0906029I06.full.pdf+html, accessed November 27. 2009. 
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Example 1 A grapefruit is thrown into the air. Its velocity, v, is a linear function of /, the time since it was 
thrown. A positive velocity indicates the grapefruit is rising and a negative velocity indicates it is 
falling. Check that the data in Table 1.30 corresponds to a linear function. Find a formula for u in 
terms of t. 

Table 1.30 Velocity of a grapefruit t seconds after being 
thrown into the air 


r, time (sec) 

1 

2 

3 

4 

v, velocity (ft/sec) 

48 

16 

-16 

-48 


Solution 


Figure 1.29 shows the data in Table 1.30. The points appear to fall on a line. To check that the velocity 
function is linear, calculate the rates of change of v and see that they are constant. From time t = 1 
to t — 2 , we have 


Average rate of change of velocity with time = ^ = 

For the next second, from t = 2 to t = 3, we have 

a r , Ai; -16 - 16 _ 

Average rate ol change = — = —-—-— = -32. 

You can check that the rate of change from t = 3 to t = 4 is also -32. 


= -32. 


v, velocity (ft/sec) 


40 

20 


-20 

-40 


* 

\ 

\ 

\ 

\ 

\ 

v 

\ 

3- 1 - \ I-h 
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t, time (sec) 


Figure 1.29: Velocity of a grapefruit is a linear function of time 

A formula for v is of the form u = b + mt. Since m is the rate of change, we have m = -32 so 
v — b — 32t. The initial velocity (at t = 0) is represented by b. We are not given the value of v when 
t = 0, but we can use any data point to calculate b. For example, v = 48 when t = 1, so 

48 = 6 - 32 • 1, 

which gives 

6 = 80 . 

Thus, a formula for the velocity is v = 80 — 32 1. 


What does the rate of change, m, in Example 1 tell us about the grapefruit? Think about the 
units: 

Av Change in velocity -32 ft/sec „ - . 
m = — = ——- ; —:- = — - = —32 ft/sec per second. 

At Change in time 1 sec 

The value of m, -32 ft/sec per second, tells us that the grapefruit’s velocity is decreasing by 32 
ft/sec for every second that goes by. We say the grapefruit is accelerating at —32 ft/sec per second. 
(The units ft/sec per second are often written ft/sec 2 . Negative acceleration is also called decelera¬ 
tion. 20 ) 

2t) The notation ft/sec 2 is shorthand for ft/sec per second; it does not mean a “square second" in the same way that areas are 
measured in square feet or square meters. 
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Finding a Formula for a Linear Function from a Graph 

We can calculate the slope, m, of a linear function using two points on its graph. Having found m, 
we can use either of the points to calculate 6 , the vertical intercept. 


Example 2 Figure 1.30 shows oxygen consumption as a function of heart rate (that is, pulse) for two people. 

(a) Assuming linearity, find formulas for these two functions. 

(b) Interpret the slope of each graph in terms of oxygen consumption. 

y, oxygen consumption 
(liters/minute) 



Figure 1.30: Oxygen consumption of two people running on treadmills 

Solution (a) Let x be heart rate and let y be oxygen consumption. Since we are assuming linearity, y — Hmx. 

The two points on person v4’s line, (100, 1) and (160, 1. 6 ), give 

Slope of A’s line — m — —- = ~ = 0.01. 

Ax 160 — 100 

Thus y — b + 0.0lx. To find b , use the fact that y = 1 when x = 100: 

1 = 6 + 0 . 01 ( 100 ) 

1 = 6+1 

6 = 0 , 

so y — 0.0lx. Alternatively, b can be found using the fact that x = 160 if y = 1.6. 

For person B , we again begin with the formula y = b + mx. In Figure 1.30, two points on 
B’s line are (100,0.6) and (160,1), so 

oi 1-0.6 0.4 nnn ^ 

Slope of B s line = m = — =- = — « 0.0067. 

Ax 160—100 60 

To find 6 , use the fact that y = 1 when x = 160: 

1 = 6 + (0.4/60) • 160 
1=6 + 1.067 
6 = -0.067. 

Thus, for person B, we have y — —0.067 + 0.0067x. 

(b) The slope for person A is m = 0.01, so 

Change in oxygen consumption Change in liters/min liters 

m =-=-= 0.01-. 

Change in heart rate Change in beats/min heartbeat 

Every additional heartbeat (per minute) for person A translates to an additional 0.01 liters (per 
minute) of oxygen consumed. 
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The slope for person B is m = 0.0067. Thus, for every additional beat (per minute), person 
B consumes an additional 0.0067 liter of oxygen (per minute). Since the slope for person B is 
smaller than for person A, person B consumes less additional oxygen than person A for the same 
increase in pulse. 


What do the y-intercepts of the functions in Example 2 say about oxygen consumption? Often 
the y-intercept of a function is a starting value. In this case, the y-intercept would be the oxygen 
consumption of a person whose pulse is zero (i.e. x = 0). Since a person running on a treadmill 
must have a pulse, in this case it makes no sense to interpret the y-intercept this way. The formula 
for oxygen consumption is useful only for realistic values of the pulse. 

Finding a Formula for a Linear Function from a Verbal Description 

Sometimes the verbal description of a linear function is less straightforward than those we saw in 
Section 1.3. Consider the following example. 


Example 3 We have $48 to spend on soda and chips for a party. A six-pack of soda costs $6 and a bag of chips 
costs $4. The number of six-packs we can afford, y, is a function of the number of bags of chips we 
decide to buy, x. 

(a) Find an equation relating x and y. 

(b) Graph the equation. Interpret the intercepts and the slope in the context of the party. 


Solution 


(a) If we spend all $48 on soda and chips, then we have the following equation: 

Amount spent on chips + Amount spent on soda =$48. 

If we buy x bags of chips at $4 per bag, then the amount spent on chips is $4x. Similarly, if we 
buy y six-packs of soda at $6 per six-pack, then the amount spent on soda is $6y. Thus, 

4x + 6y = 48. 

We can solve for y, giving 


6y = 48 — 4x 

y = S-|*. 

This is a linear function with slope m = -2/3 and y-intercept b = 8. 

(b) The graph of this function is a discrete set of points, since the number of bags of chips and the 
number of six-packs of soda must be (nonnegative) integers. 

To find the y-intercept, we set jc = 0, giving 


4 * 0 + 6y = 48. 


So 6y = 48, giving y = 8. 

Substituting y = 0 gives the x-intercept, 

4x + 6 • 0 = 48. 


So 4x = 48, giving x — 12. Thus the points (0, 8) and (12,0) are on the graph. 

The point (0,8) indicates that we can buy 8 six-packs of soda if we buy no chips. The point 
(12,0) indicates that we can buy 12 bags of chips if we buy no soda. The other points on the line 
describe affordable options between these two extremes. For example, the point (6,4) is on the 
line, because 

4 ■ 6 + 6 • 4 = 48. 

This means that if we buy 6 bags of chips, we can afford 4 six-packs of soda. 
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y. soda (six-packs) 


8 *; 


All soda and 
no chips 


Some soda and 
some chips All chips 

v and no soda 

^ x, chips (bags) 

1 ? 


Figure 1.31 : Relation between the number of six-packs, y. and the number of bags of chips, x 

The points marked in Figure 1.31 represent affordable options. All affordable options lie on 
or below the line 4a* + 6 y = 48. Not all points on the line are affordable options. For example, 
suppose we purchase one six-pack of soda for $6. That leaves $42 to spend on chips, meaning 
we would have to buy 10.5 bags of chips, which is not possible. Therefore, the point (10.5, 1) is 
not an option, although it is a point on the line 4a + 6y — 48. 

To interpret the slope, notice that 

Ay Change in number of six-packs 
Ax Change in number of bags of chips' 

so the units of m are six-packs of soda per bags of chips. The fact that m = —2/3 means that 
for each additional 3 bags of chips purchased, we can purchase 2 fewer six-packs of soda. This 
occurs because 2 six-packs cost $12. the same as 3 bags of chips. Thus, m = —2/3 is the rate at 
which the amount of soda we can buy decreases as we buy more chips. 


Alternative Forms for the Equation of a Line 

In Example 3, the equation 2 a + 3 y = 24 represents a linear relationship between a and y even 
though the equation is not in the form y = b + mx. The following equations represent lines. 


• The slope-intercept form is 


y = b + mx where m is the slope and b is the y-intercept. 

• The point-slope form is 


y-y 0 = m(x- X 0 ) 

where m is the slope and (x 0 , y 0 ) is a point on the line. 

• The standard form is 


Ax+ By + C -0 

where A, B , and C are constants. 


If we know the slope of a line and the coordinates of a point on the line, it is often convenient 
to use the point-slope form of the equation. 


Example4 Use the point-slope form to find the equation of the line for the oxygen consumption of person A in 
Example 2. 

Solution In Example 2, we found the slope of person A’s line to be m = 0.01. Since the point (100,1) lies on 

the line, the point-slope form gives the equation 

y — \ — 0 . 01 (x - 100 ). 

To check that this gives the same equation we got in Example 2, we multiply out and simplify: 

y- 1 = 0.01a - 1 
y = 0.01a. 

Alternatively, we could have used the point (160, 1. 6 ) instead of (100, 1), giving 

y- 1.6 = 0 . 01 (x - 160). 

Multiplying out again gives y = 0.01a. 
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Equations of Horizontal and Vertical Lines 

The slope m of a line y — b + mx gives the rate of change of y with respect to x. What about a line 
with slope m — 0? If the rate of change of a quantity is zero, then the quantity does not change. Thus, 
if the slope of a line is zero, the value of y must be constant. Such a line is horizontal. 


Example 5 Explain why the equation y — 4 represents a horizontal line and the equation x = 4 represents a 
vertical line. 

Solution The equation y = 4 represents a linear function with slope m — 0. To see this, notice that this 
equation can be rewritten as y — 4 + 0 - x. Thus, the value of y is 4 no matter what the value of x 
is. See Figure 1.32. Similarly, the equation x = 4 means that x is 4 no matter what the value of y is. 
Every point on the line in Figure 1.33 has x equal to 4, so this line is the graph of x = 4. 


Value of x is 4 
no matter what 
the value of y is 




Figure 1.32: The horizontal line y = 4 has slope 0 


Figure 1.33: The vertical line x = 4 has an undefined slope 


What is the slope of a vertical line? Figure 1.33 shows three points, (4, -1), (4, 1), and (4, 3) on 
a vertical line. Calculating the slope, gives 

= Ay = 3-1 = 2 
m Ax 4-4 O’ 

The slope is undefined because the denominator. Ax, is 0. The slope of every vertical line is undefined 
for the same reason. All the x-values on such a line are equal, so Ax is 0, and the denominator of the 
expression for the slope is 0. A vertical line is not the graph of a function, since it fails the vertical 
line test. It does not have an equation of the form y = b + mx. 

In summary. 

For any constant k : 

• The graph of the equation y = k is a horizontal line and its slope is zero. 

• The graph of the equation x = k is a vertical line and its slope is undefined. 


Slopes of Parallel and Perpendicular Lines 

Figure 1.34 shows two parallel lines. These lines are parallel because they have equal slopes. 



Figure 1.34: Parallel lines: Figure 1.35: Perpendicular lines: Slopes of /, and / 2 are 

1 1 and / 2 have equal slopes negative reciprocals of each other 
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What about perpendicular lines? Two perpendicular lines arc graphed in Figure 1.35. We can 
see that if one line has a positive slope, then any perpendicular line must have a negative slope. In 
fact, we show that if /1 and l 2 arc two perpendicular lines with slopes, m\ and m 2 , then m | is the 
negative reciprocal oI'/Wt- If /W| and m 2 are not zero, we have the following result: 


Let /1 and l 2 be two lines having slopes m\ and ra 2 , respectively. Then: 

• These lines are parallel if and only if m ] = m 2 . 

• These lines are perpendicular if and only if m, = ——. 

m 2 


In addition, any two horizontal lines are parallel and m | = m 2 = 0. Any two vertical lines 
are parallel and m\ and m 2 are undefined. A horizontal line is perpendicular to a vertical line. See 
Figures 1.36-1.38. 


y 


1 1 : y = 5 



, y 


T.' 


k : > = 4 

A 


Figure 1.36: Any two horizontal lines Figure 1.37: Any two vertical lines 
are parallel are parallel 


Figure 1.38: A horizontal line and a 
vertical line are perpendicular 


Justification of Formula for Slopes of Perpendicular Lines 

Figure 1.39 shows /j and U, two perpendicular lines with slopes z/z | andm-,. Neither line is horizontal 
or vertical, so m j and m are both defined and nonzero. We will show that 

1 

mi = -. 

m l 

Using right triangle A PQR with side lengths a and />, we see that 

b 

m \ = -• 
a 

Rotating A PQR by 90° about the point P produces triangle APST. Using APST, we see that 

_ a _ 1 _ 1 

b b/a m\ 



Figure 1.39: Perpendicular lines 
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Exercises and Problems for Section 1.4 

Skill Refresher 


Solve the equations in Exercises. S1-S5. 

51. y-5 = 21 

52. 2x-5 = 13 

53. 2x - 5 = 4x - 9 

54. 17 - 2Sy = \3y + 24 

55. |(y + 2)=i-y 
Exercises 


In Exercises S6-S10, solve for the indicated variable. 

56. / = Prt , for P. 

57. C=-(F- 32), for P. 

9 V 

58. C = 2^r, for r. 

59. ab + ax = c — ax, for x. 

S10. by - d — ay + c, for y. 


Find formulas for the linear functions in Exercises 1-8. 

1. Slope —4 and x-intercept 7 

2. Slope 3 and y-intercept 8 

3. Passes through the points (—1,5) and (2, — 1) 

4. Slope 2/3 and passes through the point (5, 7) 

5. Has x-intereept 3 and y-intercept -5 

6. Slope 0.1, passes through (-0.1,0.02) 

7. Function / has /(0.3) = 0.8 and /(0.8) = -0.4 

8 . Function / has /(-2) = 7 and /(3) = -3 


Exercises 9-15 give data from a linear function. Find a formula 
for the function. 


Year, t 

0 

1 

2 

Value of computer, $K = f{t) 

2000 

1500 

1000 


Price per bottle, p ($) 

0.50 

0.75 

1.00 

Number of bottles sold, q = f{p) 

1500 

1000 

500 


Temperature, y = /(x) (°C) 

0 

5 

20 

Temperature, x (°F) 

32 

41 

68 


Temperature, y = /(x), (°R) 

459.7 

469.7 

489.7 

Temperature, x (°F) 

0 

10 

30 


p. price of apartment ($) 




60 


n, number of different 
120 144 me ^ lc ’ nes stoc k e d 



In Exercises 16-24, if possible rewrite the equation in slope- 
intercept form, y — b + mx. 


16. 5(x + y) = 4 
18. OAy + x = 18 
20. y -0,7 = 5(x — 0.2) 
22. 3x + 2y + 40 = x — y 


17. 3x + 5y = 20 
19. 5x-3y + 2 = 0 
21. y = 5 
23. x = 4 


In Exercises 25-30, is the function linear? If so, rewrite it in 
slope-intercept form. 


- 1 - 12 w 

25. g(w) = --- 

27. j(s) = 3s _I + 7 
29. h{x) = y + 12 


2 ~ { 

26. F(P)= 13- 

28. C(r) = 2nr 
30. /(x) = m 2 x + rr 
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In Exercises 31-36. are the lines perpendicular? Parallel? Nei¬ 
ther'? 

31. >’ = 5.x - 7; y = 5.x + 8 

32. y = 4.y + 3: y = 13- 2.x 

Problems 


Find formulas for the linear functions in Problems 37-40. 

37. The graph of f contains (-3, -8) and (5, —20). 

38. g(100) = 2000 and g(400) = 3800 

39. P — h{t ) gives the size of a population that begins with 
12,000 members and grows by 225 members each year. 

40. The graph of h intersects the graph of y — x 2 at .x = —2 
and x = 3. 

41. (a) By hand, graph y — 3 and x ~ 3. 

(b) Can the equations in part (a) be written in slope- 
intercept form? 

42. Find the equation of the line parallel to 3x + 5y = 6 and 
passing through the point (0,6). 

43. Find the equation of the line passing through the point 
(2, 1) and perpendicular to the line y — 5x — 3. 

44. Find the equations of the lines parallel to and perpendic¬ 
ular to the line y 4- 4.x — 7, and through the point (1,5). 

45. In Table 1.31, data for two functions / and g are given. 
One of the functions is linear, and the other is not. 

(a) Which of the two functions is linear? Explain how 
you know. 

(b) Find the equation of the linear function. Write your 
answer in slope-intercept form. 


Table 1.31 


X 

1 

1.5 

2 

2.5 

3 

fix) 

-1.22 

-0.64 

-0.06 

0.52 

1.10 

g(x) 

9.71 

4.86 

2.43 

1.22 

0.61 


46. Line / is given by y = 3 — -x and point P has coordinates 
(6,5). 

(a) Find the equation of the line containing P and paral¬ 
lel to /. 

(b) Find the equation of the line containing P and per¬ 
pendicular to /. 

(c) Graph the equations in parts (a) and (b). 

47. An empty champagne bottle is tossed from a hot-air bal¬ 
loon. Its upward velocity is measured every second and 
recorded in Table 1.32. 

(a) Describe the motion of the bottle in words. What do 
negative values of u represent? 


33. 

y- 2.x + 3; 

y = 2x — 7 

34. 

y = 4.x + 7; 

y=\x-2 

35. 

f(q) =12 q + 

7: g(q)=j;q + 9 6 

36. 

2y = 16 — x; 

4y — -g - 2.x 


(b) Find a formula for v in terms of t. 

(c) Explain the physical significance of the slope of your 
formula. 

(d) Explain the physical significance of the /-axis and v- 
axis intercepts. 


Table 1.32 


t (sec) 

0 

1 

2 

3 

4 

5 

v (ft/sec) 

40 

8 

-24 

-56 

-88 

-120 


Table 1.33 gives the cost, C(«), of producing a certain good as 
a linear function of n, the number of units produced. Use the 
table to answer Problems 48-50. 


Table 1.33 


n (units) 

100 

125 

150 

175 

C(n ) (dollars) 

11000 

11125 

11250 

11375 


48. Evaluate the following expressions. Give economic inter¬ 
pretations for each. 

(a) C(I75) (b) C(175)-C(150) 

, , C(175) — C( 150) 

(c) - 

175 - 150 

49. Estimate C(0). What is the economic significance of this 
value? 

50. The fixed cost of production is the cost incurred before 
any goods are produced. The unit cost is the cost of pro¬ 
ducing an additional unit. Find a formula for C{n) in terms 
of «, given that 

Total cost = Fixed cost + Unit cost * Number of units 


51. John wants to buy a dozen rolls. The local bakery sells 
sesame and poppy-seed rolls for the same price. 

(a) Make a table of all the possible combinations of rolls 
if he buys a dozen, where s is the number of sesame 
seed rolls and p is the number of poppy-seed rolls. 

(b) Find a formula for p as a function of .5. 

(c) Graph this function. 
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52. In a college meal plan you pay a membership fee; then all 
your meals are at a fixed price per meal. 

(a) If 90 meals cost $1005 and 140 meals cost $1205, 
write a linear function that describes the cost of a 
meal plan, C, in terms of the number of meals, a?. 

(b) What is the cost per meal and what is the member¬ 
ship fee? 

(c) Find the cost for 120 meals. 

(d) Find n in terms of C. 

(e) Use part (d) to determine the maximum number of 
meals you can buy on a budget of $1285. 

53. The solid waste generated each year in the cities of the 
US is increasing. 21 The solid waste generated, in millions 
of tons, was 88.1 in 1960 and 249.9 in 2010. The trend 
appears linear during this time. 

(a) Construct a formula for the amount of municipal 
solid waste generated in the US by finding the equa¬ 
tion of the line through these two points. 

(b) Use this formula to predict the amount of municipal 
solid waste generated in the US, in millions of tons, 
in the year 2020. 

54. The demand for gasoline can be modeled as a linear func¬ 
tion of price. If the price of gasoline is p = $3.10 per gal¬ 
lon, the quantity demanded in a fixed period is q = 65 
gallons. If the price rises to $3.50 per gallon, the quantity 
demanded falls to 45 gallons in that period. 

(a) Find a formula for q in terms of p. 

(b) Explain the economic significance of the slope of 
your formula. 

(c) Explain the economic significance of the <?-axis and 
p-axis intercepts. 

55. Find a formula for the linear function h{t) whose graph 
intersects the graph of j(t) = 30(0.2/atf = —2 and t = 1. 

56. Find the equation of line / in Figure 1.40. 


y 



57. Find the equation of the line /, shown 
its slope is m — 4. 



58. Find an equation for the line / in Figure 1.42 in terms of 
the constant A and values of the function /. 



59. A dose-response function can be used to describe the in¬ 
crease in risk associated with the increase in exposure to 
various hazards. For example, the risk of contracting lung 
cancer depends, among other things, on the number of 
cigarettes a person smokes per day. This risk can be de¬ 
scribed by a linear dose-response function. For example, 
it is known that smoking 10 cigarettes per day increases a 
person’s probability of contracting lung cancer by a fac¬ 
tor of 25, while smoking 20 cigarettes a day increases the 
probability by a factor of 50. 

(a) Find a formula for /(x), the increase in the probability 
of contracting lung cancer for a person who smokes 
x cigarettes per day as compared to a non-smoker. 

(b) Evaluate /(0). 

(c) Interpret the slope of the function /. 

60. Wire is sold by gauge size, where the diameter of the wire 
is a decreasing linear function of gauge. Gauge 2 wire has 
a diameter of 0.2656 inches and gauge 8 wire has adiame- 
ter of 0.1719 inches. Find the diameter for wires of gauge 
12.5 and gauge 0. What values of the gauge do not make 
sense in this model? 


in Figure 1.41, if 


21 http://http://www.epa.gov/osw/nonhaz/municipal/pubs/msw_2010_rev_factsheet.pdf, accessed January, 2013. 
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61. You can type four pages in 50 minutes and nine pages in 
an hour and forty minutes. 

(a) Find a linear function for the number of pages typed, 
/;. as a function of time, /. If time is measured in min¬ 
utes, what values of / make sense in this example? 

(b) How many pages can be typed in two hours? 

(c) Interpret the slope of the function in practical terms. 

(d) Use the result in part (a) to solve for time as a func¬ 
tion of the number of pages typed. 

(e) How long does it take to type a 15-page paper? 

(f) Write a short paragraph explaining why it is useful 
to know both of the formulas obtained in part (a) and 
part (d). 

In Problems 62-63, write the fund ions in si ope-intercept 

form. Identify the values of/? and m. 

62 . n(.v) = xx 1 - 3 at —b*.v — sy/x 

63. tv(r) = ax 2 - 3a7* - 4 rs - syfx 

64. The development lime. /. of an organism is the number 
of days required for the organism to mature, and the de¬ 
velopment rate is defined as r = 1//. In cold-blooded or¬ 
ganisms such as insects, the development rate depends on 
temperature: the colder it is, the longer the organism takes 
to develop. For such organisms, the degree-day model" 
assumes that the development rate r is a linear function 
of temperature H (in °C): 

r = b + kH. 

(a) According to the degree-day model, there is a min¬ 
imum temperature // mjn below which an organism 
never matures. Find a formula for H m in in terms of 
the constants b and k. 

(b) Define S as S = (// — // min )6 where S is the num¬ 
ber of degree-days. That is, S is the number of days 
t times the number of degrees between H and H min . 
Use the formula for r to show that $ is a constant. 
In other words, find a formula for S that does not 
involve H. Your formula will involve k. 

(c) A certain organism requires t = 25 days to develop 
at a constant temperature of H = 20°C and has 


// mjn = I5°C. Using the fact that S is a constant, 
how many days does it take for this organism to de¬ 
velop at a temperature of 25°C? 

(d) In part (c) we assumed that the temperature H is 
constant throughout development. IT 1 he temperature 
varies from day to day, the number of degree-days 
can be accumulated until they total S„ at which point 
the organism completes development. For instance, 
suppose on the first day the temperature is H = 20°C 
and that on the next day it is H — 22°C. Then for 
these first two days 

Total number of degree days 

= (20 ~ 15)* I +(22- 15)* 1 = 12. 

Based on 'fable 1.34, on what day does the organism 
reach maturity? 


Table 1.34 


Day 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

H (°C) 

20 

22 

27 

28 

27 

31 

29 

30 

28 

25 

24 

26 


65. (Continuation of Problem 64.) Table 1.35 gives the de¬ 
velopment time t (in days) for an insect as a function of 
temperature H (in °C). 

(a) Find a linear formula for r, the development rate, in 
terms of H . 

(b) Find the value of S\ the number of degree-days re¬ 
quired for the organism to mature. 


Table 1.35 


U 

o 

5*5 

20 

22 

24 

26 

28 

30 

/, days 

14.3 

12.5 

11.1 

10.0 

9.1 

8.3 


1.5 MODELING WITH LINEAR FUNCTIONS 
Interpreting the Parameters of a Linear Function 

The slope-intercept form for a linear function is y = b + mx , where b is the y-intercept and m is the 
slope. The parameters b and m can be used to compare linear functions. 


22 Information drawn from a web site created by Dr. Alexei A. Sharov at the Virginia Polytechnic Institute, 
http://www.ento.vt.edu/ sharov/PopEcol/popecol.htnil, accessed September 2002. 
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Example 1 With time, t, in years, the populations of four towns, P A , P B , Pc and Pd > are given by the following 
formulas: 

P A = 20,000+ 1600f, P B = 50,000 - 300r, P c = 650* + 45,000, P D = 15,000(1.07)'. 

(a) Which populations are represented by linear functions? 

(b) Describe in words what each linear model tells you about that town’s population. Of the towns 
that grow linearly, which town starts out with the most people? Which is growing fastest? 


Solution 


(a) The populations of towns A, B, and C are represented by linear functions because they are 
written in the form P = b + mt. Town D’s population does not grow linearly since its formula, 
P D = 15,000(1.07)', cannot be expressed in the form P D = b + mt. 

(b) For town A , we have 



b m 


so b = 20,000 and m = 1600. This means that in year t = 0, town A has 20,000 people. It grows 
by 1600 people per year. 

For town B, we have 


P B = 50,000+ (-300)+, 


so b — 50,000 and m — —300. This means that town B starts with 50,000 people. The negative 
slope indicates that the population is decreasing at the rate of 300 people per year. 

For town C, we have 



b m 


so b = 45,000 and m = 650. This means that town C begins with 45,000 people and grows by 
650 people per year. 

Town B starts out with the most people, 50,000, but town A, with a rate of change of 1600 
people per year, grows the fastest of the three towns that grow linearly. 


The Effect of the Parameters on the Graph of a Linear Function 

The graph of a linear function is a line. Changing the values of b and m gives different members of 
the family of linear functions. In summary: 


Let y — b + mx. Then the graph of y against x is a line. 

• The y-intercept, />, tells us where the line crosses the y-axis. 

• If the slope, m, is positive, the line climbs from left to right. If the slope, m, is negative, 
the line falls from left to right. 

• The slope, m , tells us how fast the line is climbing or falling. 

• The larger the magnitude of m (either positive or negative), the steeper the graph of /. 
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Example 2 


(a) Graph the three linear functions P A , P B , P c from Example 1 and show how to identify the values 
of b and m from the graph. 

(h) Graph P D from Example I and explain how the graph shows P D is not a linear function. 


Solution (a) Figure 1.43 gives graphs of the three functions: 

P A = 20,000 + 1600r, P B = 50,000 - 300r, and P c = 45,000 + 650/. 

The values of b identified in Example 1 tell us the vertical intercepts. Figure 1.43 shows that the 
graph of P A crosses the P -axis at P = 20,000, the graph of P B crosses at P = 50,000, and the 
graph of P c crosses at P = 45,000. 


P, population 



) Graph of P A [m — 1600) 
j climbs faster than the 
graph of P c [m = 650) 

\ 

Graph of P B [m = -300) 
falls 


—-— t, time (years) 

5 10 15 20 


Figure 1.43: Graphs of three linear functions, P A , P n , and P c , 
showing starting values and rates of climb 


P, population 



t. time (years) 


Figure 1.44: Graph of P n = 15,000( 1.07)' is not a line 


Notice that the graphs of P A and P c are both climbing and that P A climbs faster than P c . 
This corresponds to the fact that the slopes of these two functions are positive (m = 1600 for P A 
and m = 650 for P c ) and the slope of P A is larger than the slope of P c . 

The graph of P B falls when read from left to right, indicating that population decreases over 
time. This corresponds to the fact that the slope of P c is negative {m = -300). 

(b) Figure 1.44 gives a graph of Pn- Since it is not a line, P D is not a linear function. 


Intersection of Two Lines 

The point (jc, y) at which two lines intersect satisfies the equations for both lines. Thus, to find this 
point, we solve the equations simultaneously. 23 When modeling real phenomena, the point of inter¬ 
section often has a practical meaning. 


Example 3 The cost, in dollars, of renting a car for a day from three different rental agencies and driving it d 

miles is given by the following functions: 

C { =0.5 Od, C 2 = 30 + 0.20 d. C 3 = 50 + 0.10;/. 

(a) For each agency, describe the rental agreement in words and graph the cost function. Use one 
set of axes for all three functions. 

(b) For what driving distance does Agency 1 cost the same as Agency 2? If you drive 50 miles or 
less, which agency is cheapest? 

(c) How do you determine which agency provides the cheapest car rental for any given driving 
distance? 


23 The algebra in this section is reviewed in the Skills Refresher on page 62. 
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Solution 


(a) See Figure 1.45. Agency 1 charges $50 plus $0.10 per mile driven. Agency 2 charges $30 plus 
$0.20 per mile. Agency 3 charges $0.50 per mile driven. 



Figure 1.45: Cost of driving a car 4 miles when renting from three different agencies 


(b) The costs for Agency 1 and Agency 2 are equal when the graphs of their cost functions intersect. 
To find the intersection point, we set the cost functions equal, Cj = C 2 , and solve for d: 

0.50 d = 30 + 0.204 
0.504 — 0.204 — 30 
0.304 = 30 
d = 100. 

So, if we drive 100 miles, the rental cost is the same for Agency 1 and Agency 2, as Figure 1.45 
shows. 

Figure 1.45 also shows that the graph of C } is below the graph of C 2 for d < 100. This 
means that it is cheaper to rent from Agency 1 than from Agency 2 if we drive less than 100 
miles. For d < 100, the graph of C ] is also below the graph of C 3 , so renting from Agency 1 is 
the cheapest option if we drive 50 miles or less. 

(c) Which agency is cheapest depends on how far we drive. If we are not driving far, Agency 1 may 
be cheapest because it only charges for miles driven and has no other fees. If we want to drive 
a long way, Agency 3 may be cheapest (even though it charges $50 up front) because it has the 
lowest per-mile rate. 

Figure 1.45 and part (b) show that for d up to 100 miles. Agency 1 costs the least. 

For d between 100 and about 200 miles, Figure 1.45 suggests the values of C 2 are less than 
the values of C l and C 3 . To find the exact value of d where C 2 and C 3 intersect, we solve the 
equation C 2 — C 3 : 


30 + 0.204 = 50 + 0.104 
0.104 = 20 
4 = 200. 

Thus Agency 2 is cheapest when we drive between 100 and 200 miles. 

For 4 more than 200 miles, the values of C 3 are less than the values of Cj and C 2 , meaning 
Agency 3 is cheapest for large distances—as expected since C 3 has the lowest per-mile rate. 

Notice that the point where Cj and C 3 intersect is not important for deciding which agency 
is the cheapest: C 2 still has the lowest cost value where C { and C 3 intersect. 
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Linear Inequalities in Two Variables 

We now see how to solve problems using linear inequalities rather than linear equations. 24 


Example 4 The temperature at the base of a mountain is 90°F and drops by 5°F for every thousand-foot increase 
in elevation. On what part of the mountain is the temperature cooler than 40°F? 

Solution Since the temperature, T, drops at a constant rate as the elevation, /i, increases, if T is in degrees 

Fahrenheit and h is in thousands of feet from the base of the mountain, we have 

T =90-5/i. 

We want to know for what values of h we have 90-5 h < 40. 

One way to solve the inequality is to subtract 40 from each side of the inequality to obtain 

50 - 5/i < 0, 

and then add 5 h to each side to get 

50 < 5/i. 

Dividing each side by 5 gives 

10 < h. 

This means that the temperature is below 40° at any point more than 10,000 feet above the base of 
the mountain. 

A second approach is to subtract 90 from each side of 90 - 5/2 < 40 to get 

-5/2 < -50. 

At this point, we divide each side of the inequality by —5. Since -5 is negative, this division switches 
the direction of the inequality, giving 

h > 10. 

Note that if we forget to switch the direction of the inequality, we get the incorrect solution 
h < 10, suggesting that the temperature is cooler than 40°F below the 10,000-foot line. However, 
the temperature is cooler near the top of the mountain, not near the bottom. 


Example 5 When people consume more calories than required, they gain weight; when they consume fewer calo¬ 
ries than required, they lose weight. For an active 20-year-old, six-foot-tall man weighing w pounds, 
the Harris-Benedict equation 25 states that the number of calories, C, needed daily to maintain weight 
is C = 1321 +9.44m;. 

(a) The points satisfying C = 1321 + 9.44m? lie on a line. If the M?-axis is horizontal, the points 
satisfying 

C> 1321 +9.44tt? or C < 1321 + 9.44m? 

lie above or below the line. Which of these two inequalities does the point w — 170, C = 3500 
satisfy? Is the point above or below the line? How about the point w = 200, C = 3000? 

(b) Explain what your answers to part (a) mean in the context of weight and caloric intake. 

(c) Graph the set of all points that satisfy the inequality C < 1321 + 9.44m;. What does this region 
represent in terms of calories and weight? 

(d) Sketch the region where C < 3000 and C > 1321 + 9.44m?. What does this region represent in 
terms of calories and weight? 

24 Mcthods for solving linear inequalities are included in the Skills Refresher on page 62. 

25 The Harris Benedict equation reevaluated. A.M. Roza and H.M. Shizgal. American Journal of Clinical Nutrition. Vol. 
40, No. 1 (July 1984): 168-182. 
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Solution 


(a) To determine which inequality is satisfied, we substitute the value of m into the expression 
1321+ 9.44m and compare the result with the value of C. 


If m = 170, C 
we have 


3500, substituting w gives 1321+9.44-170= 2925.8. Since C > 2925.8, 


C > 1321 + 9.44m. Thus, the point (170,3500) is above the line. 

If w = 200, C = 3000, substituting m gives 1321 + 9.44 • 200 = 3209. Since C < 3209, 
we have 


C < 1321 + 9.44m;. 


Thus, the point (200,3000) is below the line. 


(b) A man weighing 170 pounds who eats 3500 calories per day is eating more calories than needed, 
so he will gain weight. On the other hand, a man weighing 200 pounds who eats 3000 calories 
daily will lose weight, because he is eating fewer calories than needed. 

(c) Figure 1.46 shows the line C = 1321+ 9.44m?, the point (170,3500) above the line and the point 
(200, 3000) below the line. 

The points satisfying C < 1321 + 9.44m are those whose C-coordinates are lower than 
1321 + 9.44m; that is, all the points below the line. The region represents all of the combinations 
of weights and caloric intakes at which an active, 6-foot-tall, 20 year-old man loses weight. 

Note that the line itself is not included in the region, since on this line C is equal to, not less 
than, 1321 + 9.44m. We use a dashed line to indicate this. 

(d) The region, shaded in Figure 1.47, shows the combinations of weights and calories—up to 3000 
calories—for which an active 6-foot, 20 year-old man gains weight. 

C C 
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C < 1321 + 9.44m 
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Figure 1.46: Shaded region is solution to 
C < 1321 + 9.44m 


Figure 1.47: Shaded region is C < 3000 and 
C < 1321 + 9.44m 


Exercises and Problems for Section 1.5 

Skill Refresher 


In Exercises S1-S6, solve the equations 
sible. 

si. s2. { 

S3 ' Si { 

ss - s6 -{ 


simultaneously if pos- 


x + y = 3 
.x — v = 5 

V = x - 3 
2 y - 2x = -6 

2(x + y) = 3 
x = y+ 3(x - 5) 


Determine the points of intersection for Exercises S7-S8. 

S7. >* S8. y 
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Exercises 


1. Without using a calculator, match the equations (a) - (f) 
to the graphs (I) - (VI). 


(a) y = -2.72x 
(c) y = 27.9-0. lx 
(e) y = -5.7 - 200x 


(b) y = 0.01 + O.OOlx 
(d) y = O.lx —27.9 
(f) y = x/3.14 





00 



(IV) 


(V) 



2. Without a calculator, match the equations (a)-(g) to the 
graphs (IHVII). 


(a) y-x-5 

(c) 5 = y 
(e) y = x + 6 
(g) 5 = x 


(b) -3x + 4 = y 
(d) y — —Ax — 5 
(f) y = x/2 







3. Figure 1.48 gives lines A, 5, C, D, and £. Without a 
calculator, match each line to /, g, /i, w or v: 


fix) = 20 + 2x 
g(x) = 20 + 4x 
A(x) = 2x — 30 
w(x) = 60 - x 
£>(x) = 60 — 2x 


4. Without a calculator, match the following functions to the 
lines in Figure 1.49: 


fix) = 5 + 2x 
gix) = -5 + 2x 
hix) = 5 + 3x 
m = 5 - 2x 
kix) = 5 — 3x 

Figure 1.49 

5. Without a calculator, match the systems of inequalities 
(aMd) to the graphs (I)—(IV). Give reasons. 

(a) y > x and y < 2x (b) y > l+2x and y < 10-x 
(c) y > 2 and y < 12 - 2x (d) y > 3x +1 and y < 10 

y (II) y 





(IV) y 


(VII) 




Problems 


6. Sketch five different functions in the family y = -2 - ax 
for a < 0. 

7. Estimate the slope of the line in Figure 1.50 and find an 
approximate equation for the line. 


y 
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8. Find the equation of the line l 2 in Figure 1.52. 




14. For a 180-pound man, blood alcohol concentration (B AC) 
decreases linearly by 0.015% every hour if he does not 
consume any further drinks. 27 If at the start of the hour 
he has a BAC of B = 0.13%, how many hours, t, must he 
wait before his BAC falls below the legal limit of 0.08%? 

15. A car’s fuel economy is 30 mpg. A warning light is dis¬ 
played if the remaining distance that can be driven before 
the car runs out of gas drops below 50 miles. Initially the 
car has 10 gallons of gas. How many gallons, g, can be 
used before the warning light comes on? 


9. Line / in Figure 1.51 is parallel to the line y = 2x + 1. 
Find the coordinates of the point P. 

10. The cost of a Frigbox refrigerator is $950, and it depreci¬ 
ates $50 each year. The cost of an Arctic Air refrigerator 
is $1200, and it depreciates $100 per year. 

(a) If a Frigbox and an Arctic Air are bought at the same 
time, when do the two refrigerators have equal value? 

(b) If both refrigerators continue to depreciate at the 
same rates, what happens to the values of the refrig¬ 
erators in 20 years’ time? What does this mean? 

11. You need to rent a car and compare the charges of three 
different companies. Company A charges 20 cents per 
mile plus $20 per day. Company B charges 10 cents per 
mile plus $35 per day. Company C charges $70 per day 
with no mileage charge. 

(a) Find formulas for the cost of driving cars rented from 
companies A , £, and C, in terms of x, the distance 
driven in miles in one day. 

(b) Graph the costs for each company for 0 < x < 500. 
Put all three graphs on the same set of axes. 

(c) What do the slope and the vertical intercept tell you 
in this situation? 

(d) Use the graph in part (b) to find under what cir¬ 
cumstances company A is the cheapest. What about 
Company B1 Company Cl Explain why your results 
make sense. 

Solve Problems 12-15 by setting up a linear inequality. 

12. A dog requires 1300 calories per day. A cup of dry dog 
food has 350 calories. The dog has already eaten a can of 
wet food, containing 400 calories How many cups of dry 
food, n, can it eat before exceeding its daily caloric limit? 

13. Blood alcohol concentration (BAC) is often used as a 
measure of intoxication. 26 For a 180-pound man, the BAC 
increases linearly by 0.02% for every drink taken in a one- 
hour period. If at the start of the hour he has a BAC of 
B — 0.01%, how many drinks, n, can he have during the 
hour while remaining below the legal limit of 0.08%? 


16. Broadway Cabs and City Cars are two competing taxi 
companies in a small town. The cost in dollars of a cab 
ride of d miles is C x = 2,5 +2.6 d for Broadway Cabs and 
C 2 = 4 + 2A5d for City Cars. 

(a) Describe in words the fare breakdown for each com¬ 
pany, 

(b) Determine the conditions under which Broadway 
Cabs is cheaper than City Cars. 

(c) You need a ride to the airport, which is 12 miles from 
your house. To get the lowest fare, which company 
should you call and how much will it cost? 

17. Assume A, B , C are constants with A / 0, B / 0. Con¬ 
sider the equation 


Ax + By = C. 


(a) Show that y — f{x) is linear. State the slope and the 
x- and y-intercepts of /(x). 

(b) Graph y = /(x), labeling the x- and y-intercepts in 
terms of A, B, and C, assuming 

(i) A>0, £>0, C>0 

(ii) A>0,£>0,C<0 

(iii) A>0,£<0,C>0 

18. Fill in the missing coordinates for the points in the fol¬ 
lowing figures. 

(a) The triangle in Figure 1.53. 

(b) The parallelogram in Figure 1.54. 


26 http://en.wikipedia.org/wiki/BIood_alcohol_content#cite_ref-4, accessed February 8, 2013. 
27 http://en.wikipedia.Org/wiki/Blood_alcohol_contem#cite_ref-4, accessed February 8, 2013. 
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y 




19. Fill in the missing coordinates in Figure 1.55. Write an 
equation for the line connecting the two points. 


y 



20. Using the window -10 < x < 10, -10 < y < 10, graph 
y = x, y = lOx, y — lOOx, and y — lOOOx. 

(a) Explain what happens to the graphs of the lines as 
the slopes become large. 

(b) Write an equation of a line that passes through the 
origin and is horizontal. 

21. Graph y — x + 1, y = x + 10, and y = x + 100 in the 
window -10 < x < 10, -10 < y < 10. 

(a) Explain what happens to the graph of a line, y = 
b + mx, as b becomes large. 

(b) Write a linear equation whose graph cannot be seen 
in the window —10 < x < 10,-10 < y < 10 
because all its y-values are less than the y-values 
shown. 

22. The graphical interpretation of the slope is that it shows 
steepness. Using a calculator or a computer, graph the 
function y = 2x - 3 in the following windows: 

(a) -10 < x < 10 by -10 < y < 10 


(b) — 10 < x < 10 by — 100 < y < 100 

(c) —10 < x < 10 by —1000 < y < 1000 

(d) Write a sentence about how steepness is related to 
the window being used. 

23. A circle of radius 2 is centered at the origin and goes 
through the point (-1, y/3). 

(a) Find an equation for the line through the origin and 
the point (-1, \/3). 

(b) Find an equation for the tangent line to the circle at 
(-1, \/3). [Hint: A tangent line is perpendicular to 
the radius at the point of tangency.] 

24. Find an equation for the altitude through point A of the 
triangle ABC, where A is (—4,5), B is (—3, 2), and C is 
(9, 8). [Hint: The altitude of a triangle is perpendicular to 
the base.] 

25. Two lines are given by y = b l + m } x and y — b 2 + m 2 x , 
where b ] ,b 2 ,m ] , and m 2 are constants. 

(a) What conditions are imposed on b ] , b 2 , m l , and m 2 if 
the two lines have no points in common? 

(b) What conditions are imposed on b x , b 2 , m l , and m 2 if 
the two lines have all points in common? 

(c) What conditions are imposed on b x , b 2 , m { , and m 2 if 
the two lines have exactly one point in common? 

(d) What conditions are imposed on b { ,b 2 , m { , and m 2 if 
the two lines have exactly two points in common? 

In Problems 26-27, what is true about the constant in the 

following linear equation if its graph has the given property? 

x , 1 

v =--. 

J P-3 6 -p 


26. Positive slope, positive y-intercept. 

27. Perpendicular to the line y = (p - 7)x - 3. 

28. A theater manager graphed weekly profits as a function 
of the number of patrons and found that the relationship 
was linear. One week the profit was $11,328 when 1324 
patrons attended. Another week 1529 patrons produced a 
profit of $13,275.50. 

(a) Find a formula for weekly profit, y, as a function of 
the number of patrons, x. 

(b) Interpret the slope and the y-intercept. 

(c) What is the break-even point (the number of patrons 
for which there is zero profit)? 

(d) Find a formula for the number of patrons as a func¬ 
tion of profit. 

(e) If the weekly profit was $17,759.50, how many pa¬ 
trons attended the theater? 
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29. In economics, the demand for a product is the amount 
of that product that consumers are willing Lo buy at a 
given price. The quantity demanded of a product usually 
decreases if the price of that product increases. Suppose 
that a company believes there is a linear relationship be¬ 
tween the demand for its product and its price. The com¬ 
pany knows that when the price of its product was $3 per 
unit, the quantity demanded weekly was 500 units, and 
that when the unit price was raised to $4, the quantity de¬ 
manded weekly dropped to 300 units. Let D represent the 
quantity demanded weekly at a unit price of p dollars. 

(a) Calculate D when p~ 5. Interpret your result. 

(b) Find a formula for D in terms of p. 

(c) The company raises the price of the good and the 
new quantity demanded weekly is 50 units. What is 
the new price? 

(d) Give an economic interpretation of the slope of the 
function you found in part (b). 

(e) Find D when p = 0. Find p when D = 0. Give eco¬ 
nomic interpretations of both these results. 

30. In economics, the supply of a product is the quantity of 
that product suppliers are willing to provide at a given 
price. In theory, the quantity supplied of a product in¬ 
creases if the price of that product increases. Suppose that 
there is a linear relationship between the quantity sup¬ 
plied, 5, of the product described in Problem 29 and its 
price, p. The quantity supplied weekly is 100 when the 
price is $2 and the quantity supplied rises by 50 units 
when the price rises by $0.50. 

(a) Find a formula for S in terms of p. 

(b) Interpret the slope of your formula in economic 
terms. 

(c) Is there a price below which suppliers will not pro¬ 
vide this product? 

1.6 FITTING LINEAR FUNCTIONS TO DATA 


(d) The market clearing price is the price at which sup¬ 
ply equals demand. According to theory, the free- 
market price of a product is its market clearing price. 
Using the demand function from Problem 29, find the 
market clearing price for this product. 

31. When economists graph demand or supply equations, 
they place quantity on the horizontal axis and price on 
the vertical axis. 

(a) On the same set of axes, graph the demand and sup¬ 
ply equations you found in Problems 29 and 30, with 
price on the vertical axis. 

(b) Indicate how you could estimate the market clearing 
price from your graph. 

32. The cholesterol ratio 2 * is used by many doctors to mea¬ 
sure the quantity of the total cholesterol T in the body, 
measured in milligrams per deciliter of blood (mg/dl), rel¬ 
ative to the quantity of good cholesterol <7, also measured 
in mg/dl. In order to minimize risk of cholesterol-related 
illnesses, the good cholesterol level should always exceed 
T /5 but never be less than G — 40. 

(a) Which of the following pairs of T and G values sat¬ 
isfy the inequality G > T/51 

(i) T = 100, G = 38 (ii) T = 220, G = 42 
(iii) T — 240, G = 60 

(b) Which of the pairs in part (a) satisfy the inequality 
G > 40? 

(c) What do your answers to parts (a) and (b) mean in 
terms of cholesterol levels? 

(d) With T on the horizontal axis, graph all the points 
that satisfy both the inequalities G > T /5 and G > 
40. What do the points in this region represent? 


When real data are collected in the laboratory or the field, they are often subject to experimental 
error. Even if there is an underlying linear relationship between two quantities, real data may not fit 
this relationship perfectly. However, even if a data set does not perfectly conform to a linear function, 
we may still be able to use a linear function to help us analyze the data. 


Laboratory Data: The Viscosity of Motor Oil 

The viscosity of a liquid, or its resistance to flow, depends on the liquid’s temperature. Pancake syrup 
is a familiar example: straight from the refrigerator, it pours very slowly. When warmed on the stove, 
its viscosity decreases and it becomes quite runny. 

The viscosity of motor oil is a measure of its effectiveness as a lubricant in the engine of a 
car. Thus, the effect of engine temperature is an important determinant of motor-oil performance. 
Table 1.36 gives the viscosity, u, of motor oil as measured in the lab at different temperatures, T. 

28 http://www.heari.org/HEARTORG/Conditions/Cholesterol/AboutCholcstcrol/What-Your-Cholesterol-Levels- 
Mean_UCM_305562_Article.jsp, accessed February 20, 2014 



1.6 FITTING LINEAR FUNCTIONS TO DATA 


Table 1.36 The measured viscosity, i\ of motor oil 
as a function of the temperature , T 


7, temperature (°F) 

v , viscosity (lbs-sec/in 2 ) 

160 

28 

170 

26 

180 

24 
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21 

200 

16 

210 

13 
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viscosity 

(Ibs-sec/irr) 

30 


20 


10 


11111 T, temperature (°F) 
160 200 230 

Figure 1.56: The viscosity data from Table 1.36 


The scatter plot of the data in Figure 1.56 shows that the viscosity of motor oil decreases, ap¬ 
proximately linearly, as its temperature rises. To find a formula relating viscosity and temperature, 
we fit a line to these data points. 

Fitting the best line to a set of data is called /inear regression. One way to fit a line is to draw 
a line "by eye." Alternatively, many computer programs and calculators compute regression lines. 
Figure 1.57 shows the data from Table 1.36 together with the computed regression line, 

v = 75.6 - 0.29377 

Notice that none of the data points lies exactly on the regression line, although it fits the data well, 
v, viscosity (lbs-sec/in 2 ) 



Figure 1.57: A graph of the viscosity data from Table 1.36, together 
with a regression line (provided by a calculator) 

The Assumptions Involved In Finding a Regression Line 

When we find a regression line for the data in Table 1.36, we are assuming that the value of v is 
related to the value of T. However, there may be experimental errors in our measurements. For 
example, if we measure viscosity twice at the same temperature, we may get two slightly different 
values. Alternatively, something besides engine temperature could be affecting the oil’s viscosity 
(the oil pressure, for example). Thus, even if we assume that the temperature readings are exact, the 
viscosity readings include some degree of uncertainty. 

Interpolation and Extrapolation 

The formula for viscosity can be used to make predictions. Suppose we want to know the viscosity 
of motor oil at T — 196°F. The formula gives 

V = 75.6 - 0.293 • 196 « 18.2 lb • sec/in 2 . 
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To sec that this is a reasonable estimate, compare it to the entries in Tabic 1.36. At 190°F, the 
measured viscosity was 21, and at 200°F, it was 16; the predicted viscosity of 18.2 is between 16 
and 21. See Figure 1.58. Of course, if we measured the viscosity at T = 196°F in the lab, we might 
not get exactly 18.2. 


v , viscosity 
(lbs-sec/in 2 ) 



T, temperature 

(°F) 


v, viscosity 
(lbs-sec/in 2 ) 



Interpolated viscosity at 196°F is 18.2 


20 

15 

10 

5 



Extrapolated viscosity 
at 240° F is 5.3 


-5 

-10 


--4 PHH 1 i H T, temperature (°F) 
200 240 \ 300 

X 

X 

X 

Extrapolation \ Q 

not meaningful here ~ 


Figure 1.58: Regression line used to predict the 
viscosity at 196°F 


Figure 1.59: The data from Table 1.36 together with the predicted 
viscosity at T = 196°F, T = 240°F, and T = 300°F 


Since the temperature T — 196°F is between two temperatures for which v is known (190°F 
and 200°F), the estimate of 18.2 is said to be an interpolation. If instead we estimate the value of v 
at a temperature outside the values for T in Table 1.36, our estimate is called an extrapolation. 


Example 1 Predict the viscosity of motor oil at 240°F and at 300°F. 

Solution At T = 240°F, the formula for the regression line predicts that the viscosity of motor oil is 

v = 75.6 w 0.293 • 240 = 5.3 lb • sec/in 2 . 

This is reasonable. Figure 1.59 shows that the predicted point—represented by an open circle on the 
graph—is consistent with the trend in the data points from Table 1.36. 

On the other hand, at T = 300°F the regression-line formula gives 

v = 75.6 - 0.293 • 300 = -12.3 lb • sec/in 2 . 

This is unreasonable because viscosity cannot be negative. To understand what went wrong, notice 
that in Figure 1.59, the open circle representing the point (300,-12.3) is far from the plotted data 
points. By making a prediction at 300°F, we have assumed—incorrectly—that the trend observed in 
laboratory data extended as far as 300°F. 


In general, interpolation tends to be more reliable than extrapolation because we are making a 
prediction on an interval we already know something about instead of making a prediction beyond 
the limits of our knowledge. 


How Regression Works 

How does a calculator or computer decide which line fits the data best? We assume that the value of 
y is related to the value of x, although other factors could influence y as well. Thus, we assume that 
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wc can pick the value of* exactly but that the value of y may be only partially determined by this 
.v-value. 


y 



Least-squares line 
minimizes sum 
of the squares of 
these distances 


Figure 1.60: A given set of data and the corresponding least-squares 


es regression line 


One way to lit a line to the data is shown in Figure 1.60. The line shown was chosen to minimize 
the sum of the squares of the vertical distances between the data points and the line. Such a line is 
called a least-squares line. There are formulas which a calculator or computer uses to calculate the 
slope, nu and the ^-intercept, /?, of the least-squares line. 


Correlation 


When a computer or calculator calculates a regression line, it also gives a correlation coefficient , 
r. This number lies between -1 and +1 and measures how well a particular regression line fits the 
data. If r — 1, the data lie exactly on a line of positive slope. If r — -1, the data lie exactly on a line 
of negative slope. If r is close to 0, the data may be completely scattered, or there may be a nonlinear 
relationship between the variables. (See Figure 1.61.) 



Figure 1.61: Various data sets and correlation coefficients 


Example 2 The correlation coefficient for the viscosity data in Table 1 .36 on page 47 is r « —0.99. The fact that 
r is negative tells us that the regression line has negative slope. The fact that r is close to -1 tells us 
that the regression line fits the data well. 


The Differences Between Relation, Correlation, and Causation 

It is important to understand that a high correlation (either positive or negative) between two quan¬ 
tities does not imply causation. For example, there is a high correlation between children’s reading 
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level and shoe size. 29 However, large feet do not cause a child to read better (or vice versa). Larger 
feet and improved reading ability are both a consequence of growing older. 

Notice also that a correlation of 0 does not imply that there is no relationship between x and y. 
For example, in Figure 1.61(d) there is a relationship between x and y- values, while Figure 1.61(c) 
exhibits no apparent relationship. Both data sets have a correlation coefficient of r & 0. Thus a 
correlation of r = 0 usually implies there is no linear relationship between x and y, but this does not 
mean there is no relationship at all. 


Exercises and Problems for Section 1.6 

In Problems 1-6, is the given value of r reasonable? Give a 5. r = 0.9 
reason for your answer. 


1. r= 1 


y 

10 h 
8 


6 h 

4 h ## 


2 4 6 8 10 


2. r — 0.7 


10 - 
8 - 
6 -• ' 
4 
2 


X 

l 

2 

3 

4 

5 

y 

3.8 

3.2 

1.8 

1.2 

-0.2 


• s • 

• • • • • 


6. r — 0.3 


X 

l 

2 

3 

4 

5 

y 

3.477 

5.531 

14.88 

5.924 

8.049 


2 4 6 8 10 


3. r = 0.9 


7. Match the r values with scatter plots in Figure 1.62. 
r = -0.98, r = -0.5, r = -0.25, 
r = 0, r — 0.7, r — 1. 


y 

1000 
800 - 
600 - 
400 - 
200 


• •• 


2 4 6 8 10 


4. r = —0.9 


0.8 - 
0.6 
0.4 
0.2 h 


(a) y 
10 
8 
6 
4 
2 


(c) y 

10 h 
8 L 

6 

4 - 
2 


(b) 


2 4 6 8 10 


• • • 
• • 

I_1 ♦■L. 1 - 


2 4 6 8 10 


(el y 
10 - 
8 
6 
4 

i 


2 4 6 8 10 


y 

10 - 


2 4 6 8 10 


10 

8 

6 

4 

2 


tf) y 

H) , 


4 6 8 10 


6 f • • 

4 I • 


2 4 6 8 10 


0.2 0.4 0.6 0.8 1 


Figure 1.62 


29 From Statistics , 2nd edition, by David Freedman. Robert Pisani, Roger Purves, Ani Adhikari, p. 142 (New York: W.W. 
Norton, 1991). 
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8. Table 1.37 shows the number of calories burned per 
minute by a person walking at 3 mph. 

(a) Make a scatter plot of this data. 

(b) Draw a regression line by eye. 

(c) Roughly estimate the correlation coefficient by eye. 


Table 1.37 


Body weight (lb) 

100 

120 

150 

170 

200 

220 

Calories 

2.7 

3.2 

4.0 

4.6 

5.4 

5.9 


(c) What are the units of the slopes of the lines? Interpret 
the slopes in the context of the problem. 

(d) What do the slopes tell you about the difference be¬ 
tween distilled water and salt water? 


Table 1.39 Distilled water 


Volume (ml) 

20 

40 

60 

80 

100 

Mass (grams) 

19 

41 

58 

82 

97 


9. The manager of a small nature park found the regression 
line for the weekly profits, p in dollars, as a function of 
the number of visitors, n , was p = 4n - 2200. 

(a) How much profit is predicted if 700 people visit the 
park in a week? 

(b) Explain the meaning of the slope of the regression 
line in the context of this problem. Include units. 

(c) Explain the meaning of the vertical intercept of the 
regression line in the context of this problem. Include 
units. 

(d) How many weekly visitors does the park need if it is 
not to lose money? 

10. An ecologist tracked 290 topi that were born in 2004. The 
number of topi, 7\ living each subsequent year is recorded 
in Table 1.38. 

(a) Make a scatter plot of this data. Let t = 0 represent 
2004. 

(b) Draw by eye a line of good fit and estimate its equa¬ 
tion. (Round the coefficients to integers.) 

(c) Use a calculator or computer to find the equation of 
the least squares line. (Round the coefficients to in¬ 
tegers.) 

(d) Interpret the slope and each intercept of the line. 

(e) Interpret the correlation between the year and the 
number of topi born in 2004 that are still alive. 

Table 1.38 


Table 1.40 Salt water 


Volume (ml) 

20 

40 

60 

80 

100 

Mass (grams) 

22 

44.5 

63 

89 

109 


12. The rate of oxygen consumption, in microliters per gram 

per hour, for Colorado potato beetles increases with tem¬ 
perature. 30 See Table 1.41. 

(a) Make a scatter plot of this data. 

(b) Draw an estimated regression line by eye. 

(c) Use a calculator or computer to find the equation of 
the regression line. Round constants in the equation 
to the nearest integer. 

(d) Interpret the slope and each intercept of the regres¬ 
sion equation. 

(e) Interpret the correlation between temperature and 
oxygen rate. 


Table 1.41 


°C 

10 

15 

20 

25 

30 

Oxygen consumption rate 

90 

125 

200 

300 

375 


13. Table 1.42 gives the data on hand strength collected from 
college freshman using a grip meter. 


Year 

2004 

2005 

2006 

2007 

2008 

2009 

2010 

2011 

2012 ( 

Topi 

290 

288 

268 

206 

140 

90 

64 

44 

8 , 


11. Students in a chemistry lab are measuring the volume and 
mass of samples of distilled water and salt water. The re¬ 
sults are in Tables 1.39 and 1.40. 

(a) Make scatter plots of the data, with volume on the 
horizontal axis. 

(b) Find the lines of best fit for each data set and graph 
them together with the scatter plot. 


Make a scatter plot of these data treating the strength 
of the preferred hand as the independent variable. 
Draw a line on your scatter plot that is a good fit for 
these data and use it to find an approximate equation 
for the regression line. 

(c) Using a graphing calculator or computer, find the 
equation of the least squares line. 

(d) What would the predicted grip strength in the non¬ 
preferred hand be fora student with a preferred hand 
strength of 37? 

(e) Discuss interpolation and extrapolation using spe¬ 
cific examples in relation to this regression line. 


30 Adapted from R. E. Rickefs and G. L. Miller, Ecology , 4 th ed. W. H. Freeman, New York, 1999. 
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(f) Discuss why r, the correlation coefficient, is both 
positive and close to 1. 

(g) Why do the points tend to cluster into two groups on 
your scatter plot? 


Table 1.42 Hand strength for 20 students in kilograms 


Preferred 

28 

27 

45 

20 

40 

47 

28 

54 

52 

21 

Nonpreferred 

24 

26 

43 

22 

40 

45 

26 

46 

46 

22 

Preferred 

53 

52 

49 

45 

39 

26 

25 

32 

30 

32 

Nonpreferred 

47 

47 

41 

44 

33 

20 

27 

30 

29 

29 


14. Table 1.43 shows men’s and women’s world records for 
swimming distances from 50 meters to 1500 meters. 31 

(a) What values would you add to Table 1.43 to repre¬ 
sent the time taken by both men and women to swim 
0 meters? 

(b) Plot men’s time against distance, with time t in sec¬ 
onds on the vertical axis and distance d in meters 
on the horizontal axis. It is claimed that a straight 
line models this behavior well. What is the equation 
for that line? What does its slope represent? On the 
same graph, plot women’s time against distance and 


find the equation of the straight line that models this 
behavior well. Is this line steeper or flatter than the 
men’s line? What does that mean in terms of swim¬ 
ming? What are the values of the vertical intercepts? 
Do these values have a practical interpretation? 

(c) On another graph plot the women’s times against the 
men’s times, with women’s times, u), on the verti¬ 
cal axis and men’s times, m, on the horizontal axis. 
It should look linear. How could you have predicted 
this linearity from the equations you found in part 
(b)? What is the slope of this line and how can it 
be interpreted? A newspaper reporter claims that the 
women’s records are about 8% slower than the men’s. 
Do the facts support this statement? What is the value 
of the vertical intercept? Does this value have a prac¬ 
tical interpretation? 


Table 1.43 Men ’s and women's world swimming records 


Distance (m) 

50 

100 

200 

400 

800 

1500 

Men (sec) 

21.64 

47.84 

104.06 

220.08 

458.65 

874.56 

Women (sec) 

24.13 

53.62 

116.64 

243.85 

496.22 

952.10 


CHAPTER SUMMARY 


• Functions 

Definition: a rule which takes certain numbers as inputs 
and assigns to each input exactly one output number. 
Function notation, y = /(jc). 

Use of vertical line test. 

• Average Rate of Change 

Average rate of change of Q — f{t) on a < t < h is 

A0 = f (b) — f{a) 

A t b — a 

Increasing, decreasing functions; identifying from aver¬ 
age rate of change. 

• Linear Functions 

Value of y changes at constant rate. 

Tables for linear functions. 


• Formulas for Linear Functions 

Slope-intercept form: y = b + mx. 

Point-si ope form: y - y 0 = m(x - x 0 ). 

Standard form; Ax + By -I- C = 0. 

• Properties of Linear Functions 

Interpretation of slope, vertical and horizontal intercepts. 
Intersection of lines: Solution of equations. 

Horizontal and vertical lines. 

Parallel lines: m, = m 2 . 

Perpendicular lines: m, = ——. 

m 2 

• Fitting Lines to Data 

Linear regression; correlation. Interpolation, extrapola¬ 
tion; dangers of extrapolation. 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER ONE 

Exercises 


1. (a) Suppose x and y are the coordinates of a point on the (b) Suppose x and y are the coordinates of a point on the 

circle x 2 + y 1 — 1. Is y a function of x? Why or why part of the circle x 2 +y 2 = 1 that is above the x-axis. 

not? Is y a function of x? Why or why not? 


31 Data from The World Almanac and Book of Facts: 2006 , World Almanac Education Group, Inc., New York, 2006. 
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2. (a) Is the area, A, of a square a function of the length of 

one of its sides, si 

(b) Is the area. A, of a rectangle a function of the length 
of one of its sides, si 

3. (a) Which of the graphs in Figure 1.63 represent y as a 

function of jc? (Note that an open circle indicates a 
point that is not included in the graph; a solid dot 
indicates a point that is included in the graph.) 



(c) Among graphs (I)—(IX) in Figure 1.63, find two that 
could give the cost of train fare as a function of the 
time of day. Explain the relationship between cost 
and time for both choices. 

4. (a) Make a table of values for /(jc) = 10/(1 + jr) for 

jc = 0, 1,2,3. 

(b) What x-value gives the largest /(jc ) value in your ta¬ 
ble? How could you have predicted this before doing 
any calculations? 

5. Table 1.44 shows data for two populations (in hundreds) 
for five different years. Find the average rate of change 
per year of each population over the following intervals. 

(a) 1995 to 2005 (b) 2000 to 2012 

(c) 1995 to 2012 


Table 1.44 


Year 

1995 

1997 

2000 

2005 

2012 

Pi 

53 

64 

75 

86 

97 

Pi 

85 

81 

77 

73 

69 


6. The following tables represent the relationship between 
the button number, N, that you push, and the snack, S, 
delivered by three different vending machines. 32 


(V) y 

(VI) J 

V 

(a) 

• 


• 

• 


• 

• 


• 

• • 

(b) 

i . • 


• 

• • 

(0 


- X - — X 


One of these vending machines is not a good one to 
use, because S is not a function of N. Which one? 
For which vending machine(s) is S a function of /V? 
For which of the vending machines is N not a func¬ 
tion of 5? 



Figure 1.63 


(b) Which of the graphs in Figure 1.63 could represent 
the following situations? Give reasons. 

(i) SAT Math score versus SAT Verbal score for a 
small number of students. 

(ii) Total number of daylight hours as a function of 
the day of the year, shown over a period of sev¬ 
eral years. 


Vending Machine #/ 


N 

S’ 

1 

M&Ms 

2 

pretzels 

3 

dried fruit 

4 

Hershey’s 

5 

fat-free cookies 

6 

Snickers 


Vending Machine #2 


N 

S 

1 

M&Ms or 
dried fruit 

2 

pretzels or 
Hershey’s 

'l 

Snickers or 

j 

fat-free cookies 


Vending Machine #J 


N 

S 

1 

M&Ms 

2 

M&Ms 

3 

pretzels 

4 

dried fruit 

5 

Hershey’s 

6 

Hershey’s 

7 

fat-free cookies 

8 

Snickers 

9 

Snickers 


32 For each N , vending machine #2 dispenses one or the other product at random. 
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7. Figure 1.64 shows the average monthly temperature in Al¬ 
bany, New York, over a twelve-month period. (January is 
month 1.) 

(a) Make a table showing average temperature as a func¬ 
tion of the month of the year. 

(b) What is the warmest month in Albany? 

(c) Over what interval of months is the temperature in¬ 
creasing? Decreasing? 


In Exercises 9-10, could the table represent a linear function? 


2 

l 

2 

3 

4 

5 1 * 

t 

3 

6 

9 

12 

15 

qU) 

2 

4 

8 

16 

32 

a(t) 

2 

4 

6 

8 

10 


average temperature (° F) 



Figure 1.64 


Exercises 11-13 give data from a linear function. Find a for¬ 
mula for the function. 


X 

200 

230 

300 

320 

400 

g(x) 

70 

68.5 

65 

64 

60 


12 . 


13. 


1 

1.2 

1.3 

1.4 

1.5 

fit) 

0.736 

0.614 

0.492 

0.37 


t 

5.2 

5.3 

5.4 

5.5 

fit) 

73.6 

61.4 

49.2 

37 


8. In 1947, Jesse Owens, the US gold medal track star of the 
1930s and 1940s, ran a 100-yard race against a horse. The 
race, “staged” in Havana, Cuba, is filled with controversy; 
some say Owens received a head start, others claim the 
horse was drugged. Owens himself revealed some years 
later that the starting gun was placed next to the horse’s 
ear, causing the animal to rear and remain at the gate for a 
few seconds. Figure 1.65 depicts speeds measured against 
time for the race. 

(a) How fast were Owens and the horse going at the end 
of the race? 

(b) When were the participants both traveling at the 
same speed 1 ? 


14. Without a calculator, match the functions (a)-(c) to the 
graphs (i)-(iii). 

(a) /(*) = 3x+l (b) g(x) = -2x+l 

(c) h(x) = 1 



speed (yds/secs) 



In Exercises 15-16, which line has the greater 
(a) Slope? (b) y-intercept? 

15. y — 7 + 2x, y — 8 - 15x 

16. y = 5 — 2x, y = 7 — 3x 

Are the lines in Exercises 17-20 perpendicular? Parallel? Nei¬ 
ther? 

17. y = 5x + 2; y = 2x + 5 

18. y = 14x — 2; y=-±x+2 

19. y = 3x + 3; y = -ix + 3 

20. 7y = 8 + 21x; 9y = 11 - 3x 


Figure 1.65 
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Problems 


In Problems 21-23, use Table 1.45. which gives values of 
r = r(.s), the eye wall wind profile of a typical hurricane. u The 
eyewall of a hurricane is the band of clouds that surrounds the 
eye of the storm. The eyewall wind speed r (in mph) is a func¬ 
tion of the height above the ground ,v (in meters). 


Table 1.45 


s 

0 

100 

200 

300 

400 

500 

V 

90 

110 

116 

120 

121 

122 

s 

600 

700 

800 

900 

1000 

1100 

V 

121 

119 

118 

117 

116 

115 


21. Evaluate and interpret r(300). 

22. At what altitudes does the eyewall wind speed appear to 
equal or exceed 116 mph? 

23. At what height is the eyewall wind speed greatest? 

24. You are looking at the graph of y , a function of x. 

(a) What is the maximum number of times that the graph 
can intersect the j’-axis? Explain. 

(b) Can the graph intersect the x-axis an infinite number 
of times? Explain. 

25. A bug starts out ten feet from a light, flies closer to the 
light, then farther away, then closer than before, then far¬ 
ther away. Finally the bug hits the bulb and (lies off. 
Sketch the distance of the bug from the light as a func¬ 
tion of time. 

26. Although there were 20 women in the Senate in 2013, 
the first woman ever elected to the Senate was Hattie Wy¬ 
att Caraway of Arkansas. She was appointed to fill the 
vacancy caused by the death of her husband, then won 
election in 1932, was reelected in 1938, and served until 
1945. Table 1.46 shows the number of female senators at 
the beginning of the first session of each Congress. 34 

(a) Is the number of female senators a function of the 
Congress's number, c? Explain. 

(b) Is the Congress's number a function of the number 
of female senators? Explain. 

(c) Let 5(c) represent the number of female senators 
serving in the c th Congress. What does the statement 
5(110)= 16 mean? 

(d) Evaluate and interpret 5(112). 


Table 1.46 Female senators, S, in Congress c 


c 

98 

100 

102 

104 

106 

108 

110 

112 

113 

S 

2 

2 

2 

8 

9 

14 

16 

17 

20 


27. A light is turned off for several hours. It is then turned on. 
After a few hours it is turned off again. Sketch the light 
bulb's temperature as a function of time. 

28. According to Charles Osgood, CBS news commentator, 
it takes about one minute to read 15 double-spaced type¬ 
written lines on the air. 35 

(a) Construct a table showing the time Charles Osgood 
is reading on the air in seconds as a function of the 

number of double-spaced lines read for 0, 1,2.10 

lines. From your table, how long does it take Charles 
Osgood to read 9 lines? 

(b) Plot this data on a graph with the number of lines on 
the horizontal axis. 

(c) From your graph, estimate how long it takes Charles 
Osgood to read 9 lines. Estimate how many lines 
Charles Osgood can read in 30 seconds. 

(d) Construct a formula which relates the time T to n, 
the number of lines read. 

29. The distance between Cambridge and Wellesley is 10 
miles. A person walks part of the way at 5 miles per hour, 
then jogs the rest of the way at 8 mph. Find a formula that 
expresses the total amount of time for the trip, T{d ), as a 
function of d, the distance walked. 

30. A cylindrical can is closed at both ends and its height is 
twice its radius. Express its surface area, 5, as a function 
of its radius, r. (Hint: The surface of a can consists of a 
rectangle plus two circular disks.] 

31. A lawyer does nothing but sleep and work during a day. 
There arc 1440 minutes in a day. Write a linear function 
relating minutes of sleep, ,s\ to minutes of work, w. 

For the functions in Problems 32-34: 

(a) Find the average rate of change between the points 

(i) (-1, /(-I)) and (3,/(3)) 

(ii) ( a,f{a)) and (Ff(b)) 

(iii) (x, f{x)) and (x 4- /i,/(x + h )) 

(b) What pattern do you see in the average rate of change 
between the three pairs of points? 

32. fix) = Sx - 4 33. f{x) = Ijc + \ 


34. fix) = .v- + 1 

3 'Data from the National Hurricane Center, www.nhc.noaa.gov/aboutwindprofilc.shtml. accessed October 7. 2004. 
34 http://www,eawp.rutgers.edu/fast_facts/levels_of_office/Congress-Currenl.php, accessed February 15, 2014 
3 ^T. Parker, Rules of Thumb (Boston: Houghton Mifflin. 1983). 
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35. The population, P(t ), in millions, of a country in year /, 
is given by the formula P(t) = 22 + 0.3/. 

(a) Construct a table of values for / = 0, 10, 20,..., 50. 

(b) Plot the points you found in part (a). 

(c) What is the country’s initial population? 

(d) What is the average rate of change of the population, 
in millions of people/year? 

36. A woodworker sells rocking horses. His start-up costs, in¬ 
cluding tools, plans, and advertising, total $5000. Labor 
and materials for each horse cost $350. 

(a) Calculate the woodworker’s total cost, C, to make 1, 
2, 5, 10, and 20 rocking horses. Graph C against n, 
the number of rocking horses that he carves. 

(b) Find a formula for C in terms of n. 

(c) What is the rate of change of the function C? What 
does the rate of change tell us about the wood¬ 
worker’s expenses? 

37. Outside the US, temperature readings are usually given 
in degrees Celsius; inside the US, they are often given in 
degrees Fahrenheit. The exact conversion from Celsius, 
C, to Fahrenheit, F , uses the formula 

9 

F = jC + 32. 

An approximate conversion is obtained by doubling the 
temperature in Celsius and adding 30° to get the equiva¬ 
lent Fahrenheit temperature. 

(a) Write a formula using C and F to express the ap¬ 
proximate conversion. 

(b) How far off' is the approximation if the Celsius tem¬ 
perature is -5°, 0°, 15°, 30°? 

(c) For what temperature (in Celsius) does the approxi¬ 
mation agree with the actual formula? 

38. Find a formula for the line intersecting the graph of /(x) 
at x = 1 and x = 3, where 


40. A bullet is shot straight up into the air from ground level. 
After / seconds, the velocity of the bullet, in meters per 
second, is approximated by the formula 

v = f(t) = 1000-9.8/. 

(a) Evaluate the following: /(0),/(l),/(2),/(3),/(4). 
Compile your results in a table. 

(b) Describe in words what is happening to the speed of 
the bullet. Discuss why you think this is happening. 

(c) Evaluate and interpret the slope and both intercepts 

of /(/). 

(d) The gravitational field near the surface of Jupiter 
is stronger than that near the surface of the earth, 
which, in turn, is stronger than the field near the sur¬ 
face of the moon. How is the formula for /(/) differ¬ 
ent for a bullet shot from Jupiter’s surface? From the 
moon? 

41. Describe a linear (or nearly linear) relationship that you 
have encountered outside the classroom. Determine the 
rate of change and interpret it in practical terms. 

42. The figure gives graphs of g, a linear function, and of 
/(x) = 12 - 0.5(x + 4) 2 . Find a possible formula for 
g • 



43. Write in slope-intercept form and identify the values of b 
and nr 


/(*) = 


10 

x 2 + r 


39. Find the equation of the line / in Figure 1.66. The shapes 
under the line are squares. 



f(r) = rx 3 + 3rx 2 + 2r + 4sx + 7s + 3. 

44. Find an equation for the line intersecting the graph of / 

3 

at x = -2 and x — 5 given that /(x) = 2 4-. 

x + 5 

45. A business consultant works 10 hours a day, 6 days a 
week. She divides her time between meetings with clients 
and meetings with co-workers. A client meeting requires 
3 hours while a co-worker meeting requires 2 hours. Let x 
be the number of co-worker meetings the consultant holds 
during a given week. If y is the number of client meetings 
for which she has time remaining, then y is a function of 
x. Assume this relationship is linear and that meetings can 
be split up and continued on different days. 


Figure 1.66 (a) Graph the relationship between y and x. [Hint: Con¬ 

sider the maximum number of client and co-worker 
meetings that can be held.] 
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(b) Find a formula for y as a function of a. 

(c) Hxplain what the slope and the a- and y- intercepts 
represent in the context of the consultant's meeting 
schedule. 

(d) A change is made so that co-worker meetings take 90 
minutes instead of 2 hours. Graph this situation. De¬ 
scribe those features of this graph that have changed 
from the one sketched in part (a) and those that have 
remained the same. 

46. You start 60 miles east of Pittsburgh and drive east at a 
constant speed of 50 miles per hour. (Assume that the 
road is straight and permits you to do this.) Find a for¬ 
mula for cL your distance from Pittsburgh, as a function 
of the number of hours of travel. 

47. Find a formula for the line parallel to the line y — 20 — 4a 
and containing the point (3, 12). 

48. Find the equation of the linear function g whose graph 
is perpendicular to the line 5a - 3 y — 6; the two lines 
intersect at a = 15. 

49. Find the coordinates of point P in Figure 1.67. 


y 


Figure 1.67 


50. A cell phone company offers three different "pay as you 
go" daily cell phone plans. 

• Plan A charges $0.25 per minute. 

• Plan B charges $.99 per day plus $0.10 per minute. 

• Plan C charges a fixed rate of $1.99 per day. 

Let Y a , Y b , Y c represent the daily charges using plans A, 
B, and C, respectively. Let a be the number of minutes 
per day spent on the phone. 

(a) Find formulas for Y A , Y B , Y c as functions of a. 

(b) Figure 1.68 shows the functions in part (a). Which 
function corresponds to which graph? 36 

(c) Find the a- values for which plan B is cheapest. 



51. A commission is a payment made to an employee based 
on a percentage of sales made. For example, car sales¬ 
people earn commission on the selling price of a car. In 
parts (a)-(d), explain how to choose between the options 
for different levels of sales. 

(a) A weekly salary of $100 or a weekly salary of $50 
plus \(Y/( commission. 

(b) A weekly salary of $175 plus 17 commission or a 
weekly salary of $175 plus 8 7 commission. 

(c) A weekly salary of $145 plus 17 commission or a 
weekly salary of $165 plus 1% commission. 

(d) A weekly salary of $225 plus 3% commission or a 
weekly salary of $ 180 plus 67 commission. 

52. Table 1.47 shows the IQ of ten students and the number 
of hours of TV each watches per week. 

(a) Make a scatter plot of the data. 

(b) By eye, make a rough estimate of the correlation co¬ 
efficient. 

(c) Use a calculator or computer to find the least squares 
regression line and the correlation coefficient. Your 
values should be correct to four decimal places. 


Table 1.47 


IQ 

110 

105 

120 

140 

100 

125 

130 

105 

115 

110 

TV 

10 

12 

8 

2 

12 

10 

5 

6 

13 

3 


53. For 35 years, major league baseball Hall of Fame mem¬ 
ber Henry “Hank” Aaron held the record for the greatest 
number of career home runs. His record was broken by 
Barry Bonds in 2007. Table 1.48 shows Aaron's cumu¬ 
lative yearly record 37 from the start of his career, 1954, 
until 1973. 

(a) Plot Aaron’s cumulative number of home runs H on 
the vertical axis, and the time t in years along the 
horizontal axis, where t = 1 corresponds to 1954. 



36 Actual charges are typically rounded up to the last minute. 

37 Adapted from "‘Graphing Henry Aaron’s home-run output” by H. Ringel, The Physics Teacher , January 1974, page 43. 
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(b) By eye, draw a straight line that fits these data well 
and find its equation. 

(c) Use a calculator or computer to find the equation of 
the regression line for these data. What is the correla¬ 
tion coefficient, r, to 4 decimal places? To 3 decimal 
places? What does this tell you? 

(d) What does the slope of the regression line mean in 
terms of Henry Aaron's home-run record? 

(e) From your answer to part (d), how many home runs 
do you estimate Henry Aaron hit in each of the years 
1974, 1975, 1976, and 1977? If you were told that 
Henry Aaron retired at the end of the 1976 season, 
would this affect your answers? 


Table 1.48 Henry Aaron's cumulative home-run record, H, 
from 1954 to 1973, with t in years since 1953 


t 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

H 

13 

40 

66 

110 

140 

179 

219 

253 

298 

342 

t 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

H 

366 

398 

442 

481 

510 

554 

592 

639 

673 

713 


54. The graph of a linear function y — /(x) passes through 
the two points {a,f{a)) and (Z>,/(Z>)), where a < h and 
f(a) < f{b). 


y (bananas) 



59. The apples in Problem 58 cost more than bananas, so 
p > q. Which of the two lines, /[ or / 2 , in Figure 1.70 
could represent y — /(x)? 


y (bananas) 



Figure 1.70 


(a) Graph the function labeling the two points. 

(b) Find the slope of the line in terms of /, a, and b. 


55. Let /(x) = 0.003 -(1.246* + 0.37). 


(a) Calculate the following average rates of change: 


(i) 

(iii) 


/(2)-/(l) 
2 - 1 

/(3) - /(4) 
3-4 


(ii) 


/( 1 )-/( 2 ) 
1 -2 


(b) Rewrite f{x) in the form f{x) = b + mx . 


Write the linear function y — — 3 - x/2 in the forms given in 
Problems 56-57, assuming all constants are positive. 


56. 


P 2 

y = —r x 

p - 1 


X + k 

57. y = - 

z 


58. You spend c dollars on x apples and y bananas. In Fig¬ 
ure 1.69, line / gives y as a function of x. 

(a) If apples cost p dollars each and bananas cost q dol¬ 
lars each, label the x- and y-interccpts of /. [Note: 
Your labels will involve the constants p, q or c.] 

(b) What is the slope of /? 


60. Many people think that hair growth is stimulated by hair¬ 
cuts. In fact, there is no difference in the rate hair grows 
after a haircut, but there is a difference in the rate at which 
hair's ends break off. A haircut eliminates dead and split 
ends, thereby slowing the rate at which hair breaks. How¬ 
ever, even with regular haircuts, hair will not grow to an 
indefinite length. The average life cycle of human scalp 
hair is 3-5 years, after which the hair is shed. 3K 

Judy trims her hair once a year, when its growth is 
slowed by split ends. She cuts off just enough to eliminate 
dead and split ends, and then lets it grow another year. Af¬ 
ter 5 years, she realizes her hair won't grow any longer. 
Graph the length of her hair as a function of time. Indicate 
when she receives her haircuts. 

61. Academics have suggested that loss of worker produc¬ 
tivity can result from sleep deprivation. An article in 
the September 26, 1993, New York Times quotes David 
Poltrack, the senior vice president for planning and re¬ 
search at CBS, as saying that seven million Americans 
are staying up an hour later than usual to watch talk show 
host David Letterman. The article goes on to quote Tim¬ 
othy Monk, a professor at the University of Pittsburgh 
School of Medicine, as saying, "... my hunch is that the 
effect [on productivity due to sleep deprivation among 


™Brilannica Micropaedia , vol. 5 (Chicago: Encyclopaedia Britannica, Inc., 1989). 
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this group] would be in the area of a 10 pereent decre¬ 
ment." The article next quotes Robert Solow, a Nobel 
prize-winning professor of economies at MIT, who sug¬ 
gests the following procedure to estimate the impact that 
this loss in productivity will have on the US economy— 
an impact he dubbed “the Letterman loss." First, Solow 
says, we find the percentage of the work force who watch 
the program. Next, we determine this group's contribu¬ 
tion to the gross domestic product (GDP). Then we re¬ 
duce the group's contribution by 10% to account for the 
loss in productivity due to sleep deprivation. The amount 
of this reduction is "the Letterman loss." 


Table 1.49 



1 

2 

3 

4 

5 

6 .» 

1 

1 

2 

9 

10 

25 

26 

2 

4 

3 

8 

11 

24 

27 ». 

3 

5 

6 

7 

12 

23 

28 .» 

4 

16 

15 

14 

13 

22 

29 - 

5 

17 

18 

19 

20 

21 

30 

6 

36 

35 

34 

33 

32 

31 -. 


(a) The article estimated that the GDP is $6,325 tril¬ 
lion. and that 7 million Americans watch the show. 
Assume that the nation's work force is 118 million 
people and that 75% of David Letternian's audience 
belongs to this group. What percentage of the work 
force is in Dave's audience? 

(b) What percent of the GDP would be expected to 
come from David Letterman's audience? How much 
money would they have contributed if they had not 
watched the show? 

(c) How big is “the Letterman loss"? 

62. Judging from the graph of y = /(x) in the figure, find a 
possible formula for the line intersecting it at x = —2k 
and x = 3 k. 


y 



Problems 63-65 refer to Table 1.49, which describes a bous- 
trophedonic pairing functionf L) We can use this table to 
list all the positive roots of the positive integers, such as 
y/l, \/3. ifl. \/3. i/l, i/3 ,.... without omitting any. If n is 
an entry in the table, we let c stand for the column number and 
r the row number of the entry and define the function g by 

g(n) = c' /r . 


63. Evaluate g(22). 64. Evaluate g(54). 


65. Find a solution to g{n) — \^3. Is this solution unique? 

Explain your reasoning. 

Problems 66-67 are about the A-series of paper. Many coun¬ 
tries use A4 paper, which is different from the 8.5 by 11 inch 
paper used in the US. 40 Two sheets of A4 paper, if laid side 
by side (not end to end), are the same size as one sheet of A3 
paper. Likewise, two sheets of A3 are the same as one sheet of 
A2, and so on. Sec Figure 1.71. Each sheet in the series has the 
same proportions, length to width, and the largest sheet, AO, 
has an area of exactly 1 nr. 



For instance, if n = 6, then c = 2 and r — 3 so we have 
g{ 6) = 2 1/3 , or i/l. 

39 The term boastrophedonic means “as the ox turns," as oxen do when plowing: Notice how the entries in the table, 
1,2,3,4 .... turn back and forth, like an ox plowing a field. 

40 http://en. wikipedia.org/wiki/ISO_216, accessed January 30, 2008. Note that the actual sizes of A-series paper are rounded 
to the nearest millimeter. 
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66. Let f(n) be the area in cm 2 of the size n sheet in the A- 
series, so that /(1) is the area of A1 paper, /(2) of A2 
paper, and so on. Since 1 m equals 100 cm, we know that 
/(0) = (100 cm) 2 = 10,000 cm 2 . Complete the table of 
values of /. 


Table 1.50 


n 

0 

1 

2 

3 

4 

5 

fin) 

10,000 







67. We know that A1 paper has the same proportions (length 
over width) as A0. Further, the length of A1 paper is the 
same as the width W of A0, and the width of AI is half 
the length L of A0. (See Figure 1.71.) 

(a) Find a formula for L in terms of W. What does your 
formula tell you about the shape of A-series paper? 
How does the shape compare to US letter paper? 

(b) Given that A4 paper has area 625 cm 2 , find its width 
and height. 


STRENGTHEN YOUR UNDERSTANDING 

Are the statements in Problems 1-54 true or false? Give an 

explanation for your answer. 

1. Q = f(t) means Q is equal to / times t. 

2. A function must be defined by a formula. 

3. If P ~ f (x) then P is called the dependent variable. 

4. Independent variables are always denoted by the letter x 
or t. 

5. It is possible for two quantities to be related and yet nei¬ 
ther be a function of the other. 

6. A function is a rule that takes certain values as inputs and 
assigns to each input value exactly one output value. 

7. It is possible for a table of values to represent a function. 

8. If Q is a function of P, then Pisa function of Q. 

9. The graph of a circle is not the graph of a function. 

10. If n = f(A) is the number of angels that can dance on the 
head of a pin whose area is A square millimeters, then 
/(10) - 100 tells us that 10 angels can dance on the head 
of a pin whose area is 100 square millimeters. 

11. Average speed can be computed by dividing the distance 
traveled by the time elapsed. 

12. The average rate of change of a function Q with respect 
to t over an interval can be symbolically represented as 

At 

AQ' 

13. If y = f(x) and as x increases, y increases, then / is an 
increasing function. 

14. If/ is a decreasing function, then the average rate of 
change of / on any interval is negative. 

15. The average rate of change of a function over an interval 
is the slope of a line connecting two points of the graph 
of the function. 

16. The average rate of change of y = 3x — 4 between x = 2 
and x = 6 is 7. 

17. The average rate of change of f(x) = 10 - x 2 between 

, / u * 10 — 2 2 — 10 — 1 2 

x = 1 and x = 2 is the ratio-. 


18. If y = x 2 then the slope of the line connecting the point 
(2,4) to the point (3,9) is the same as the slope of the line 
connecting the point (-2,4) to the point (-3,9). 

19. A linear function can have different rates of change over 
different intervals. 

20. The graph of a linear function is a straight line. 

21. If a line has the equation 3x + 2 y ~ 7, then the slope of 
the line is 3. 

22. A table of values represents a linear function if 

Change in output 
Change in input = constant. 

23. If a linear function is decreasing, then its slope is nega¬ 
tive. 

24. If y = /(x) is linear and its slope is negative, then in the 

A y 

expression — either Ax or Ay is negative, but not both. 

Ax 

25. A linear function can have a slope that is zero. 

26. If a line has slope 2 and y-intcrcept -3, then its equation 
may be written y = -3x -I- 2. 

27. The line 3x -I- 5y = 7 has slope 3/5. 

28. A line that goes through the point (—2,3) and whose slope 
is 4 has the equation y = 4x + 5. 

29. The line 4x -I- 3y = 52 intersects the x-axis at x = 13. 

30 . If f(x) = —2x + 7 then /(2) = 3. 

31 . The line that passes through the points (1,2) and (4, -10) 
has slope 4. 

32. The linear equation y — 5 = 4(x + 1) is equivalent to the 
equation y — 4x + 6. 

33 . The line y—4 = -2(x+3) goes through the point (4, —3). 

34 . The line whose equation is y = 3 — 7x has slope —7. 

35 . The line y = -5x -1- 8 intersects the y-axis at y = 8. 

36. The equation y = -2 - ^x represents a linear function. 
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37. The lines y — 8 - 3x and —2x + 16y = 8 both cross the 
y-axis at y ~ 8. 

38. The graph of/(x) = 6 is a line whose slope is six. 

39. The lines y = — ^x + 7 and 4x — 5y — 8 are parallel. 

40. The lines y = 7 + 9x and y — 4 = -^(x + 5) are perpen¬ 
dicular. 

41. The lines y = —2x + 5 and y = 6x - 3 intersect at the 
point (1,3). 

42. If two lines never intersect then their slopes are equal. 

43. The equation of a line parallel to the y-axis could be 

y ~ 4 * 

44. A line parallel to the x-axis has slope zero. 

45. The slope of a vertical line is undefined. 

46. Fitting the best line to a set of data is called linear regres¬ 
sion. 


47. The process of estimating a value within the range for 
which we have data is called interpolation.a 

48. Extrapolation tends to be more reliable than interpola¬ 
tion. 

49. If two quantities have a high correlation then one quantity 
causes the other. 

50. If the correlation coefficient is zero, there is not a rela¬ 
tionship between the two quantities. 

51. A correlation coefficient can have a value of — 

52. A value of a correlation coefficient is always between neg¬ 
ative and positive 1. 

53. A correlation coefficient of one indicates that all the data 
points lie on a straight line. 

54. A regression line is also referred to as a least squares line. 
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SKILLS REFRESHER FOR CHAPTER ONE: 
LINEAR EQUATIONS AND THE COORDINATE PLANE 


Solving Linear Equations 

To solve a linear equation, we isolate the variable. 

Examplel Solve 22 + 1.3r = 31.1 for t . 

Solution We subtract 22 from both sides. Since 31.1 — 22 = 9.1, we have 

\3t = 9.1. 

We divide both sides by 1.3, so 


Example 2 Solve 3 - [5.4 + 2(4.3 - x)] = 2 - (0.3x - 0.8) for x. 

Solution We begin by clearing the innermost parentheses on each side. Using the distributive law, this gives 

3 - [5.4 + 8.6 - 2x] = 2 - 0.3x + 0.8. 


Then 


3 - 14 + 2x = 2-0.3x + 0.8 
2.3x = 13.8, 
x = 6. 


Example 3 Solve ax = c bx for x. Assume a ^ b. 

Solution To solve for x, we first get all the terms involving x on the left side by subtracting bx from both sides 

ax — bx = c. 

Factoring on the left, ax — bx — (a — b)x, enables us to solve for x by dividing both sides by (a — b): 

x(a — b) — c 

c 

x = -. 

(a - b) 

Since a =£ b, division by (a — b) is possible. 
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Example 4 Solve for q if p 2 q + r(—q — 1 ) = 4 (p+ r). 

Solution We first collect all the terms containing q on the left side of the equation. 

jrq —rq — r — 4/; + 4 r 
p 2 q - rq -4p+ 5 r. 

To solve for q , we factor and then divide by the coefficient of q . 


Solving Exactly Versus Solving Approximately 

Some equations can be solved exactly, often by using algebra. For example, the equation lx - \ — 0 
has the exact solution x = 1/7. Other equations can be hard or even impossible to solve exactly. 
Flowever, it is often possible, and sometimes easier, to find an approximate solution to an equation 
by using a graph ora numerical method on a calculator. The equation lx — 1 =0 has the approximate 
solution x « 0.14 (since 1/7 = 0.142857 ...). We use the sign meaning approximately equal, 
when we want to emphasize that we are making an approximation. 

Solving Linear Inequalities 

We can solve a linear inequality like we solve a linear equation, performing operations on both 
sides of the inequality to isolate the variable. Recall that, when we multiply or divide both sides 
of an inequality by a positive number, the direction of the inequality does not change. However, 
multiplying or dividing both sides by a negative number switches the direction of the inequality. 


Q = 


4 p + 5/* 


Examples Solve the inequalities 

(a) 10 + 02d < 30 

(b) 10 + 0.3y < O.ly. 


Solution (a) We first subtract 10 from each side of the inequality to gel 

0 . 2 d < 20 . 

Dividing both sides of the inequality by 0.2 does not switch the direction, so wc have 

“ 0.2 

Thus the solution is d < 100, all values of d smaller than or equal to 100. 

(b) We first subtract 0.3y from each side of the inequality to get 

10 < —0.2y 

Dividing both sides of the inequality by —0.2 switches the direction of the inequality, so we get 

10 


- 0.2 


> y 


Thus the solution is -50 > y, all values of y smaller than -50. 
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Example 6 

Solve the inequality ax + k > bx for jc if a < b. 

Solution 

We begin by subtracting ax from each side to obtain k > bx — ax. Since x is common factor of the 
terms on the right side, we can rewrite this expression as a product, 

k > (b — a)x. 

We now divide each side of the inequality by b — a. Since we are given that a < b, we know that 
b — a > 0, so dividing both sides by b — a does not switch the direction of the inequality. Thus we 
have 

k ^ 
b — a 

Therefore, the solution of the inequality is jc < k/(b ~ a). 


Systems of Linear Equations 

To solve for two unknowns, we must have two equations—that is, two relationships between the 



unknowns. Similarly, three unknowns require three equations, and n unknowns ( n an integer) require 
n equations. The group of equations is known as a system of equations. To solve the system, we find 
the simultaneous solutions to all equations in the system. 

We can solve these equations either by substitution (see Example 7) or by elimination (see 
Example 8). 

Example 7 

Solve for jc and y in the following system of equations using substitution. 

(, + f = 3 
l 2(x + y) = 1 - y 

Solution 

Solving the first equation for y , we write y = 3 — x/2. Substituting for y in the second equation gives 

2 (, + (3-f)) = , -( 3 -§). 

Then 

2x + 6- jc = -2+- 
2 

jc + 6 = -2 + - 
2 

2jc + 12 = -4 + jc 

jc = —16. 

Using x — —16 in the first equation to find the corresponding y, we have 

16 . 

v-= 3 

y 2 

y=3 + 8= 11. 

Thus, the solution that simultaneously solves both equations is jc = —16, y = 11. 
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Example 8 Solve for _v and y in the following system of equations using elimination. 


( 8a - 5y = 11 
\ -2a + 10y=-l. 


Solution 


To eliminate y, we observe that if we multiply the first equation by 2, the coefficients of y are -10 
and 10: 

f 16.v — lOy — 22 
\-2jc+1()j>=-1. 

Adding these two equations gives 


14a = 21 
x = 3/2. 

We can substitute this value for x in either of the original equations to find y. For example, 

8 ( 2 )- 5 ,= " 

12 - 5.v = 11 
-5*=-l 
y= 1/5 


Thus, the solution is x = 3/2, y — 1 /5. 


Intersection of Two Lines 

The coordinates of the point of intersection of two lines satisfy the equations of both lines. Thus, the 
point can be found by solving the equations simultaneously. 


2 3 

Example 9 Find the point of intersection of the lines y = 3 - -x and y = — 4 + -x. 

Solution Since the y-values of the two lines are equal at the point of intersection, we have 

3 2 

-4+^jc = 3-^x. 

2 3 

Notice that we have converted a pair of equations into a single equation by eliminating one of the 
two variables. This equation can be simplified by multiplying both sides by 6: 

—24 + 9x - 18-4 a 

13a = 42 
42 
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We can find the corresponding y-value using either equation: 

2 42 11 

First equation: v = 3-* — = — 

4 3 13 13 

o , • „ 3 42 11 

Second equation: y = —4 + - • — = —. 

4 2 13 13 

/ 42 11 \ 

We see that the point of intersection, , — j = (3.2308,0.8462), satisfies both equations. The 
lines and their point of intersection are shown in Figure 1.72. 

3 

2 

1 


Figure 1.72: Intersection of lines is solution to simultaneous equations 


y = -4 + -x 



Exercises on Skills for Chapter 1 


Solve the equations in Exercises 1-12. 

17. 

1. 3* = 15 

2. —2y = 12 

18. 

3. 4z = 22 

4. x + 3 = 10 


5. w — 23 = -34 

6. 7 - 3y = -14 

19. 

7. 13/ + 2 = 47 

8. 0.5x -3 = 7 

20. 

9.3,- 2(? - 1) =4 



3 


21. 

10. 2(r + 5) — 3 = 3(r — 8) + 21 


22. 


u(v + 2) + w(v — 3) = z(v - 1), for v. 

c rL- a 

S =-, for r. 

r— 1 

a — cx 


b + dx 
At - B 


+ fl = 0, for x. 

= 3, for 1. 


C -B{ 1 -2 1) 
y'y 2 + 2xyy' = 4y, for y f . 

2x - ( xy r + yy') + 2yy ; = 0, for y'. 


11. B-4[B-3(l -B)] = 42 

12. 1.06.?-0.01(248.4- s) — 22.61s In Exercises 23-32, solve the inequalities. 


In Exercises 13-22, solve for the indicated variable. 

13. A = / ■ w, for /. 

14. / = / 0 + ^w, for w . 

1 o 

15. h — v {) t + 2° r ' ^ or a - 

16. 3xy +1 = 2y - 5x, for y. 


23. 800 + 3 n< 500 + 5n 

24. 7z — 2 > 3z + 5 

25. 3-2.1* <5-0.1* 

26. 4 - 0.2r <11+ 0.3/ 

27. 12 -9k >7 - 14/c 
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28. 2y > 6 + 532y 

29. 1 + 0.02y< 0.001 y 

30. 3(5 — /) > 4(r — 3) 

31. 0.5(/ -4) < 0.30-7) 

32. 5(* + 0.2) > a - 3 

33. Solve for * in the inequality 

ax — b > a + 3*. 
Assume a and b are constants where 

(a) a is larger than 10. 

(b) a is negative. 


In Problems 34-36 solve the inequality for*. Assume a and b 
are constants, and a < 0. 

34. 5ax + a < 6* 

35. 3* + 2 b < b - 5x + a 

36. ax + 2 b > x + 5 


In Exercises 37^41, solve the systems of equations for * and y. 


37. 


39. 


41. 


(3x-2y = 6 
\y = 2x~ 5 

f 2x + 3y = 7 

f ax + y = 2a 
x + ay = 1 + a 2 


38. 


40. 


f X = ly-9 
\4x- \5y = 26 

f 3x~y= 17 
\ -2x -3y = -4 


Determine the points of intersection for Exercises 42^13. 



In Exercises 44-49, find the point of intersection of the given 
lines. Sketch and label a graph that illustrates your solution. 


44. y = 20 - 3x and y = 50 - 5x 

45. y = 2 + 0.3x and y = -5 - 0.5x 

46. y — —40 — 3x and 30 - 5 jc 

47. >- = 0.lx - 0.397 and y = 0.2x - 0.394 

48. y = 3x — 20 and y = 0.2x — 4 

49. y = 3000 + 18* and y = 4000 + 37* 

The figures in Exercises 50-51 are parallelograms. Find the 
coordinates of the labeled point(s). 



51. 


y 



The figures in Exercises 52-55 contain a semicircle with the 
center marked. Find the coordinates of A, a point on the diam¬ 
eter, and B, an extreme point (highest, lowest, or farthest to the 
right). 


52. 


y 


B 
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Chapter Two FUNCTIONS 


2.1 INPUT AND OUTPUT 


Finding Output Values: Evaluating a Function 

Evaluating a function means calculating the value of a function’s output from a particular value of 
the input. 

In the housepainting example on page 4, the notation n = f{A) indicates that the number of 
gallons of paint n is a function of area A. The expression f(A) represents the output of the function— 
specifically, the amount of paint required to cover an area of A ft 2 . For example, / (20,000) represents 
the number of gallons of paint required to cover an area of 20,000 ft 2 . 


Example 1 

Solution 


Using the fact that 1 gallon of paint covers 250 ft 2 , evaluate the expression /(20,000). 
To evaluate /(20,000), calculate the number of gallons required to cover 20,000 ft 2 : 

20,000 ft 2 


/( 20 , 000 ) = 


250 ft 2 /gallon 


80 gallons of paint. 


Evaluating a Function Using a Formula 


If we have a formula for a function, we evaluate it by substituting the input value into the formula. 


Example 2 

Solution 


Example 4 


The formula for the area of a circle of radius r is A = q(r) = nr 2 . Use the formula to evaluate <y( 10) 
and q{ 20). What do your results tell you about circles? 

In the expression <7(10), the value of r is 10, so 

<7(10) = *■• 10 2 = lOO^r « 314. 

Similarly, substituting r = 20, we have 

<7(20) = k • 20 2 = 400jt « 1257. 

The statements <7(10) ^314 and q( 20) « 1257 tell us that a circle of radius 10 cm has an area 
of approximately 314 cm 2 and a circle of radius 20 cm has an area of approximately 1257 cm 2 . 


Example 3 

Let 


(a) 

Solution 

(a) 


(b) 


(c) 


x 2 + 1 
5 + x 


. Evaluate the following expressions. 


3) (b) g(-I) 

(a) To evaluate g(3), replace every x in the formula with 3: 

g(3) = ^ti = 12 = 1.25. 

5 + 3 8 

(b) To evaluate g(-l), replace every x in the formula with (—1): 

g (-l)=*U = 0.5. 
* 5 + (—1) 4 


(c) g(a) 


g(a ) 


o 2 + 1 
5 + # 


Evaluating a function may involve algebraic simplification, as the following example shows. 


Let h(x) — x 2 
(a) h( 2) 


■ 3x + 5. Evaluate and simplify the following expressions. 

(b) h(a - 2) (c) h(a) - 2 (d) h(a) - h( 2) 
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Solution Notice that x is the input and h(x) is the output. It is helpful to rewrite the formula as 

Output — h{ Input) = (Input) 2 — 3 • (Input) + 5. 

(a) For /?(2), we have Input = 2, so 

h(2) = (2) 2 - 3 • (2) + 5 = 3. 

(h) In this case. Input — a — 2. We substitute and multiply out 

h(a — 2) = (a — 2) 2 — 3 (a — 2) + 5 
= a 1 -4a + 4 — 3a + 6 + 5 
- a 2 -!a+ 15. 

(c) First input a , then subtract 2: 

h(a) - 2 = a 1 - 3a + 5 - 2 
= cr - 3 a + 3. 

(d) Since wc found 2) = 3 in part (a), we subtract from h(a): 

h(a) — h(2) = a 2 - 3a + 5 - 3 
= a~ — 3a + 2. 


Finding Input Values: Solving Equations 

Given an input, we evaluate the function to find the output. Sometimes the situation is reversed: we 
know the output and we want to find a corresponding input. If the function is given by a formula, 
the input values are solutions to an equation. 


Example5 Use the cricket function T = ^R + 40, introduced on page 3, to find the rate, R , at which the snowy 
tree cricket chirps when the temperature, T, is 76°F. 

Solution We want to find R when T = 76. Substitute T = 76 into the formula and solve the equation 

76 = ifi + 40 
4 

36 = —R subtract 40 from both sides 
4 

144 = R. multiply both sides by 4 

The cricket chirps at a rate of 144 chirps per minute when the temperature is 76°F. 


Example 6 


Solution 


y/x- 4 


x-4' 


Suppose f(x) = — . 

\Jx-4 

(a) Find an x-value that results in f(x) = 2. 

(b) Is there an x-value that results in f(x) = —2? 

(a) To find an x-value that results in /(x) = 2, solve the equation 


Square both sides: 
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Now multiply by (x - 4): 

4(x- 4) 

4x- 16 
x 

The x-value is 4.25. (Note that the simplification (x - 4)/{x — 4) = 1 in the second step was 
valid because x - 4 ^ 0.) 

(b) Since yf x — 4 is nonnegative if it is defined, its reciprocal, /(x) = ^ is also nonnegative 

y/x - 4 

if it is defined. Thus, /(x) is not negative for any x input, so there is no x-value that results in 

m = - 2 . 


In the next example, we solve an equation for a quantity that is being used to model a physical 
quantity; we must choose the solutions that make sense in the context of the model. 


= 1 

= 12=4.25. 

4 


Example 7 


Solution 


Let A = q(r) be the area of a circle of radius r, where r is in cm. What is the radius of a circle whose 
area is 100 cm 2 ? 

The output q(r) is an area. Solving the equation q(r) = 100 for r gives the radius of a circle whose 
area is 100 cm 2 . Since the formula for the area of a circle is q(r) = nr 2 , we solve 


q(r) = nr 2 = 100 
r 2 = 100 
n 

[\ 00 _ 

r = ±\ - = ±5.642. 

V 71 


We have two solutions for r, one positive and one negative. Since a circle cannot have a negative 
radius, we take r = 5.642 cm. A circle of area 100 cm 2 has a radius of 5.642 cm. 


Finding Output and Input Values From Tables and Graphs 

The following two examples use function notation with a table and a graph respectively. 

Example 8 Table 2.1 shows the revenue, R — f (f), received by the National Football League, 1 from network 

TV as a function of the year, f, since 1975. Contracts are signed with all networks at once for periods 
ranging from 2 to 8 years. The table show&the annual revenue under the contract holding that year, 
(a) Evaluate and interpret /(20). (b) Solve and interpret /(f) - 2600. 

Table 2.1 


f (years) 

0 

5 

10 

15 

20 

25 

30 

35 

R (m. $) 

55 

162 

420 

900 

1097 

2600 

2600 

3735 


Solution (a) Table 2.1 shows /(20) — 1097. Since t — 20 in the year 1995, we know that NFL’s revenue 
from TV was $1097 million in the year 1995. 

(b) Solving /(f) = 2600 means finding a year in which TV revenues were $2600 million. There 
are two values, f = 25 and f = 30. In other words, in 2000 and 2005, NFL’s TV revenues were 
$2600 million. (The same contract was in effect in 2000 and 2005.) 


'John Vrooman, “The economic structure of the NFL,” in The Economics of the National Football League , K.G. Quinn 
(Ed.), Springer, 2011. 
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Example 9 


Solution 


A man drives from his home to a store and back. The entire trip takes 30 minutes. Figure 2.1 gives 
his velocity r(t) (in mph) as a function of the time t (in minutes) since he left home. A negative 
velocity indicates that he is traveling away from the store back to his home. 


Velocity toward store (mph) 

50 
40 
30 
20 
10 
0 

-10 
-20 
-30 
-40 

Velocity away from store (mph) 

Figure 2.1: Velocity of a man on a trip to the store and back 

Evaluate and interpret: 


(a) v(5) 

(b) 

v(24) 

(c) 

o(E) - o(6) 

(d) 

o(-3) 

Solve for t and interpret: 

(e) v(t) = 15 

(0 

o 

CM 

1 

II 

(g) 

C 

II 

c 

(h) 

o(t) > 30 


(a) To evaluate v(5), look on the graph where t — 5 minutes. Five minutes after he left home, his 
velocity is 0 mph. Thus, v(5) = 0. Perhaps he had to stop at a light. 

(b) The graph shows that t;(24) = —40 mph. After 24 minutes, he is traveling at 40 mph away from 
the store, back to his home. 

(c) From the graph, u(8) = 35 mph and v(6) = 0 mph. Thus, t;(8) - u( 6) = 35 — 0 = 35. This 
shows that the man’s speed increased by 35 mph in the interval between t — 6 minutes and t = 8 
minutes. 

(d) The quantity t;(—3) is not defined since the graph only gives velocities for nonnegative times. 

(e) To solve for t when u(t) =15, look on the graph where the velocity is 15 mph. This occurs at 
t « 0.75 minute, 3.75 minutes, 6.5 minutes, and 15.5 minutes. At each of these four times the 
man’s velocity was 15 mph. 

(0 To solve u(t) = -20 for r, we see that the velocity is -20 mph (that is, 20 mph toward home) at 
t « 19.5 and t « 29 minutes. 

(g) First we evaluate u(l) « 30. To solve v{t) = 30, we look for the values of t making the velocity 
30 mph. One such t is of course t = 7; the other t is t « 15 minutes. These are the two times 
when the velocity is the same as it is at 7 minutes. 

(h) To solve for t when v(t) > 30, look on the graph where the velocity toward the store is greater 
than 30 mph. This occurs for t such that 7 < t < 15. Therefore, between 7 and 15 minutes after 
he left home, the man was driving faster than 30 mph toward the store. Note that there are also 
times when the man is driving faster than 30 mph away from the store; however, these times 
are not solutions to the inequality u(t) > 30, since u(t) is positive only when the man is driving 
toward the store. 



t, time (minutes) 


If we are given a formula for a function, we can use the graph of the function to find input values 
that satisfy a certain equation or inequality. 
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Example 10 
Solution 


Example 11 

Solution 


Let /(x) = x 3 - 3x. Find approximate values of the input x such that 
(a) /(x)=l (b) /(x)> 1. 

(a) We can determine for what values of x the output /(x) is equal to 1 by using a calculator or 
computer to graph the curve y — /(x). See Figure 2.2. 

To find solutions to /(x) = 1, we look for points on the curve that lie on the line y = 1. Using 
a calculator, we find that these points are (-1.532,1), (-0.347, 1), and (1.879, 1). By zooming 
out to observe the long-term behavior of the function, we see that these are the only three points 
on the curve for which y = 1. Therefore, the approximate solutions of /(x) = 1 are x = -1.532, 
x = -0.347, and x = 1.879. 

y 



Figure 2.2: The function f(x) = x 3 — 3x 

(b) We can solve /(x) > 1 by referring to Figure 2.2. We look for points on the graph where the 
y-coordinate is greater than 1; these are points on the graph that lie above the line y = 1. 

We know that the graph crosses the line y— 1 at x = —1.532, x = -0.347, and x = 1.879. 
We see from the figure that the graph of /(x) lies above the line y = 1 for all x such that 
-1.532 < x < -0.347 or x > 1.879. Therefore, the approximate solutions of /(x) > 1 are 

-1.532 < x < -0.347 or x > 1.879. 


Occasionally, looking at a graph helps us locate exact solutions to an equation or inequality. 

Let /(x) = 1 + jx and g(x) = 3/(1 + x 2 ). Find all values of the input x such that /(x) < g(x). 

We begin by using a calculator or computer to graph the curves y = /(x) and y = g(x), as in 
Figure 2.3. 

The two graphs appear to intersect at the point (1,3/2). We can confirm that this is an intersec¬ 
tion point by computing /(1) and g( 1): 

/(i) = i + kn = f and = 

2 2 1 + l 2 2 

Thus the point (1,3/2) is the intersection point of the two graphs. Since the graph of /(x) lies below 
the graph of g(x) only to the left of x = 1, the solution to the inequality /(x) < g(x) is x < 1. 

y 



Figure 2.3: The functions /(x) = 1 + -x and g(x) = 3/(1 + x 2 ) 











Exercises and Problems for Section 2.1 

Skill Refresher 


2.1 INPUT AND OUTPUT 


For Exercises S1-S6. expand and simplify. Solve the equations in Exercises S7-S 10. 


SI. 

5(x — 3) 

S2. 

a(2a + 5) 

i 

11 

S8. 

y/lx -1+3 

S3. 

(m — 5)(4(/h — 5) + 2) 

S4. 

(x + 2)(3x — 8) 

~>i n 

S9. =3 




/ 1 \ 


/ 1 \ 2 

S10. 

to 

I 

II 

S5. 

’( i + t) 

S6. 


z - 5 z : ~ 5z 




Exercises 


1. Ifg(x) — -|a j/ \ find g(—27). 

o v + I 

2. Let j(x) — -. For what value of x is /(_v) = 0.3? 

-X + 1 

3. If /(/) = t 2 - 4. (a) Fond /(()) (b) Solve f(t) = 0. 

4. If g(x) = x 2 — 5x + 6, (a) Find g(0) (b) Solve g(x) = 0. 

5. W git) = - 1, (a) Find g(0) (b) Solve g(D = 0. 

6. If h(x) = ax 2 + bx + c\ find /?(()). 

If p{r) = r + 5, evaluate the expressions in Exercises 7-8. 

7 . p( 1) 8 . p(x) + p(8) 

In Figure 2.4, mark the point(s) representing the statements in 
Exercises 9-12 and label their coordinates. 



9 . 7(0) = 2 

10 . /(— 3 ) = /( 3 ) = /( 9 ) = 0 

11. /(2) = g(2) 

12. g(x) > f(x) for x > 2 

In Exercises 13-16, let fix) = x 2 + 2x — 2 and g(x) = 2x + 2. 
Find all x values satisfying the following. 

13. g(x) = 2 14. g(x) < 2 

15 . /(x) < x 2 16 . /(x) > g(x) 


Problems 


17. Let F — git) be the number of foxes in a park as a function 
of F the number of months since January I. Evaluate g(9) 
using Table 1.3 on page 5. What does this tell us about 
the fox population? 

18. Let F — g{t) be the number of foxes in month t in the 
national park described in Example 5 on page 5. Solve 
the equation git) = 75. What does your solution tell you 
about the fox population? 

19. Table 2.2 shows the base salary of members of Congress 2 , 
S = /(/), in thousands of dollars, as a function of the 
year, ?, since 1992. 

(a) Evaluate and interpret /( 12). 

(b) Solve and interpret /(/) = 169.3. 


Table 2.2 


Year, t 

0 

4 

8 

12 

16 

20 

Salary, S 

129.5 

133.6 

141.3 

158.1 

169.3 

174.0 


20 . Let f{x) = 3 + 2x 2 . Find / (^] and y—Are they 
equal? 

21 . If g(x) = x yfx + lOOx, evaluate without a calculator 

(a) £(100) (b) g(4/25) (e) g( 1.21 • 10 4 ) 

22 . Let g(x) = x 2 + x. Find formulas for the following func¬ 
tions. Simplify your answers. 

(a) g(—3x) (b) g(l-x) (c) g(x + 7T) 

(d) giyfx) (e) g(l/(x + D) (f) g(x 2 ) 

23 . Let f(x) = —. 

x - 1 

(a) Find and simplify 

(i > '(7) (iil '(ttt) 

(b) Solve fix) — 3. 


2 https://hobnobblog.com/congress-by-the-numbers/pay-and-perquisites-of-members-of-congress-including-a-history- 
of-house-and-senate-salaries/, accessed October 24, 2013. 
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24. Let f(x) = x 2 . Find and simplify the following. 


(a) / (2) 

(c) f (2+ h)- f (2) 


(b) f(2 + h) 

(d) tv + Vrm 


25. Let git ) = 2t — L Find and simplify 


29. Let v(t) — t 2 —2t be the velocity, in ft/sec, of an object at 
time t, in seconds. 

(a) What is the initial velocity, u(0)? 

(b) When does the object have a velocity of zero? 

(c) What is the meaning of the quantity u( 3)? What are 
its units? 


g(t + h)- g(t) 
h 


26. (a) Using Figure 2.5, fill in Table 2.3. 


Table 2.3 


X 

-2 

-1 

0 

1 

2 

3 

hix) 








(b) Evaluate h(3) — h(\) (c) Evaluate h(2) — h(0) 
(d) Evaluate 2/i(0) (e) Evaluate h{\) + 3 


y 



30. Let s(t) = 1 It 2 + t + 100 be the position, in miles, of a 
car driving on a straight road at time r, in hours. The car’s 
velocity at any time t is given by v(t) = 22 1 + 1. 

(a) Use function notation to express the car’s position 
after 2 hours. Where is the car then? 

(b) Use function notation to express the question, ‘‘When 
is the car going 65 mph?” 

(c) Where is the car when it is going 67 mph? 

31. Let v — f (0 be the speed of a braking car, in feet per sec¬ 
ond, t seconds after the brakes are first applied. A graph 
of / is given in Figure 2.6. Complete the following, and 
explain the meaning of your answers in terms of the car. 

(a) If t — 1, estimate /(/ + 5). 

(b) If t = 1, estimate fit) + 5. 

(c) Solve f{t + 2) = 40 for t. 

(d) Solve / {t) + 10 = 40 for t. 


v 



Figure 2.6 


27. A ball is thrown up from the ground with initial velocity 

64 ft/sec. Its height at time t is 

h{t) — —16r + 64 1. 

(a) Evaluate h{\) and /i(3). What does this tell us about 
the height of the ball? 

(b) Sketch this function. Using a graph, determine when 
the ball hits the ground and the maximum height of 
the ball. 

28. The profit, in dollars, made by a theater when n tickets are 

sold is P(n ) = 20/7 — 500. 

(a) Calculate P{ 0), and explain what this number means 
for the theater. 

(b) Under what circumstances will the profit equal 0? 

(c) What is the meaning of the quantity P(100)? What 
are its units? 


32. Use the letters u, b , c, d , e, h in Figure 2.7 to answer the 
following questions. 

(a) What are the coordinates of the points P and Q1 

(b) Evaluate f{b). 

(c) Solve f{x) = e for x. 

(d) Suppose c = fiz) and z = fix). What is x? 

(e) Suppose fib) = -fid). What additional informa¬ 
tion does this give you? 



Figure 2.7 








































































2.1 INPUT AND OUTPUT 


33. New York state income tax is based on taxable income, 
which is part of a person’s total income. The tax owed 
to the state is calculated using the taxable income (not 
total income). In 2013, for a single person with a tax¬ 
able income between $77,150 and $205,850, the tax owed 
was $4650.63 plus 6.65% of the taxable income over 
$77,150. 3 

(a) Compute the tax owed by a lawyer whose taxable in¬ 
come is $88,000. 

(b) Consider a lawyer whose taxable income is 80% of 
her total income, x, where x is between $100,000 and 
$150,000. Write a formula for T(x), the taxable in¬ 
come. 

(c) Write a formula for L(x), the amount of tax owed by 
the lawyer in part (b). 

(d) Use L(x) to evaluate the lax owed for x = 110,000 
and compare your results to part (a). 

34. Table 2.4 shows N(.s), the number of sections of Eco¬ 
nomics 101, as a function of s, the number of students in 
the course. If s is between two numbers listed in the table, 
then N(s) is the higher number of sections. 

(a) Evaluate and interpret: 

(i) 7V( 150) (ii) N(80) (iii) N(55.5) 

(b) Solve for s and interpret: 

(i) N(s) = 4 (ii) N(s) = N( 125) 

Table 2.4 


5 

50 

75 

100 

125 

150 

175 

200 

N{s) 

4 

4 

5 

5 

6 

6 

7 


35. (a) Complete Table 2.5 using 

/(x) = 2x(x — 3) — x(x — 5) and g(x) = x 2 - x. 

What do you notice? Graph these two functions. Are 
the two functions the same? Explain. 

(b) Complete Table 2.6 using 

h(x) = x 5 — 5x 3 + 6x 4- 1 and j{x) — 2x 4- 1. 

What do you notice? Graph these two functions. Are 
the two functions the same? Explain. 

Table 2.5 Table 2.6 


X 

-2 

-1 

0 

1 

2 x 

-2 

-1 

0 

1 

2 

/(*) 





h(x) 






g(x) 





j(x) 







36. Values of / and g are given in Table 2.7. 

(a) Evaluate /(l) and g(3). 

3 www.nystax.gov, accessed February 21, 2014. 


(b) Describe in full sentences the patterns you see in the 
values for each function. 

(c) Assuming that the patterns you observed in part (b) 
hold true for all values of x, calculate /(5), /(—2), 
g(5), and g(-2). 

(d) Find possible formulas for /(x) and g(x). 


Table 2.7 


X 

-1 

0 

1 

2 

3 

4 

fW 

-4 

-1 

2 

5 

8 

11 

g(x) 

4 

1 

0 

1 

4 

9 


Problems 37-38 concern v — r{s ), the eyewall wind profile 
of a hurricane at landfall, where v is the eyewall wind speed 
(in mph) as a function of s, the height (in meters) above the 
ground. (The eyewall is the band of clouds that surrounds the 
eye of the storm.) Let s 0 be the height at which the wind speed 
is greatest, and let v () — r(s 0 ). Interpret the following in terms 
of the hurricanes. 

37. r(0.5s 0 ) 38. r(s) = 0.75i> ( , 

39. Let h{x) = x 2 + bx + c. Evaluate and simplify: 

(a) MU (b) h(b+ 1) 

n V 

In Problems 4CM-2, if /(x) =-, find and simplify 

a + x 

40 . f(a) 41. /(I -a) 42. /(^2_) 

43. Figure 2.8 shows y — /(x). Label the coordinates, of any 
points on the graph where 

(a) /(c) = 0. 

(b) /(0) - d. 



44. An epidemic of influenza spreads through a city. Fig¬ 
ure 2.9 is the graph of 1 — f ( w ), where I is the number 
of individuals (in thousands) infected w weeks after the 
epidemic begins. 

(a) Evaluate /(2) and explain its meaning in terms of the 
epidemic. 

(b) Approximately how many people were infected at the 
height of the epidemic? When did that occur? Write 
your answer in the form / (a) — b. 

(c) Solve f{w) = 4.5 and explain what the solutions 
mean in terms of the epidemic. 
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Problems 45^1-6 concern studies suggesting that as carbon 
dioxide (C0 2 ) levels rise, hurricanes will become more in¬ 
tense. * * * 4 Hurricane intensity is measured in terms of the min¬ 
imum central pressure P (in mb): the lower the pressure, the 
more powerful the storm. Since warm ocean waters fuel hurri¬ 
canes, P is a decreasing function of H, sea surface temperature 
in °C. Let P — n{H) be the hurricane-intensity function for 
present-day C0 2 levels, and let P = N(H) be the hurricane- 
intensity function for future projected C0 2 levels. If H 0 is the 
average temperature in the Caribbean Sea, what do the follow¬ 
ing quantities tell you about hurricane intensity? 


45. 7V(H 0 ) - n(H 0 ) 46. n(H 0 + 1) - n(H 0 ) 

Figure 2.9 

2.2 DOMAIN AND RANGE 

In Example 4 on page 4, we defined R to be the average monthly rainfall at Chicago’s O’Hare airport 
in month t. Although R is a function of t , the value of R is not defined for every possible value of 
t . For instance, it makes no sense to consider the value of R for t = —3, or t = 8.21, or t = 13 
(since a year has 12 months). Thus, although R is a function of /, this function is defined only for 
t = 1, t = 2, t — 3,..., t = 12. Notice also that R , the output value of this function, takes only the 
values {1.8,2.1,2.4,2.5,2.7, 3.1,3.2,3.4,3.5,3.7}. 

A function is often defined only for certain values of the independent variable. Also, the depen¬ 
dent variable often takes on only certain values. This leads to the following definitions: 


(d) The graph used f(w) = 6te(1.3)~" . Use the graph to 
estimate the solution of the inequality 6^(1.3) _H ' > 
6. Explain what the solution means in terms of the 
epidemic. 


/ 



If Q — f (t), then the 

• Domain of / is the set of input values, t, which yield an output value. 

• Range of / is the corresponding set of output values, Q. 


If the domain of a function is not specified, we usually assume that it is as large as possible—that 
is, all numbers that make sense as inputs for the function. For example, if there are no restrictions, 
the domain of the function /(x) = x 2 is the set of all real numbers, because we can substitute any 
real number into the formula f(x) = x 2 . Sometimes, however, we may restrict the domain to suit a 
particular application. If the function f(x) = x 2 is used to represent the area of a square of side x, 
we restrict the domain to positive numbers. 


Example 1 The house-painting function n — f(A) in Example 3 on page 4 has domain A > 0 because all houses 

have some positive paintable area. There is a practical upper limit to A because houses cannot be 
infinitely large, but in principle, A can be as large or as small as we like, as long as it is positive. 
Therefore we take the domain of / to be A > 0. 

The range of this function is n > 0, because we cannot use a negative amount of paint. 


4 Journal of Climate. September 14, 2004, pages 3477-3495 or www.tIieguardian.com/environment/2013/aug/23/climate- 
change-carbon-emissions-ipcc-extreme, accessed May 21.2014. 
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Choosing Realistic Domains and Ranges 

When a function is used to model a real situation, we may need to modify the domain and range. 


Example 2 Algebraically speaking, the formula 

T = - R + 40 
4 

can be used for all values of R. If we know nothing more about this function than its formula, its 
domain is all real numbers. The formula for T ~ -j R + 40 can return any value of T when we choose 
an appropriate R-v alue. (See Figure 2.10.) Thus, the range of the function is also all real numbers. 
However, if we use this formula to represent the temperature, 7\ as a function of a cricket's chirp 
rate, R , as we did in Example 1 on page 2, some values of R cannot be used. For example, it does 
not make sense to talk about a negative chirp rate. Also, there is some maximum chirp rate R max that 
no cricket can physically exceed. Thus, to use this formula to express T as a function of R , we must 
restrict R to the interval 0 < R < R nuiX shown in Figure 2.11. 


7TF) 



R (chirps/min) 


Figure 2.10 Graph showing that any T value can be 
obtained from some R value 


T (°F) 



R (chirps/min) 


Figure 2.11 Graph showing that if 0 < R < R n 
40 < T < T 

^ — 1 — 1 max 


. then 


The range of the cricket function is also restricted. Since the chirp rate is nonnegative, the small¬ 
est value of T occurs when R — 0. This happens at T — 40. On the other hand, if the temperature 
gets too hot, the cricket will not be able to keep chirping faster. If the temperature T max corresponds 
to the chirp rate R m&x , then the values of T are restricted to the interval 40 < T < T nmx . 


Using a Graph to Find the Domain and Range of a Function 

A good way to estimate the domain and range of a function is to examine its graph. The domain is 
the set of input values on the horizontal axis that give rise to a point on the graph; the range is the 
corresponding set of output values on the vertical axis. 


Example 3 


A sunflower plant is measured every day t , for t > 0. The height, h(t) centimeters, of the plant * * * * 5 can 
be modeled by the logistic function, which is graphed in Figure 2.12: 

h (t) = -—-. 

1 + 24(0.9)' 

(a) What is the domain of the function in this model? 


5 Adapted from H.S. Reed and R.H. Holland, “Growth of an Annual Plant Helianthus,” Proc . Nat. Acad. Sci., 5, 1919. 
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(b) What is the range of the function? What does this tell you about the height of the sunflower? 
height of sunflower (cm) 



Solution 


(a) Measurements can be made at any time after t = 0. The graph starts on the vertical axis and 
extends to the right, so the domain of the function is t > 0. If we consider the fact that the 
sunflower dies on some day 7\ then the domain is 0 < t < T. 

(b) To find the range, notice that the smallest value of h occurs at t = 0. Evaluating gives 


h{ 0) = 


250 

1 + 24(0.9)° 


= 10 cm. 


This means that the plant was 10 cm high when it was first measured on day t = 0. As t increases, 
the plant grows and h(t) increases. The values of h(t) approach, but never reach, 250. This sug¬ 
gests that the range is 10 < h{t) < 250. This information tells us that sunflowers typically grow 
to a height of about 250 cm. 


Using Formulas and Graphs to Find Domains and Ranges 

When a function is defined by a formula, its domain and range can often be determined by examining 
the formula algebraically. 


Example 4 


State the domain and range of g , where 


g(x) = 


1 

x - 2 


Solution The domain is all real numbers except those which do not yield an output value. The expression 
1 /(x — 2) is defined for any real number x except x = 2 (division by 0 is undefined). Therefore, 

Domain: all real x, x ^ 2. 

The range is all real numbers that the formula can return as output values. It is not possible for g(x) 
to equal zero, since 1 divided by a real number is never zero. All real numbers except 0 are possible 
output values, since all nonzero real numbers have reciprocals. To see this algebraically, suppose we 
ask if a particular value of y is in the range. Then we solve for y in 

1 1 0 

y =-- giving x = - + 2, 

x - 2 y 

so any value of y is possible except y — 0. Thus 

Range: all real values, g(x) ^ 0. 

The graph in Figure 2.13 reflects this the domain and this range. 
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Example 5 
Solution 


Example 6 

Solution 



Figure 2.13: Domain and range of g(x) = 1 /(a — 2 ) 


Find the domain of the function f(x) =-by examining its formula and its graph. 

V-v-4 

The domain is all real numbers except those for which the function is undefined. The square root of 
a negative number is undefined (if we restrict ourselves to real numbers), and so is division by zero. 
Therefore we need 

x - 4 > 0. 

Thus, the domain is all real numbers greater than 4. 

Domain: x > 4. 

From the formula f(x) = 1 /\/x - 4 and the graph in Figure 2.14, we see that 

Range: f(x) > 0. 

Notice that in Example 6 on page 71 we saw that the output of f(x) = 1 /y/x - 4 cannot be 
negative. Exercise 21 asks for an algebraic argument. 



Figure 2.14: Domain and range of f(x) = 1 /\/x - 4 


Find the domain of the function h(x) = — - — by examining its formula. 

\/4 - x 2 

As in Example 5, the domain consists of all x-values making the denominator positive, that is: 

4 — x 2 > 0. 

Thus, to find the domain, we solve for the x-values satisfying 4 > x 2 . That is, we want all the x-values 
whose squares are smaller then 4. These are the numbers between -2 and 2, so we have 

Domain: - 2 < x < 2. 


Rational functions can lead to more complicated domains and ranges, such as those resulting 
from “holes” in the graph. See Section 11.5, page 469. 
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Exercises and Problems for Section 2.2 

Skill Refresher 


In Exercises S1-S4, for what value(s), if any, are the functions Solve the inequalities in Exercises S5-S12. 
undefined? 


SI. fix) = 


x-2 


x - 3 
S3. h(x) = V*- 15 


S2. g(x) : 


1 


x(x - 3) 


S4. k(x) — yl5-x 


S5. x — 8 > 0 
S7. —3(/t — 4) > 12 


S6. —x + 5 > 0 
S8. 12 < 24 — 4a 


S9. x 2 - 25 > 0 
Sll. 12 — 2a 2 < a 2 


S10. 36 - x 2 > 0 
S12. y 2 - 3 > 15 — y 2 


Exercises 


In Exercises 1-4, estimate the domain and range of the func¬ 
tion. Assume the entire graph is shown. 


7. f(x) = x 2 - 4, -2 < x < 3 

8. f(x) = V9 - x 2 , -3 < x < 1 



3. y 4. y 




In Exercises 5-8, use a graph to find the range of the function 
on the given domain. 


5. /(*) = -, —2 < x < 2 

X 

6. fix) = A -1 < JC < 1 

X^ 


In Exercises 9-18, find the domain of the function alge¬ 
braically. 


9. 

fix) = -fr 

X + 3 

io. p«>= t2 l _ 4 


t - 3 

1 

11. 

/( ' )= 3, + 9 

12 - n{q)= q * + 2 

13. 

fix) = —pL= 

14. yit) = i 


y/9 + x 

t 4 

15. 

fix) = V* 2 -4 

16. qir) = i/r 2 - ] 

17. 

mix) ~ x 2 — 9 

18. /(a)= i/a-2 


In Exercises 19-22, find the domain and range of the function 
algebraically. 


19. m(q) = - 4 

21. fix) = —J= 

V*-4 


20. fix) = \/15 — 4x 


22 . fix) = —2= 
V9-x 


Problems 


In Problems 23-26, you are given the domain D of the func¬ 
tion. Where applicable, find possible values for the constants 
a and b. 

23. fix) = —1—, D: all real numbers ^ 3 

x — a 

24. pit ) =-!-, D: all real numbers except 4 and 5. 

(2t-a)(t + b) ^ 

25. niq) = \A? 2 + a, D: all real numbers 

26. m(r) = y/r - a, D: all real numbers > -3 


27. Give a formula for a function that is undefined for x = — 2 
and for x < -4, but is defined everywhere else. 

28. Give a formula for a function whose domain is all nega¬ 
tive values of x except x = — 5. 

29. A restaurant is open from 2 pm to 2 am each day, and a 
maximum of 200 clients can fit inside. If /(0 is the num¬ 
ber of clients in the restaurant t hours after 2 pm each day, 
what are a reasonable domain and range for /(r)? 
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30. A car gets the best mileage at intermediate speeds. Graph 
the gas mileage as a function of speed. Determine a rea¬ 
sonable domain and range for the function and justify 
your reasoning. 

31. A movie theater scats 200 people. For any particular 
show, the amount of money the theater makes is a func¬ 
tion of the number of people, tu in attendance. If a ticket 
costs $4.00, find the domain and range of this function. 
Sketch its graph. 

32. (a) Table 2.8 shows the relationship between the number 

of calories used per minute of walking and a person's 
weight in pounds/ 1 Use the table to 

(i) Determine the number of calorics that a person 
weighing 200 lb uses in a half-hour of walking. 

(ii) Describe in words the relationship between 
weight and the number of calories used. Iden¬ 
tify the dependent and independent variables 
and specify whether the function is increasing 
or decreasing. 

(b) The function described in part (a)(ii) is approxi¬ 
mately linear. 

(i) Estimate the equation for this function and 
graph it. 

(ii) Give a reasonable domain and range for your 
function based on the data in the table. 

(iii) Use your function to estimate how many calo¬ 
rics per minute a person who weighs 135 lb uses 
per minute of walking. 


Table 2.8 Calories per minute as a function of weight 


Weight 

100 lb 

120 lb 

1501b 

170 lb 

200 lb 

220 lb 

Walking 

2.7 

3.2 

4.0 

4.6 

5.4 

5.9 


(b) Explain how you could use the phone book to find 
the domain of /. 

(c) What is the range of/? 


Table 2.9 


n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

d 

1 

2 

1 

5 

9 

9 

0 

1 

1 

7 


36. Let t be time in seconds and let r{r) be the rate, in gal¬ 
lons/second, that water enters a reservoir: 


r(t) = 800 - 40/. 


(a) Evaluate the expressions r(0), r{ 15), r(25), and ex¬ 
plain their physical significance. 

(b) Graph y = r{t) for 0 < / < 30, labeling the inter¬ 
cepts. What is the physical significance of the slope 
and the intercepts? 

(c) For 0 < t < 30, when does the reservoir have the 
most water? When does it have the least water? 

(d) What are the domain and range of r(U? 


37. In month t — 0, a small group of rabbits escapes from a 
ship onto an island where there are no rabbits. The island 
rabbit population, p{t ), in month t is given by 


PC) = 


1000 

1 + 19(0.9)'’ 


t > 0 . 


(a) Evaluate p{ 0), /?(10), p(50), and explain their mean¬ 
ing in terms of rabbits. 

(b) Graph p(t) for 0 < t < 100. Describe the graph in 
words. Does it suggest the growth in population you 
would expect among rabbits on an island? 

(c) Estimate the range of p(t). What does this tell you 
about the rabbit population? 

(d) Explain how you can find the range of p(t) from its 
formula. 


In Exercises 33-34, find the domain and range of the function. 

33. g(x) — a + 1/x, where a is a constant 

34. q{x) = (,v — b) 1 ^ 2 + 6, where b is a constant 

35. The last digit, cf of a phone number is a function of tu its 
position in the phone book. Table 2.9 gives d for the first 
10 listings in the 2009 New York State telephone direc¬ 
tory. 7 The table shows that the last digit of the first listing 
is 1, the last digit of the second listing is 5, and so on. In 
principle we could use a phone book to figure out other 
values of d. For instance, if n = 300, we could count 
down to the 300 lh listing in order to determine d. So we 
write d = /(/;)■ 

(a) What is the value of /(6)? 


38. Bronze is an alloy or mixture of the metals copper and 
tin. The properties of bronze depend on the percentage of 
copper in the mix. A chemist decides to study the proper¬ 
ties of a given alloy of bronze as the proportion of copper 
is varied. She starts with 9 kg of bronze that contain 3 kg 
of copper and 6 kg of tin and either adds or removes cop¬ 
per. Let f{x) be the percentage of copper in the mix if x 
kg of copper are added (x > 0) or removed (x < 0). 

(a) State the domain and range of /. What docs your an¬ 
swer mean in the context of bronze? 

(b) Find a formula in terms of x for fix). 

(c) If the formula you found in part (b) was not intended 
to represent the percentage of copper in an alloy of 
bronze, but instead simply defined an abstract math¬ 
ematical function, what would be the domain and 
range of this function? 


Source: 1993 World Almanac. Speeds assumed are 3 mph for walking, 10 mph for bicycling, and 2 mph for swimming. 
www6.oft.state.ny.us/telecom/phones/. Accessed February 10, 2010. 
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39. The surface area of a cylindrical aluminum can is a mea¬ 
sure of how much aluminum the can requires. If the can 
has radius r and height /?, its surface area A and its volume 
V are given by the equations: 

A = Ijrr 1 -I- Ijrrh and V = nr~h. 


(a) The volume, K, of a 12-oz cola can is 355 cnr\ A 
colacan is approximately cylindrical. Express its sur¬ 
face area A as a function of its radius r, where r is 
measured in centimeters. I Hint: First solve for h in 
terms of r.} 

2.3 PIECEWISE-DEFINED FUNCTIONS 


(b) Graph A = s(r), the surface area of a cola can whose 
volume is 355 cm 3 , for 0 < r < 10. 

(c) What is the domain of v(r)7 Based on your graph, 
what, approximately, is the range of s{r)l 

(d) The manufacturers wish to use the smallest amount 
of aluminum (in cm 2 ) necessary to make a 12-oz cola 
can. Use your answer in (c) to find the minimum 
amount of aluminum needed. State the values of r 
and h that minimize the amount of aluminum used. 

(e) The radius of a real 12-oz cola can is about 3.25 cm. 
Show that real cola cans use more aluminum than 
necessary to hold 12 oz of cola. Why do you think 
real cola cans are made in this way? 


A function may employ different formulas on different parts of its domain. Such a function is said to 
be piecewise defined . For example, the function graphed in Figure 2.15 has the following formulas: 

y = x 2 for x <2 f x 2 for x < 2 

or more compactly y = < 

y = 6- i for x>2 ^ 6 — x for x > 2. 

y 



Example 1 


Graph the function y = g(x) given by the following formulas: 

g(x) = x + 1 for x < 2 and g(x) — 1 for x > 2. 

Using bracket notation, this function is written: 


g(x) 


x + 1 for x < 2 
1 for x > 2. 


Solution For x < 2, graph the line y = x + 1 . The solid dot at the point (2, 3) shows that it is included in the 
graph. For x > 2, graph the horizontal line y = 1. See Figure 2.16. The open circle at the point (2, 1) 
shows that it is not included in the graph. (Note that g(2) = 3, and g(2) cannot have more than one 
value.) 

y 



Figure 2.16: Graph of the piecewise defined function g 
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Example 2 


Solution 


Example 3 


Solution 


A data plan for a smart phone charges 99 cents per day for data usage up to 20 megabytes and 7 cents 
for each additional megabyte or part of a megabyte. 

(a) Use bracket notation to write a formula for the daily cost, C, of the data plan as a function of the 
number of megabytes m used. 

(b) Graph the function. 

(c) State the domain and range of the function. 


(a) For 0 < m < 20, the value of C is 99 cents. If m > 20, we subtract 20 to find the additional 
number of megabytes used and multiply by the rate, 7 cents per megabyte. 8 The eost function in 
cents is thus 

99 

99 + l(m - 20) 

or, after simplifying, 

c = m = ( 99 for 

^ 7m — 41 for 

(b) See Figure 2.17. 

(c) Because negative data usage does not make sense, the domain is m > 0. From the graph, we see 
that the range is C > 99. 


for 0 < m < 20 
for m > 20, 

0 < m < 20 
m > 20 . 



C (cents) 



The Ironman Triathlon is a race that consists of three parts: a 2.4-mile swim followed by a 112-mile 
bike race and then a 26.2-mile marathon. A participant swims steadily at 2 mph, cycles steadily at 
20 mph, and then runs steadily at 9 mph. 9 Assuming that no time is lost during the transition from 
one stage to the next, find a formula for the distance covered, d , in miles, as a function of the elapsed 
time t in hours, from the beginning of the race. Graph the function. 

For each leg of the race, we use the formula Distance = Rate ■ Time. First, we calculate how long 
it took for the participant to cover each of the three parts of the race. The first leg took 2.4/2 = 1.2 
hours, the second leg took 112/20 = 5.6 hours, and the final leg took 26.2/9 « 2.91 hours. Thus, 
the participant finished the race in 1.2 + 5.6 + 2.91 = 9.71 hours. 

During the first leg, t < 1.2 and the speed is 2 mph, so 

d — 1a for 0 < t < 1.2. 

During the second leg, 1.2 < t < 1.2 + 5.6 = 6.8 and the speed is 20 mph. The length of time 
spent in the second leg is (t - 1.2) hours. Thus, by time r. 

Distance covered in the second leg = 20(r - 1.2) for 1.2 < t < 6.8. 

When the participant is in the second leg, the total distance covered is the sum of the distance covered 
in the first leg (2.4 miles) plus the part of the second leg that has been covered by time t: 

d = 2.4 + 20(r - 1.2) 

= 20r - 21.6 for 1.2 < r <6.8. 


8 In actuality, most plans round data usage to whole megabytes or blocks of megabytes. 

9 Personal communication Susan Reid, Athletics Department, University of Arizona. 
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In the third leg, 6.8 < t < 9.71 and the speed is 9 mph. Since 6.8 hours were spent on the first two 
parts of the race, the length of time spent on the third leg is (t — 6.8) hours. Thus, by time r. 

Distance covered in the third leg — 9(7 — 6.8) for 6.8 < t < 9.71. 

When the participant is in the third leg, the total distance covered is the sum of the distances 
covered in the first leg (2.4 miles) and the second leg (112 miles), plus the part of the third leg that 
has been covered by time /: 


d — 2A-\- 112 + 9(t-6.8) 

= 9/ + 53.2 for 6.8 < t <9.71. 

The formula for d is different on different intervals of /: 

f 21 for 0 < / < 1.2 

d=\ 20/-21.6 for 1.2 </ <6.8 

l 9/+ 53.2 for 6.8 <f <9.71. 

Figure 2.18 gives a graph of the distance covered, d, as a function of time, /. Notice the three pieces. 


d, distance (miles) 
150 L 



The Absolute Value Function 

The absolute value of x, written |x|, is defined piecewise: 

For nonnegative x, ]x| = x. 

For negative x, |x| — —x. 

(Remember that -x is a positive number if x is a negative number.) For example, if x = —3, then 

I —31 = -(-3) = 3. 

For x = 0, we have |0| = 0. This leads to the following two-part definition: 


The absolute value function is defined by 


fix) = |x| =| 


x for 
-x for 


x > 0 
x < 0 
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Table 2.10 gives values of/(x) = |x| and Figure 2.19 shows a graph of f(x). 


Table 2.10 Absolute value fund ion 


X 

i*i 

-3 

3 

-2 

i 

2 

i 

— i 

0 

i 

i 

0 

t 

1 

2 

1 

2 

3 

3 


v 



Figure 2.19: Graph of absolute value function 


Visualizing Absolute Value on the Number Line 

Notice that the absolute value of a number is always the distance between that number and zero on 
the number line. For examples, see Figure 2.20. 

N - 1 — 5| - ►+« - 131 - H 

I-♦ -F- • * - ♦ I ■-»— ♦-h H-, 

-5 -3 -10 12 3 4 5 6 

Figure 2.20: Distance from 3 to 0 is |3|. Distance from -5 to 0 is | — 51 


Similarly, we can think of \x - 4| as the distance between x and 4, as in Figure 2.21. 

h— |x — 4| — H 

— 1 -1-1-1- I 1 I— I—•-! —K ♦-1 -*— 

-5 -3 -10 1x 2 3 4 5 6 

Figure 2.21: Distance from x to 4 is |.v - 4| 


In general: 


If a and b are real numbers, then \a — b\ is the distance between a and b on the number line. 


Example4 Let /(x) = |2x - 7|. 

(a) What are the domain and range of /(x)? (b) Find all values of x such that /(x) = 3. 

Solution (a) The function /(x) gives the distance between 2x and 7 on the number line. This distance can 
be calculated for any real number x, so the domain is all real numbers. The distance can be any 
nonnegative real number, so the range of is all real numbers greater than or equal to 0. 

(b) We want to find all numbers x such that |2x — 7| =3. That is, we want the distance between 2x 
and 7 to be 3. Thus, 2x must be three units to the left or three units to the right of 7; that is, 

2x = 4 or 2x = 10. 

In the first case, x = 2; in the second, x = 5. So the values of x such that /(x) = 3 are x = 2 
and x = 5. 
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Exercises and Problems for Section 2.3 

Skill Refresher 


In Exercises S1-S6, write all the possible values for x that 
match the graph. 


SI S'? 

-H-H-h O I ; : ; i * 1 1 1 M M 1 1 * 


—5 0 


-5 0 


S'* S d 

* M i lMIHM' X i m i 0+H 41 * 

—5 0 5 -5 0 5 


In Exercises S7-S10, determine the domain and range of the 
function. 

S7. v S8. y 




Exercises 


In Exercises 1-4, graph the piecewise defined function. Use an 
open circle to represent a point that is not included and a solid 
dot to indicate a point that is included in the graph. 


1. 


2 . 


3. 


1 

r-i. 

-1 <x< 0 

m = \ 

o. 

0 < x < 1 

i 

Li. 

1 <x<2 

i 

r x + i. 

-2 < x < 0 

fix) = < 

x-l. 

0 < x < 2 

1 

lx-3, 

2 < x < 4 

1 

( x +4, 

x< -2 

m = < 

2, 

-2 < x < 2 

i 

U-x, 

x>2 




4. f{x) = 


x 2 , x < 0 
y/x , 0 < x < 4 

x/2, x > 4 


In Exercises 5-8, write formulas for the functions. 


For Exercises 9-10, find the domain and range. 
9. G(x ): 



6. y 

i 

5 + 
3- 

1 


0,6.5) Q< 5 ’ 7) 


10 . F(x) 


-{ 

■{ 


x + 1 for x < -1 
x 2 + 3 for x > — 1 


x 3 for x < 1 
1/x for x > 1 


Find all x values satisfying the equations in Exercises 11-16. 

12 . 2\y\ - 20 = 0 


(3,5.5) \ 

W> 11. |x|=5 

(3,2)°~(j*2) \ 13. |x-3|=7 14. 20 = 10|x - 5| 

2 4 6 8 1 15. |y —3| = 8 —b —3| 16. \2y - 6| = 8 


2 4 6 
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Problems 


17 . Figure 2.22 shows an entire graph. An open circle repre¬ 
sents a point that is not included. 

(a) Is v a function of a? Explain. 

(b) Is x a function of/? Explain. 

(c) If you i den ti lied a function in part (a) or part (h), what 
is the range of that function? 


20. Let g(jt) = 


-1 

for 

A <0 


for 

A > 0 


(a) Find g(-2), g(2), and g(0). 

(b) Find the domain and range of g(A). 


y 


4 

3 

n 




12 3 4 


A 


21 . Let f{x) = 


3a 

for 

—I < X < 

-a + 4 

tor 

\ <x <5 


(a) Find/(()) and/(3), 

(b) Find the domain and range of fix). 


Figure 2.22 

18. Many people believe that \fx^ = x. We will investigate 
this claim graphically and numerically. 

(a) Graph the two functions a and y/* 2 in the window 
-5 < x < 5, -5 < y < 5. Based on what you sec, do 
you believe that yfx?- = *? What function does the 
graph of y/* 2 remind you of? 

(b) Complete Table 2.11. Based on this table, do you be¬ 
lieve that = x? What function does the table for 
/a 2 remind you of? Is this the same function you 
found in part (a)? 

Table 2.11 


22 . 


Let fix) = < 


I/.v 

for 

A 2 

for 


for 


x < -1 
-1 < a- < 1 

A > 1 . 


(a) Evaluate/(—2) and/(2). 

(b) What is the range of /? 


23. Use bracket notation to write a formula for the piecewise 
function that is delined by y = a 2 for negative values of 
a and by y — x — 1 for a values that are greater than or 
equal to zero. 


X 

-5 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

5 

\lx 2 













(c) Explain how you know that yfx* is the same as the 
function |a|. 

(d) Graph the function - |a| in the window -5 < 
X < 5, -5 < y < 5. Explain what you see. 

19. (a) Graph u(x) = |a|/a in the window -5 < a < 5, 
-5 < y < 5. Explain what you sec. 

(b) Complete Table 2.12. Does this table agree with 
what you found in part (a)? 

Table 2.12 


X 

-5 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

5 

\x\/x 













(c) Identify the domain and range of u(x). 

(d) Comment on the claim that u(x) can be written as 


u(x) = < 


-1 

0 

1 


if a < 0, 
if a = 0, 
if a > 0. 


24 . A floor-refinishing company charges $1.83 per square 
foot to strip and refinish a tile floor for up to 1000 square 
feel. There is an additional charge of $350 for toxic waste 
disposal for any job that includes more than 150 square 
feet of tile. 

(a) Express the cost, y, of refinishing a floor as a function 
of the number of square feet, a, to be re finished. 

(b) Graph the function. Give the domain and range. 

25 . The charge for a taxi ride in New York City is $2.50 upon 
entry and $0.40 for each 1 /5 of a mile traveled (rounded 
up to the nearest 1 /5 mile), when the taxicab is travel¬ 
ing at 6 mph or more. In addition, a New York State Tax 
Surcharge of $0.50 is added to the fare. 10 

(a) Make a table showing the cost of a trip as a function 
of its length. Your table should start at zero and go 
up to two miles in 1 /5-mile intervals. 

(b) What is the cost for a 1.2-mile trip? 

(c) How far can you go for $5.80? 

(d) Graph the cost function in part (a). 


m www.nyc.gov/htm]/tlc/html/passenger/taxicab_rate.shtml, accessed February 1 L 2010. 
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26 . A museum charges $40 for a group of 10 or fewer people. 
A group of more than 10 people must, in addition to the 
$40, pay $2 per person for the number of people above 
10. For example, a group of 12 pays $44 and a group of 
15 pays $50. The maximum group size is 50. 

(a) Draw a graph that represents this situation. 

(b) What are the domain and range of the cost function? 

27 . At a supermarket checkout, a scanner records the prices of 
the foods you buy. In order to protect consumers, the state 
of Michigan passed a “scanning law” that says something 
similar to the following: 

If there is a discrepancy between the price 
marked on the item and the price recorded by the 
scanner, the consumer is entitled to receive 10 
times the difference between those prices; this 
amount given must be at least $1 and at most $5. 
Also, the consumer will be given the difference 
between the prices, in addition to the amount 
calculated above. 

For example: If the difference is 5<t, you should receive 
$1 (since 10 times the difference is only 50tf and you are 
to receive at least $1), plus the difference of 5 <t> Thus, the 
total you should receive is $ 1.00 + $0.05 = $ 1.05. 

If the difference is 25 <t, you should receive 10 times 
the difference in addition to the difference, giving 
(10)(0.25) + 0.25 = $2.75. 

If the difference is 95</ you should receive $5 (because 
I0(.95) = $9.50 is more than $5, the maximum penalty), 
plus 95<2, giving 5 + 0.95 = $5.95. 

(a) What is the lowest possible refund? 

(b) Suppose x is the difference between the price 
scanned and the price marked on the item, and y is 
the amount refunded to the customer. Write a for¬ 
mula for y in terms of x. [Hint: Look at the sample 
calculations.] 

(c) What would the difference between the price scanned 
and the price marked have to be in order to obtain a 
$9.00 refund? 

(d) Graph y as a function of x. 

28 . Seattle City Light 11 charges residents for electricity on a 
daily basis. There is a basic daily charge of 15.70 cents. In 
addition, for each day the first 10 kWh cost 4.66 cents per 
kWh and any additional kWhs are 10.71 cents per kWh. 
(A kWh is a unit of energy.) 


(a) Make a table showing the cost in dollars of usage 
from 0 to 40 kWh in increments of 5 kWh. 

(b) Write a piecewise defined function to describe the 
usage rate. 

(c) What is the cost for 33 kWh? 

(d) How many kWh can you burn on a day for $3? 

29. Gore Mountain is a ski resort in the Adirondack moun¬ 
tains in upstate New York. Table 2.13 shows the cost of a 

weekday ski-lift ticket for various ages and dates. 

(a) Graph cost as a function of age for each time period 
given. (One graph will serve for times when rates are 
identical.) 

(b) For which age group does the date affect cost? 

(c) Graph cost as a function of date for the age group 
mentioned in part (b). 

(d) Why does the cost fluctuate as a function of date? 


Table 2.13 Ski-lift ticket prices at Gore Mountain, 1998-1 999 12 


Age 

Opening- 
Dec 12 

Dec 13- 
Dec 24 

Dec 25- 
Jan 3 

Jan 4- 
Jan 15 

Jan 16- 
Jan 18 

Up to 6 

Free 

Free 

Free 

Free 

Free 

7-12 

$19 

$19 

$19 

$19 

$19 

13-69 

$29 

$34 

$39 

$34 

$39 

70+ 

Free 

Free 

Free 

Free 

Free 

Age 

Jan 19- 
Feb 12 

Feb 13- 
Feb 21 

Feb 22- 
Mar 28 

Mar 29- 
Closing 


Up to 6 

Free 

Free 

Free 

Free 


7-12 

$19 

$19 

$19 

$19 


13-69 

$34 

$39 

$34 

$29 


70+ 

Free 

Free 

Free 

Free 



In Problems 30-31: 

(a) Use the definition of absolute value to write a piecewise 
formula for /. 

(b) Graph/. 

30. f(x) = |x 2 - 4| 31. f(x) = |2x - 6| 


2.4 PREVIEW OF TRANSFORMATIONS: SHIFTS 

Suppose we shift the graph of a function vertically or horizontally, giving the graph of a new function. 
In this section we sec the relationship between the formulas for the original function and the new 
function. 

11 http://www.seattle.gov, accessed April 2013 
12 The Olympic Regional Development Authority. 
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Vertical Shift: The Heating Schedule for an Office Building 

We start with an example of a vertical shift in the context of the heating schedule for a building. 


Example 1 To save money, an office building is kept warm only during business hours. Figure 2.23 shows the 
temperature, f/, in °F, as a function of time, /, in hours after midnight. At midnight (t = 0), the 
building’s temperature is 50°F. This temperature is maintained until 4 am. Then the building begins 
to warm up so that by 8 am the temperature is 70°F. At 4 pm the building begins to cool. By 8 pm, 
the temperature is again 50°F. 

Suppose that the building’s superintendent decides to keep the building 5° F warmer than before. 
Sketch a graph of the new function. 


//.temperature (°F) 



H=f{r\ 


t, time (hours 
after midnight) 



Figure 2.23: The heating schedule at an office building, 
H = f(t) 


Figure 2.24: Graph of new heating schedule, H = p(t ), 
obtained by shifting original graph, // = /(r), upward by 5 
units 


Solution The graph of /, the heating schedule function of Figure 2.23, is shifted upward by 5 units. The 

new heating schedule, H - p(/), is graphed in Figure 2.24. The building’s overnight temperature is 
now 55°F instead of 50°F and its daytime temperature is 75°F instead of 70°F. The 5°F increase in 
temperature corresponds to the 5-unit vertical shift in the graph. 


Example 2 

Solution 


What is the relationship between the formula for /(/). the original heating schedule and p(/), the new 
heating schedule? 

The temperature under the new schedule, p(r), is always 5°F warmer than the temperature under the 
old schedule, /(/). Thus, at any time /, 

New temperature — Old temperature + 5. 

V_ _ J V. J 

V- V- 

pu i fit) 

So the relationship between p and / is given by the equation 

Pit) = f (t) + 5. 


We can get information from the relationship p(t) — f(t) + 5 even though we do not have an 
explicit formula for / orp. 

Suppose we want to know the temperature at 6 am under the schedule p(t). The graph of /(/) 
shows that under the old schedule /(6) = 60. Substituting t = 6 into the equation relating / and p 
gives 

p(6) = f (6) + 5 = 60 + 5 = 65. 

Thus, at 6 am the temperature under the new schedule is 65°F. 
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Example 3 

Solution 


Find q(t), the formula for the heating schedule if at each time the temperature is 2°F lower than the 
original temperature. 

At any time t 


New temperature = Old temperature - 2. 


q(0 


fit) 


So we have 

q{t) = f{t) - 2. 

The graph of q(t) is the graph of / shifted down by 2 units. 


Generalizing these observations to any function g : 

If g(x) is a function and k is a positive constant, then the graph of 

• y = g(x) + k is the graph of y = g(x) shifted vertically upward by k units. 

• y = g(x) - k is the graph of y = g(x) shifted vertically downward by k units. 


Horizontal Shift: The Heating Schedule 

Example 4 The superintendent then changes the original heating schedule to start two hours earlier. The building 

now begins to warm at 2 am instead of 4 am, reaches 70°F at 6 am instead of 8 am, begins cooling 
off at 2 pm instead of 4 pm, and returns to 50°F at 6 pm instead of 8 pm. How are these changes 
reflected in the graph of the heating schedule? 

Solution Figure 2.25 gives a graph of H = r(t ), the new heating schedule, which is obtained by shifting the 
graph of the original heating schedule, H = fit), two units to the left. 

H, temperature (°F) 



Graph of new heating schedule, H — r(t ), found 
by shifting /, the original graph, 2 units to the left 


Notice that the upward shift in Example 1 results in a warmer temperature, whereas the leftward 
shift in Example 4 results in an earlier schedule. 

Example 5 In Example 4 the heating schedule was changed to 2 hours earlier, shifting the graph horizontally 2 

units to the left. Find a formula for r, this new schedule, in terms of /, the original schedule. 

Solution The old schedule always reaches a given temperature 2 hours after the new schedule. For example, at 
4 am the temperature under the new schedule reaches 60°. The temperature under the old schedule 
reaches 60° at 6 am, 2 hours later. In general, we see that 

Temperature under new schedule _ Temperature under old schedule 
at time t at time it + 2), two hours later. 
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Algebraically, we have 

This is a formula for r in terms of /. 


r(t) - f(t + 2). 


Let’s check the formula from Example 5 by using it to calculate r(14), the temperature under 
the new schedule at 2 pm. The formula gives 

r( 14) = /(14 + 2) = /(16). 

Figure 2.23 shows that /(16) = 70. Thus, /*(14) = 70. This agrees with Figure 2.25. 


Example 6 Suppose now the heating schedule is made 1 hour later than it was originally. Find the function s(t) 
that describes this schedule. 


Solution 


The new schedule reaches a particular temperature 1 hour later than the original. For example, under 
the old schedule, the temperature reaches 60°F at 6 am, while it reaches 60°F at 7 am under the new 
schedule. Thus 


Temperature under new schedule _ Temperature under old schedule 

at lime t at time (t — 1). one hour earlier. 

Thus, we have 

= 1 ). 

The graph of s(t) is the graph of / shifted to the right by 1 unit. 


Generalizing these observations to any function g: 


If g(x) is a function and h is a positive constant, then the graph of 

• y = g(x + h ) is the graph of y = g(x) shifted horizontally to the left by h units. 

• y = g(x - h) is the graph of y = g(x) shifted horizontally to the right by h units. 


A vertical or horizontal shift of the graph of a function is called a translation because it does 
not change the shape of the graph, but simply translates it to another position in the plane. Shifts and 
translations are examples of transformations of a function. We will see others in Chapter 6. 

Inside Versus Outside Changes 

Since the horizontal shift in the heating schedule, q(t) — f{t + 2), involves a change to the input 
value, it is called an inside change to /. Similarly the vertical shift, p(t) = f(t) + 5, is called an 
outside change because it involves changes to the output value. 


Example 7 If n — f (A) gives the number of gallons of paint needed to cover a house of area A ft 2 , explain the 
meaning of the expressions /(A + 10) and /(A)+ 10 in the context of painting. 

Solution These two expressions are similar in that they both involve adding 10. However, for f(A + 10), the 
10 is added on the inside, so 10 is added to the area, A. Thus, 


n = f(A+ 10): 


Area 


Amount of paint needed 
to cover an area of (A + 10) ft 2 


Amount of paint needed to cover 
an area 10 ft 2 larger than A. 
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The expression /(A) +10 represents an outside change. We are adding 10 to /(A), which 
represents an amount of paint, not an area. We have 

,,, irk Amount of paint needed . 10 gallons more paint than 

« = /(A) +10= ^ +10 gals = 1 

v— v —' to cover region of area A amount needed to cover area A. 

Amount 

of paint 

In /(A + 10), we added 10 square feet on the inside of the function, which means that the area to be 
painted is now 10 ft 2 larger. In /(A) + 10, we added 10 gallons to the outside, which means that we 
have 10 more gallons of paint than we need. 


Combining Horizontal and Vertical Shifts 

We have seen how a function’s formula changes when we shift its graph horizontally or vertically. 
What happens when we shift it both horizontally and vertically? 


Example 8 Let g be the transformation of the heating schedule function, H = /(?), given by 

g(0 = /(*-2)-5. 

(a) Sketch the graph of H — g(t). 

(b) Describe in words the heating schedule determined by g. 


Solution 


(a) To graph g, we break the transformation into two steps. First, we sketch H = f(t — 2). This is an 
inside change to the function /, which shifts the graph of / to the right 2 units. Next, we sketch 
H = f(t — 2) — 5 by shifting our sketch of H = f(t - 2) down 5 units. The result is shown in 
Figure 2.26. 

(b) The function g represents a schedule that is both 2 hours later and 5 degrees cooler than the 
original schedule. 


Hr f ) 


H = f(t) 



4 8 12 16 20 24 


t, time (hours 
after midnight} 


Figure 2.26: Graph of g(0 = f(t — 2) - 5 is graph of H = f{i) shifted right by 2 and down by 5 


Exercises and Problems for Section 2.4 

Skill Refresher 


In Exercises SI-S4, evaluate each function at x = 4. 


In Exercises S5-S8, solve for x. 


S2. g(.x) = y/x + 6 S5. x 2 = 4 


SI. f(x) = yx 
S3. h(x) = ^fx - 3 


S4. k(x) = + 5 


S7. (x- 1) : = 4 


S6. x 2 — 5=4 
S8. (x + 1)“ = 4 
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Exercises 


1. Using Table 2.14, complete the tables for g, /?, k. m. 
where: 

(a) g(A) = fix - 1) (b) h(x ) = f(x + 1 ) 

(c) k{x) = fix) + 3 (d) m(x) = fix - I) + 3 

Explain how the graph of each function relates to the 
graph of fix). 


Table 2.14 


A 

-2 

-1 

0 

1 

2 

fix) 

-3 

0 

2 

1 

-1 


A 

-1 

0 

1 

2 

3 

gix ) 







A 

-3 

-2 

-1 

0 

1 

/2(A) 







A 

-2 

-1 

0 

1 

2 

ki A) 







A 

-1 

0 

1 

2 

3 

mix) 







2. Figure 2.27 shows fix). Graph y ~ fix + 3) + 3. Label 
all important features. 



In Exercises 3-6, use Figure 2.28 to graph the transformation 
of/. 


y 



3. y = /(-v + 2) 4. y — fix) + 2 

5. y = /(a - 1) - 3 6. >• = /(a + 6) — 4 

7. The graph of / (a) contains the point (3. -4). What point 
must be on the graph of 

(a) fix) + 5? (b) fix + 5)7 

(c) /(a — 3) - 27 

8. The domain of the function g(A) is —2 < a < 7. What is 
the domain of g{x — 2)? 

9. The range of the function Ris) is 100 < Ris) < 200. 
What is the range of Ris) — 150? 

10. (a) Using Table 2.15, evaluate 

(i) fix) for a = 6 

(ii) /(5) - 3 

(iii) /(5 — 3) 

(i v) g(x) + 6 for a = 2 

(v) gix + 6) for a = 2 

(vi) 3g(x) for a = 0 

(vii) /(3a) for x — 2 
(viii) fix) - f{ 2) for a = 8 

(ix) g(A + 1) - gix) for a = 1 

(b) Using the values in the table, solve 

(i) g(x) = 6 (ii) fix) = 574 

(iii) g{x) ~ 281 

(c) The values in the table were obtained using the for¬ 
mulas fix) ~ x 3 +a 2 +a — 10 and g(A) = 7a 2 — 8a— 6. 
Use the table to find two solutions to the equation 
a 3 + a 2 + a - 10 = 7a 2 — 8a - 6. 


Table 2.15 


A 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

fix) 

-10 

-7 

4 

29 

74 

145 

248 

389 

574 

809 

gix) 

-6 

-7 

6 

33 

74 

129 

198 

281 

378 

489 


Figure 2.28 
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Problems 


11. Figure 2.29 shows y = /(x). Give a formula in terms of 
/ for the function in Figure 2.30. Your formula should be 
of the form y = fix - h) + k for appropriate constants h 
and k. 


Table 2.16 


X 

0 

1 

2 

3 

4 

5 

6 

7 

fix) 

0 

0.5 

2 

4.5 

8 

12.5 

18 

24.5 


10 ± 


y = f(x) 




y = fix -h) + k 

Figure 2.30 


Table 2.17 


X 

0 

1 

2 

3 

4 

5 

6 

7 

*00 

1 

1.5 

3 

5.5 

9 

13.5 

19 

25.5 


X 

0 

1 

2 

3 

4 

5 

6 

7 

*00 

-2 

-1.5 

0 

2.5 

6 

10.5 

16 

22.5 


12. Figure 2.31 shows y — m{r). Each graph in parts (a)—(d) 
is a translation of the graph of y = m(r). Give a formula 
for each of these functions in terms of m. 


y 




X 

0 

1 

2 

3 

4 

5 

6 

7 

gix) 

0.5 

2 

4.5 

8 

12.5 

18 

24.5 

32 


X 

0 

1 

2 

3 

4 

5 

6 

7 

i(x) 

-1.5 

0 

2.5 

6 

10.5 

16 

22.5 

30 


15. Tables 2.18 and 2.19 give values of functions v and w. 
Given that w{x) = u(x — h) + k, find the constants h and 
k. 


Table 2.18 Table 2.19 


X 

v(x) 

X 

w(x) 

-2 

11 

3 

4 

-1 

17 

4 

10 

0 

20 

5 

13 

1 

17 

6 

10 

2 

11 

7 

4 


In Problems 16-17, let s(r) denote the average weight (in 
pounds) of a baby at age t months. 

16. The weight, V, of a particular baby named Jonah is re¬ 
lated to the average weight function s(t) by the equation 

V = s(t) + 2. 


13. The graph of g(x) contains the point (—2,5). Write a for¬ 
mula for a translation of g whose graph contains the point 

(a) (-2,8) (b) (0,5) 


Find Jonah’s weight at ages t = 3 and t = 6 months. What 
can you say about Jonah’s weight in general? 

17. The weight, W, of another baby named Ben is related to 
5(0 by the equation 

W = s(f+ 4). 


14. Table 2.16 contains values of f(x). Each function in parts 
(a)-(c) is a translation of f (x). Find a possible formula for 
each of these functions in terms of /. For example, given 
the data in Table 2.17, you could say that k(x) = f (x)+1. 


What can you say about Ben’s weight at age t — 3 
months? At i = 6 months? Assuming that babies increase 
in weight over the first year of life, decide if Ben is of av¬ 
erage weight for his age, above average, or below average. 























































































2.5 PREVIEW OF COMPOSITE AND INVERSE FUNCTIONS 


18 . The function P{t) gives the number of people in a certain 
population in year/. Interpret in terms of population: 

(a) Pit) + 100 (bl Pit + 100) 

In Problems 19-24, explain in words the effect oflhe transfor¬ 
mation on the graph of </(-) for positive constants a . b. 

19 . £/( r:) -1- 3 20 . q(z) — a 

21 . q{z + 4) 22 . q(z - a) 

23 . q(z + b) — u 24 . q(z — 2b) + ah 

25. Let 744) give the average temperature in your hometown 
on the 4 ,h day of last year (so 4 = I is January L etc), 

(a) Graph 7 (4) for I < d < 365. 

(b) Give a possible value for each of the following: 7 (6); 
74100): 74215); 74371). 

(c) What is the relationship between T(d) and 744 + 
365)7 Explain. 


(d) If you graph tt'(d) = 7 (4 + 365) on the same axes as 
744), how would the two graphs compare? 

(e) Do you think the function 744) + 365 has any prac¬ 
tical significance? Explain. 

26. Let S(d) give the height of high tide in Seattle on a spe¬ 
cific day, 4, of the year. Use shifts of the function S(d) to 
find formulas for each of the following functions: 

(a) 744), the height of high tide in Tacoma on day 4, if' 
we assume that high tide in Tacoma is always one 
foot higher than high tide in Seattle. 

(b) 4(4), the height of high tide in Astoria on day 4, if 
we assume that high tide in Astoria is the same height 
as the previous day's high tide in Seattle. 

27. I ^et //(/) be the thermometer reading (Celsius) of a person 
/ hours after onset of an illness. Normal body temperature 
is 37°C. Find a formula for the fever, the number /(/) of 


degrees greater than normal, after / hours. 

2.5 PREVIEW OF COMPOSITE AND INVERSE FUNCTIONS 


Composition of Functions 

Two functions may be connected by the fact that the output of one is the input of the other. For 
example, to find the cost, C, in dollars, to paint an area A square feet, we need to know the number, 
//, of gallons of paint required. Since one gallon covers 250 square feet, we have the function n = 
f(A) = A/ 250. If paint is $30.50 a gallon, we have the function C = g{n) = 30.5//. We substitute 
n — f(A) into g(n) to find the cost C as a function of A. 


Example 1 


Find a formula for cost, C, as a function of area, A, to be painted. 


Solution 


Since we have 


C - 30.5/7 and 


substituting for n in the formula for C gives 


n = 


A 

250’ 


C 


30.5— = 0.122 A. 
250 


We say that C is a "function of a function", or composite function. If the function giving C in 
terms of A is called /i, so C = h(A ), then we write 

. C = h(A) = g(f(A)). 

The function h is said to be the composition of the functions / and g . We say / is the inside function 
and g is the outside function. In this example, the composite function C = h(A) = g(f (A)) tells us 
the cost of painting an area of A square feet. 


For two functions f{t) and g(r), the function f(g(t)) is said to be a composition of / with g. 
The function /(g(0) is defined by using the output of the function g as the input to /. 


The composite function / (g(t)) is defined only for values in the domain of g whose g(t) values 
are in the domain of /. 
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Example 2 


Solution 


Example 3 


Solution 


The air temperature, T, in °F, is given in terms of the chirp rate, R , in chirps per minute, of a snowy 
tree cricket by the function 

T = f(R)= l -R + 40. 

If the chirp rate varies with the number of hours since midnight, x, according to the function 

R = g ( x ) = 20 + x 2 , 

find how temperature varies with time by obtaining a formula for h, where T = h(x). 

Since f(R) is a function of R and R = g(jt), we see that g is the inside function and / is the outside 
function. Thus we substitute R = g(x) into /: 

T = f(R) = f(g(x)) = lg(x) + 40 = 1(20 + x 2 ) + 40 = lx 2 + 45. 

Thus, for 0 < x < 10, we have 

T = h(x) = -x 2 + 45. 

4 


Example 3 shows another example of composition. 


Let /(x) = 2x + 1 and g(x) = x 2 - 3. 

(a) Calculate /(g(3)) and g(/(3)). 

(b) Find formulas for /(g(x)) andg(/(x)). 

(a) We want 

f(g( 3)). 

We start by evaluating g(3). The formula for g gives g(3) = 3 2 - 3 = 6, so 

/(g(3)) =/(6). 

The formula for / gives /(6) = 2 • 6 + 1 = 13, so 

f{g{ 3))= 13. 


To calculate g(f (3)), we have 

g(/(3)) = g(7) Because /(3) = 2-3+1 -1 

— 46 Because g{ 7) = l 2 — 3 

Notice that, /(g(3)) / g(f (3)), The functions /(g(x)) and g( f (x)) are different, 
(b) In the formula for /(g(x)), 

/( gU) ) = /(^ 2 ”3) Because g(x) = x : -3 

Input for / 

= 2(X" — 3) + 1 Because /(Input) = 2 • Input + 1 

= 2x 2 — 5. 

Check this formula by evaluating f(g( 3)), which we know to be 13: 

/(g(3)) = 2-3 2 -5= 13. 
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In the formula for g(/(x)). 


£( .fix) ) = a(2x + 1) 

Input for 


Because J(x) — 2.v 4- 1 


— (2x + 1 ) — 3 Because Input) - Inpul' —3 

= 4x 2 + 4x - 2. 


Check this formula by evaluating g(f (3)), which we know to be 46: 

g (/(3)) = 4-3 2 + 4-3 - 2 = 46. 


Inverse Functions - 

The roles of a function’s input and output can sometimes be reversed. For example, the population, 
P, of birds on an island is given, in thousands, by P = /(f), where f is the number of years since 
2007. In this function, f is the input and P is the output. If the population is increasing, knowing the 
population enables us to calculate the year. Thus we can define a new function, t = g(P), which tells 
us the value of t given the value of P instead of the other way round. For this function, P is the input 
and t is the output.The functions / and g are called inverses of each other. A function which has an 
inverse is said to be invertible . 

The fact that / and g are inverse functions means that they go in "opposite directions.” The 
function / takes / as input and outputs P, while g takes P as input and outputs f. 

Inverse Function Notation 

In the preceding discussion, there was nothing about the names of the two functions that stressed 
their special relationship. If we want to emphasize that g is the inverse of /, we call it / _1 (read 
"/-inverse”). To express the fact that the population of birds, P, is a function of time, f, we write 

P = fit). 

To express the fact that the time t is also determined by P, so that t is a function of P, we write 

t = r\p). 

The symbol /“ ! is used to represent the function that gives the output t for a given input P. 

Warning: The —1 that appears in the symbol f~ ] for the inverse function is not an exponent. 
Unfortunately, the notation / _l (x) might lead us to interpret it as (/(x)) _1 = yyy. The two expres¬ 
sions are not the same in general: / _1 (x) is the output when x is fed into the inverse of /, while 
(/(X))" 1 = -y—j is the reciprocal of the number we get when x is fed into /. 

Example 4 Using P = //), where P represents the population, in thousands, of birds on an island and t is the 

number of years since 2007: 

(a) What does/(4) represent? (b) What does f~ ] (4) represent? 

Solution (a) The expression /(4) is the bird population (in thousands) in the year 2011. 

(b) Since f~ l is the inverse function, / -l is a function which takes population as input and returns 
time as output. Therefore, / -l (4) is the number of years after 2007 at which there were 4,000 
birds on the island. 


Example 5 Suppose that g is an invertible function, with g(10) — -26 and g 1 (0) = 7. What other values of g 
and g~ ] do you know? 

Solution Because g( 10) = -26, we know that g ~ 1 (-26) - 10; because g ~ 1 (0) = 7, we know that g(l) — 0. 


Not all functions are invertible. We revisit this issue in Chapter 10 where we see how to tell 
whether a function has an inverse. 
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Finding a Formula for the Inverse Function 

In the next example, we find the formula for an inverse function. 


Example 6 The cricket function, which gives temperature, 7\ in terms of chirp rate, R , is 

T = f{R)= l - ■ R + 40. 

Find a formula for the inverse function, R = 

Solution The inverse function gives the chirp rate in terms of the temperature, so we solve the following 

equation for R: 

T = - ■ R + 40, 

4 

giving 

T - 40 = - • R 
4 

R = 4(T- 40). 

Thus, R = f~ l (T) = 4(T - 40). 


Domain and Range of an Inverse Function 

The input values of the inverse function /"* are the output values of the function /. Thus, the domain 
of / -1 is the range of /. For the cricket function, T = f(R) = *R + 40, if a realistic domain is 
0 < R < 160, then the range of / is 40 < T < 80. The domain of /“* is then 40 < T < 80 and the 
range is 0 < R < 160. See Figure 2.32. 

7TF) 1 



Relation Between Composition and Inverses: A Function and Its Inverse Undo Each Other 

Composing a function with its inverse gives a striking result, as we see in the next example. 

Example7 Calculate the composite functions f~ ] (f(R)) and /for the cricket example. Interpret the 

results. 

Since f(R) — ^R + 40. and /“*(T) = 4 (T - 40), we have 

/“'(/( R)) = /"' ■ R + 40) = 4 ((i • R + 40) — 40) = R. 

f(.r\T)) = /(4(T - 40)) = i(4 (T - 40)) + 40 = T. 


Solution 
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To interpret these results, we use the fact that f(R) gives the temperature corresponding to chirp 
rate R , and /’ -l (T) gives the chirp rate corresponding to temperature T. Thus / _1 (/ (R)) gives the 
chirp rate at temperature f(R), which is R. Similarly, gives the temperature at chirp rate 

f~ ] (T), which is T. 


In Example 7, we see that / *(/(/?)) = R and /(/ ] (T)) = T. This illustrates the following 
result, which we sec is true in general in Chapter 10. 


The functions / and / 1 are called inverses because they “undo” each other when composed. 


Example 8 Let y = f (x) = 2x + 8. 


(a) Find a formula for the inverse function x = / l (y). 

(b) Show that /~'(/(x)) = x and = y. 


Solution (a) We have y = 2x + 8, so we solve this equation for x: 


y = 2x + 8 
y - 8 = 2x 
0.5y-4 = x 


We see that x = f 1 (y) = 0.5y - 4. 

(b) We have: 

f~ l (f(x)) = /-'(2x + 8) = 0.5(2* + 8) - 4 = (x + 4) - 4 = x. 


and 


f(f~'(y)) = f(0.5y - 4) = 2(0.5^ - 4) + 8 = (y - 8) + 8 = y. 
We see that this result is always true in Chapter 10. 


Exercises and Problems for Section 2.5 

Skill Refresher 


Solve the equations in Exercises S1-S7 for y. 


51. x = 3y — 4 

52. 4x - 3y = 7 


56. X = y - 4 

57. x — 5 — (2y\ 


Simplify the expressions in Exercises S8-S11. 



58. 5 Qx- l) +5 

59. ( 2x+ I) 2 -4 

510. 3O' - 2) 2 - 7 

511. (1 -0 2 -0 - t) 


S5. x = yj~y — 2 
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Exercises 


In Exercises 1-4, use the complete graph of the invertible func- 20. c = P(d) is the price, in dollars, for a pizza of diameter 

tion /(x) shown to estimate the domain of / _1 (y). d inches. 


1. y 




- 3 - 

fix) 









/ 




-3 

j 

/ 



\ 







— i 

/ 

- 3 - 





3. y 






1 j 





J 

<X) 





A 

















1 






12 3 4 5 6 


In Exercises 21-27, find the inverse function. 

21 . y = fit) = 2t + 3 22 . y = f(x) = 3* - 7 

23 . y = g(x) = x 3 + 1 24 . Q = f(x) = x 3 + 3 

25 . A = f{r) = nr 2 ,r> 0 

26 . y - g{s) - 1 4 - - 

27 . J> = f(x) = 

2x + 1 

28 . For f(x) = 5x, evaluate /(4) and / _1 (15). 

29. For &(x) = 4x - 10, evaluate k{ 3) and A: -1 (14). 

30 . For h(x) = ^ + 2, evaluate h and & -1 (8). 

31 . Forg(x) = 2x 3 - 1, evaluate g(|) and g“ ! (-17). 

32 . Use the graph in Figure 2.33 to fill in the missing values: 


In Exercises 5-12, use f{x) = 3x - 1 and g{x) ~ 1 - x 2 . 


5. f(g( 0)) 
7. g(/(2)) 
9. /(g(x)) 
11. /(/W) 


6 . g(/(0)) 
8 . /(g(2)) 

10 . g(/(x)) 
12 . g(g(x)) 


In Exercises 13-15, give the meaning and units of the com¬ 
posite function. 

13. where r = f(t) is the radius, in centimeters, of 
a circle at time t minutes, and A(r) is the area, in square 
centimeters, of a circle of radius r centimeters. 

14. R(f ( p )), where Q = f(p) is the number of barrels of oil 
sold by a company when the price is p dollars/barrel and 
K(£?) is the revenue earned in millions of dollars from a 
sale of Q barrels. 

15. C(A(d)\ where A{d) is the area of a circular pizza with 
diameter d , and C(x) is the price of pizza with area x. 

In Exercises 16-20, give the meaning and units of the inverse 

function. (Assume / is invertible.) 

16. P = f(t) is population in millions in year t. 

17. T = f(H) is time in minutes to bake a cake at H°F. 

18. N = f (r) is number of inches of snow in the first t days 
of January. 

19. x = C(w) is calories for w ounces of almonds. 


(a) /(0)=? (b) /(?)=0 

(C) /-'( 0)=? (d) /-'(?) = 0 


y 



33. Use the graph in Figure 2.34 to fill in the missing values: 

(a) /(0)=? (b) /(?) = 0 

(c) /-‘(0)=? (d) /->(?) = 0 


y 
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Problems 


34. The cost (in dollars) of' producing .v air conditioners is 
C = g(.v) = 600 + 45.v. Find a formula for the inverse 
function g -1 (C). 

In Problems 35-37, let n = f{A) = 4/250, where n is the 
number of gallons of paint needed for an area of A square feet. 

35. Find a formula for the inverse function A = /“*(«). 

36. Interpret and evaluate /(100) and /“' (100). 

37. Calculate the composite functions f~ ] (f(A)) and 
/(/“' (/?))• Explain the results. 

38. The daily cost (in dollars) of renting a ear and driving up 
to 500 miles a day is C = f(m) = 32 + 0.19 nu where m 
is the number of miles driven. 

(a) Find the domain and range of /“' (C). 

(b) Find a formula for the inverse function /"' (C). 

39. Table 2.20 gives values of an invertible function, /. 

(a) Using the table, fill in the missing values: 

(i) /(()) =# (ii) /(?) = 0 

(iii) / 1 (0) =? (iv) /■'(?) = 0 

(b) How do the answers to (i)-(iv) in part (a) relate to 
one another? In particular, how could you have ob¬ 
tained the answers to (iii) and (iv) from the answers 
to (i) and (ii)? 


Table 2.20 


X 

-2 

-1 

0 

1 

2 

fix) 

5 

4 

2 

0 

-3 


40 . Suppose that j(x) = h~ l {x) and that both j and h are de¬ 
fined for all values of x. Let h{ 4) — 2 and j(5) = —3. 
Evaluate if possible: 

(a) j(h(4)) (b) j{ 4) (c) h(j{ 4)) 

(d) j( 2) (e) (f) j~\- 3) 

(g) h(5) (h) (/?(-3)r' (i) (h{ 2 ))-' 

In Problems 41-^14, find the domain and range of the function 
by iirst finding the formula for the inverse function. 

41 . t{a) — ifa+ 1 42 . n(r) = + 2 

43 . m(x) = — ^ 44 . p{x) — — * - 

V*-2 V3 - -v 


45. The gross domestic product (GDP) of the US is given by 
G{{) where t is the number of years since 2000 and the 
units of (7 are billions of dollars. n 

(a) What is meant by C7( 13)— 16,01 1.2? 

(b) What is meant by G ~ 1 (13.776) = 7? 

46. The cost of producing q thousand loaves of bread is C{q) 
dollars. Interpret the following statements in terms of 
bread; give units. 

(a) C(5) = 653 

(b) C -1 (80) = 0.62 

(c) The solution to C(q) = 790 is 6.3 

(d) The solution to C“'Tv) = 1.2 is 150 

47. The perimeter of a square of side s is given by P = f{s) = 
4.v. Find and interpret 

(a) /(3) (b) f-'a0) (c) f-'(P) 

48. The cost, C, in thousands of dollars, of producing q kg of 
a chemical is given by C — f(q) = 100 + 0.2 q. Find and 
interpret 

(a) /(10) (b) /->(200) (c) r [ (C) 

In Problems 49-51, let H — f{t) = ^(f — 32), where H is 
temperature in degrees Celsius and t is in degrees Fahrenheit. 

49. Find and interpret the inverse function, 

50. Using the results of Problem 49, evaluate and interpret: 

(a) /(0) (b) /"'(0) 

(c) /(100) (d) /-'(100) 

51. The temperature, t = g(n) = 68 4- 10 • 2“", in degrees 
Fahrenheit of a room is a function of the number, n, of 
hours that the air conditioner has been running. Find and 
interpret f(g{n)). Give units. 

52. The period, 7’, of a pendulum of length / is given by 
T = /(/) = 2 xyjl/g* where g is a constant. Find a for¬ 
mula for /“'(T) and explain its meaning. 

53. The area, in square centimeters, of a circle whose radius 
is r cm is given by A — nr 2 . 

(a) Write this formula using function notation, where / 
is the name of the function. 

(b) Evaluate /(0). 

(c) Evaluate and interpret f(r + 1). 

(d) Evaluate and interpret /(U + L 

(e) What are the units of / -i (4)? 


L 4ittp://www.businessinsicler.com/us-ql-2013-gdp-first-estimate-2013-4. Accessed April, 2013. 
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54. The radius, r, in centimeters, of a melting snowball is 
given by r - 50-2.5/, where t is time in hours. The 
snowball is spherical, with volume V — ~jrr 3 cm 3 . Find 
a formula for V = f (/), the volume of the snowball as a 
function of time. 

55. The area, A — f(d) in 2 , of a circular pizza is a function of 
the diameter d , in inches. A package of pepperoni costs 
$2.99 and covers 250 square inches of pizza. 

(a) Write the formula for f(d). 

(b) Find a formula for C = g(A), the cost in dollars of 
adding pepperoni to a pizza of area A in 2 . 

(c) Find and interpret C = g(f{d)). 

(d) Evaluate and interpret /( 11 ) and g( 1 1) . 

56. A circular oil slick is expanding with radius, r in yards, at 
time t in hours given by r — 2t - 0 At 2 , for 0 < t < 10. 
Find a formula for the area in square yards, A = /(/), as 
a function of time. 

57. Table 2.21 gives values for d — f(v), where d, in meters, 
is the stopping distance for a car traveling at velocity v 
kilometers per hour. 

(a) Evaluate and interpret /(60). 

(b) Estimate /(70). 

(c) Evaluate and interpret / -, (70). 

2.6 CONCAVITY 


Table 2.21 


v (km/hr) 

20 

30 

40 

50 

60 

80 

90 

100 

120 

d (m) 

6 

10 

16 

23 

30 

50 

60 

70 

100 


58. Let f(a) be the cost in dollars of a pounds of organic ap¬ 
ples at Fresh Abundance 14 in November 2009. What do 
the following statements tell you? What are the units of 
each of the numbers? 

(a) /(2) = 2.80 (b) /(0.5) = 0.70 

(c) y' -1 (0.35) = 0.25 (d) / _1 (7) = 5 

59. Carbon dioxide is one of the greenhouse gases that are 
believed to affect global warming. Between 2004 and 
2008, the concentration of carbon dioxide in the earth’s 
atmosphere increased steadily from 375 parts per mil¬ 
lion (ppm) to 383 ppm. 15 Let C{t) be the concentration 
in ppm of carbon dioxide t years after 2004 during these 
four years. 

(a) State the domain and range of C(t). 

(b) What is the practical meaning of C(4)? What is its 
value? 

(c) What does C _1 (381) represent? 


Concavity and Rates of Change 


The graph of a linear function is a straight line because the average rate of change is constant. How¬ 
ever, not all graphs are straight lines; they may bend up or down. The function giving salary S , in 
$ 1000s, as a function of t, time in years since being hired, is shown in Table 2.22 and Figure 2.35. 
Since the rate of change increases with time, the slope of the graph increases as t increases, so the 
graph bends upward. We say such graphs are concave up. 


Table 2.22 Salary: Increasing rate of 
change 


t (years) 

S ($ 1000s) 

Rate of change 
AS/At 

0 

40 

3.2 

10 

72 

5.6 

20 

128 

10.2 

30 

230 

18.1 

40 

411 



S ($ 1000s) More 



Figure 2.35: Graph of salary function is concave up 
because rate of change increases 


14 www.freshabundance.com/index.php?main_page=product_info&products_id=254, accessed November 5, 2009. 
]5 The World Almanac and Book of Facts 2010 , page 297. 

























2.6 CONCAVITY 


The next example shows that a decreasing function can also be concave up. 


Example 1 Table 2.23 shows Q y the quantity of carbon-14 (in pg) in a 200 pg sample remaining after t thousand 
years. We see from Figure 2.36 that Q is a decreasing function of t , so its rate of change is always 
negative. What can we say about the concavity of the graph, and what does this mean about the rate 
of change of the function? 


Table 2.23 Carbon-14: Increasing rate of 
change 


t (thousand 

years) 

Q(.f* g) 

Rate of change 
AQ/Ai 

0 

200 

-18.2 

5 

109 

-9.8 

10 

60 

-5.4 

15 

33 



Q, carbon-14 (/<g) 

5000 years 

200 1 ! -—% 


150 - 


100 j- M ore 
steep 

50 b 


I'M 


Larger decrease 


5000 years 

^7 


Less steep 


/ 


71 


Smaller decrease 


t (thousand years) 


5 10 15 

Figure 2.36: Graph of the quantity of carbon-14 is concave up 


Solution The graph bends upward, so it is concave up. Table 2.24 shows that the rate of change of the function 
is increasing, because the rate is becoming less negative. Figure 2.36 shows how the increasing rate 
of change can be visualized on the graph: the slope is negative and increasing. 


Graphs can bend downward; we call such graphs concave down . 


Example 2 Table 2.24 gives the distance traveled by a cyclist, Karim, as a function of time. What is the con¬ 
cavity of the graph? Was Karim’s speed (that is, the rate of change of distance with respect to time) 
increasing, decreasing, or constant? 


Solution Table 2.24 shows Karim’s speed was decreasing throughout the trip. Figure 2.37 shows how the 
decreasing speed leads to a decreasing slope and a graph which bends downward; thus the graph is 
concave down. 


Table 2.24 Karim's distance as a function of 
time , with the average speed for each hour 


t , time 
(hours) 

d, distance 
(miles) 

Average speed, 

Ad /At (mph) 

0 

0 

20 mph 

1 

20 

15 mph 

2 

35 

10 mph 

3 

45 

7 mph 

4 

52 

5 mph 

5 

57 



d, distance 
(miles) 



Figure 2.37: Karim’s distance as a function of time 
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Summary: Increasing and Decreasing Functions; Concavity 

Knowing that a function is either increasing or decreasing and either concave up or concave down 
at a point allows us to determine the basic shape of the graph at that point. The four basic shapes are 
in Figures 2.38-2.41: 



Figure 2.38: 
Increasing and 
concave down 



Figure 2.39: 
Decreasing and 
concave down 




Figure 2.40: 

Decreasing and 
concave up 


Figure 2.41: 

Increasing and 
concave up 


Figures 2.38-2.41: Relationship between concavity and rate of change: 


• If / is a function whose rate of change increases (gets less negative or more positive as 
we move from left to right 16 ), then the graph of / is concave up. That is, the graph bends 
upward. 

• If / is a function whose rate of change decreases (gets less positive or more negative 
as we move from left to right), then the graph of / is concave down. That is, the graph 
bends downward. 


If a function has a constant rate of change, its graph is a line and it is neither concave up nor 
concave down. 


Exercises and Problems for Section 2.6 


Exercises 


Do the graphs of the functions in Exercises 1-8 appear to be 
concave up, concave down, or neither? 


X 

0 

1 

3 

6 * t 

0 

1 

2 

3 

4 

m 

1.0 

1.3 

1.7 

2.2 f{t) 

20 

10 

6 

3 

1 


Table 2.25 


X 

12 

15 

18 

21 

H{x) 

21.40 

21.53 

21.75 

22.02 


3. v 

\ 


5. y—x 2 6. y = -x 2 

7. y = x 3 ,* > 0 8. y = x 3 ,x < 0 

9. Calculate successive rates of change for the function, 
H{x\ in Table 2.25 to decide whether you expect the 
graph of H(x) to be concave up or concave down. 



10. Calculate successive rates of change for the function, 
R{t ), in Table 2.26 to decide whether you expect the graph 
of R(i) to be concave up or concave down. 


Table 2.26 


t 

1.5 

2.4 

3.6 

4.8 

m 

-5.7 

-3.1 

-1.4 

0 


11. Sketch a graph that is everywhere negative, increasing, 
and concave down. 

12. Sketch a graph that is everywhere positive, increasing, 
and concave up. 


l6 In fact, we need to take the average rate of change over an arbitrarily small interval. 















































2.6 CONCAVITY 


Problems 


In Problems 13-16, estimate the intervals where the graph is 

(a) Increasing and concave down 

(b) Decreasing and concave down 

(c) Increasing and concave up 

(d) Decreasing and concave up 



17. When a drug is injected into a person’s bloodstream, the 
amount of the drug present in the body increases rapidly 
at first. If the person receives daily injections, the body 
metabolizes the drug so that the amount of the drug 
present in the body continues to increase, but at a decreas¬ 
ing rate. Eventually, the quantity levels off at a saturation 
level. 

18. After a cup of hot chocolate is poured, the temperature 
cools off very rapidly at first, and then cools off more 
slowly, until the temperature of the hot chocolate even¬ 
tually reaches room temperature. 

19. When a rumor begins, the number of people who have 
heard the rumor increases slowly at first. As the rumor 
spreads, the rate of increase gets greater (as more people 
continue to tell their friends the rumor), and then slows 
down again (when almost everyone has heard the rumor). 



15. 


16. 




20. When money is deposited in the bank, the amount of 
money increases slowly at first. As the size of the account 
increases, the amount of money increases more rapidly, 
since the account is earning interest on the new interest, 
as well as on the original amount. 

21. When a new product is introduced, the number of people 
who use the product increases slowly at first, and then the 
rate of increase is faster (as more and more people learn 
about the product). Eventually, the rate of increase slows 
down again (when most people who are interested in the 
product are already using it). 

22. Graph f(x) with all of these properties: 

• m = 4 

• / is decreasing and concave up for -oo < x < 0 

• / is increasing and concave up for 0 < x < 6 

• / is increasing and concave down for 6 < x < 8 

• / is decreasing and concave down for x > 8 

23. An incumbent politician running for reelection declared 
that the number of violent crimes is no longer rising and 
is presently under control. Does the graph shown in Fig¬ 
ure 2.42 support this claim? Why or why not? 



500 


—i-i-J—— i number of 

1000 1500 2000 2500 violentcrimes 


Figure 2.42 


Are the functions in Problems 17-21 increasing or decreas¬ 
ing? What does the scenario tell you about the concavity of 
the graph modeling it? 
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24. The rate at which water is entering a reservoir is given for 
time t > 0 by the graph in Figure 2.43. A negative rate 
means that water is leaving the reservoir. In parts (a)-(d), 
give the largest interval on which: 

(a) The volume of water is increasing. 

(b) The volume of water is constant. 

(c) The volume of water is increasing fastest. 

(d) The volume of water is decreasing. 


rate 



Figure 2.43 




26. Match each story with the table and graph which best rep¬ 
resent it. 

(a) When you study a foreign language, the number of 
new verbs you learn increases rapidly at first, but 
slows almost to a halt as you approach your satura¬ 
tion level. 

(b) You board an airplane in Philadelphia heading west. 
Your distance from the Atlantic Ocean, in kilome¬ 
ters, increases at a constant rate. 

(c) The interest on your savings plan is compounded an¬ 
nually. At first your balance grows slowly, but its rate 
of growth continues to increase. 


25. Match each of the following descriptions with an appro¬ 
priate graph and table of values. 


(a) The weight of your jumbo box of Fruity Flakes de¬ 
creases by an equal amount every week. 

(b) The machinery depreciated rapidly at first, but its 
value declined more slowly as time went on. 

(c) In free fall, your distance from the ground decreases 
faster and faster. 

(d) For a while it looked as if the decline in profits was 
slowing down, but then they began declining ever 
more rapidly. 


27. The relationship between the swimming speed U (in 
cm/sec) of a salmon to the length / of the salmon (in cm) 
is given by the function 17 

U = 19.5 V/. 

(a) If one salmon is 4 times the length of another salmon, 
how are their swimming speeds related? 

(b) Graph the function U = 1 9.5 Describe the graph 
using words such as increasing, decreasing, concave 
up, concave down. 

17 From K. Schmidt-Nielsen, Scaling, Why is Animal Size so Important? (Cambridge: CUP, 1984). 


X 

0 

1 

2 

3 

4 

5 

y 

400 

384 

336 

256 

144 

0 


X 

0 

1 

2 

3 

4 

5 

y 

400 

320 

240 

160 

80 

0 


X 

0 

i 

2 

3 

4 

5 

y 

400 

184 

98 

63 

49 

43 


X 

0 

1 

2 

3 

4 

5 

y 

412 

265 

226 

224 

185 

38 


X 

0 

5 

10 

15 

20 

25 

y 

20 

275 

360 

390 

395 

399 


X 

0 

5 

10 

15 

20 

25 

y 

20 

36 

66 

120 

220 

400 


X 

0 

5 | 

10 

15 

20 

25 

y 

20 

95 | 

170 

245 

320 

395 
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(c) Using a property that you described in part (b), an¬ 
swer the question “Do larger salmon swim faster than 
smaller ones?" 

(d) Using a property that you described in part (b), an¬ 
swer the question “Imagine four salmon—two small 
and two large. The smaller salmon differ in length by 
1 cm, as do the two larger. Is the difference in speed 


between the two smaller fish, greater than, equal to, 
or smaller than the difference in speed between the 
two larger fish?" 


28. The graph of / is concave down for 0 < x < 6. Which is 


.. /(3)-/(D f(5) 

bigger: --- : -or 




3 - 1 


5-2 


? Why? 


CHAPTER SUMMARY 


• Input and Output 

Evaluating functions: finding f(a) for given a. 

Solving equations: finding x i f fix) = b for given b. 

• Domain and Range 

Domain: set of input values. 

Range: set of output values. 

Piecewise defined functions: different formulas on differ¬ 
ent intervals. 

• Horizontal and Vertical Shifts 

• Composite Functions 


Finding f{g(x)) given f(x) and g(x). 

• Inverse Functions 

IfT = /U), then f~'(y) = x. 

Evaluating f~ [ (b). Interpretation of f~\b). 
Formula for f~'(y) given formula for /(a). 


• Concavity 

Concave up: increasing rate of change. 
Concave down: decreasing rate of change. 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER TWO 


Exercises 


In Exercises 1-2, evaluate the function for a = -7. 
1. /(a) = a/2 - 1 2. f{x) = x 2 - 3 


12. (a) In Figure 2.44, estimate /(0). 

(b) For what A-value(s) is /(a) = 0? 

(c) For what A-value(s) is /(a) > 0? 


For Exercises 3-6, calculate exactly the values of y when 
y ~ fi 4) and of a when /(a J = 6. 


3. fix) = 


2-A 3 

5. fix) = 4x 3 ' 2 


4. f(x) = a/20 + 2x 2 
6. f(x) = x~^ 4 - 2 



7 . If f (a) — 2a + 1, (a) Find /(0) (b) Solve /(a) ~ 0. 

8. If f (x) = -r——;* find /(-2). 

1 - A~ 

9. If P{t) = 170 - 4f, find P(4) - P(2). 

10. Let h{ a) = I /a. Find 

(a) h(x + 3 ) (b) h(x ) + hi 3 ) 

11. (a) Using Table 2.27, evaluate /(l ), /(-l), and -/(l). 

(b) Solve fix) = 0 for a. 

Table 2.27 


A 

-1 

0 

1 

2 

fix ) 

0 

-1 

2 

1 


Find the domain and range of functions in Exercises 13-18 
algebraically. 


13. ^(x) = yjx 2 -9 


15. m{x) — 9 — x 


17. mit) = ~^2 


14. m(r) = 


\/r : - 1 
16. n(x) = 9-x 4 
2^ + 3 


18. s(q) = 


5-4 q 


19. (a) How can you tell from the graph of a function that 
an x-value is not in the domain? Sketch an example, 
(b) How can you tell from the formula for a function that 
an a- value is not in the domain? Give an example. 
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20. Let g(x) = x 2 + x. Evaluate and simplify the following. 

(a) -3g(x) (b) g(l)-x 

(c) g(x) + k (d) g~g(x) 

(e) g(l)/(x+l) (f) (g(x)) : 

21. Let /(x) = 1 - x. Evaluate and simplify the following, 

(a) 2/ (x) (b) /(x)+ 1 (c) /(1-x) 

(d) (e) /(l)/x (f) V7W 

In Exercises 22-23, let /(x) = 3x — 7 and g(x) = x 3 + 1 to 
find a formula for the function. 

22. /(g(x)) 23. g(/(x)) 

In Exercises 24-25, give the meaning and units of the com¬ 
posite function. 

24. <7(g(<r)), where F — g{iv) is the force, in newtons, on a 
rocket when the wind speed is tv meters/sec and a{F) is 
the acceleration, in meters/sec 2 , when the force is F new¬ 
tons. 

25. P(/(r)), where / = f{t) is the length, in centimeters, of 
a pendulum at time t minutes, and P(/) is the period, in 
seconds, of a pendulum of length /. 

In Exercises 26-33, use /(x) — x 2 + 1 and g(x) = 2x + 3. 

26. /(g(0)) 27. /(g( I)) 28. g(/(0)) 29. g(/(l)) 
30. /(g(x)) 31. g(/(x)) 32. /(/(x)) 33. g(g(x)) 

In Exercises 34-35, give the meaning and units of the inverse 
function. (Assume / is invertible.) 

34. V — fit) is the speed in km/hr of an accelerating car t 
seconds after starting. 

35. I = f(r) is the interest earned, in dollars, on a $10,000 
deposit at an interest rate of r% per year, compounded an¬ 
nually. 

In Exercises 36-37, find the domain and range of the function. 

Problems 


36. h(x) = where a is a constant 

V* 

37. p(x) = |x - b\ + 6, where b is a constant 
In Exercises 38-39, find the inverse function. 

38. y = g(t)= gt+ 1 39. P = f(q) = \Aq — 2 


In Exercises 40—42, let P = f{r) be the population, in mil¬ 
lions, of a country at time r in years and let E — g(P) be the 
daily electricity consumption, in megawatts, when the popula¬ 
tion is P. Give the meaning and units of the function. Assume 
both / and g are invertible. 

40. g(/(r)) 41. f~\P) 42. g~HE) 


43. Calculate successive rates of change for the function, pit). 
in Table 2.28 to decide whether you expect the graph of 
pit) to be concave up or concave down. 


Table 2.28 


t 

0.2 

0.4 

0.6 

0.8 

pit) 

-3.19 

-2.32 

-1.50 

-0.74 


44. If p(x) = —^ evaluate p( 8) and p '(V^) 

V* 

45. For/(x)= 12 — \fx. evaluate /(16) and /"'(3). 


In Exercises 46^4-7, graph the function. 


46. 

/« = j 

u 

l 2 — x 

for 

for 

x < 1 

x > I 


| 

r x + 5 

for 

x <0 

47. 

gM = < 

x ! + 1 

for 

0 < x < 2 


1 

l 3 

for 

x > 2 


48. If V ~ ] -jrr 2 h gives the volume of a cone, what is the 51. Using Figure 2.45, find a formula for g(x) in terms of 

value of V when r — 3 inches and h — 2 inches? Give fix). 

units. 

49. Let q(x) = 3 — x 2 . Evaluate and simplify: 

(a) <?(5) (b) q(a) 

(c) q(a - 5) (d) q{a) - 5 

(e) q(a)-q{5) 

50. Let p{x) = x 2 + x + 1. Find p{- 1) and — p(\). Are they 
equal? 


I II I 1 11 ^ 



Figure 2.45 
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52. Chicago's average monthly rainfall, R — fit) inches, is 
given as a function of month, r, in Table 2.29. (January is 
f — 1.) Solve and interpret: 

(a) fit) = 3.7 (b) fit) = f{2) 


Table 2.29 


t 

1 

2 

3 

4 

5 

6 

7 

8 

R 

1.8 

1.8 

2.7 

3.1 

3.5 

3.7 

3.5 

3.4 


53. Let fix) = \fx 2 +16- 5. 

(a) Find /(()). 

(b) For what values of a- is fix) zero? 

(c) Find /(3). 

(d) What is the vertical intercept of the graph of /(a )? 

(e) Where does the graph cross the jc-axis? 

54. Use the graph of fix) in Figure 2.46 to estimate: 

(a) /(0) (b) /(1) (c) fib) (d) f(c) (e) fid) 


y 



55. Let f be the function shown in Figure 2.47. 

(a) Estimate all intervals on which / is increasing. 

(b) Estimate all intervals on which / is concave up. 


56. Use the graph in Figure 2.48 to fill in the missing values: 

(a) /(0)=? (b) /(?) = () 

(c) /"'(()) =? (d) /->(?) = 0 


y 



57. In Figure 2.49, the values c and d are labeled on the ,v- 
axis. On the y-axis. locate the following quantities: 

(a) hie) (b) hid) 

(c) hie + d) (d) hie) + hid) 


y 



d 

Figure 2.49 


58. Use the values of the invertible function in Table 2.30 to 
find as many values of g~ l as possible. 


Table 2.30 


t 

1 

2 

3 

4 

5 

II 

7 

12 

13 

19 

22 



59. The formula V = f(r) — gives the volume of a 
sphere of radius r. Find a formula for the inverse func¬ 
tion, /~*(K). giving radius as a function of volume. 

60. The formula for the volume of a cube with side s is 
V — s : \ The formula for the surface area of a cube is 
A — 6s 2 . 

(a) Find and interpret the formula for the function s — 
/(A). 

(b) If V = g{s), find and interpret the formula for 
g(f(A)). 
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61. The area, A = f(s) ft 2 , of a square wooden deck is a 
function of the side 5 feet. A can of stain costs $29.50 
and covers 200 square feet of wood. 

(a) Write the formula for /(s). 

(b) Find a formula for C = g(A), the cost in dollars of 
staining an area of A ft 2 . 

(c) Find and interpret C — gif is)). 

(d) Evaluate and interpret, giving units: 

(i) m (h) g(80) (iio g(/(io» 

62. Table 2.31 shows the cost, C(m), in dollars, of a taxi ride 
as a function of the number of miles, m, traveled. 

(a) Estimate and interpret C(3.5) in practical terms. 

(b) Assume C is invertible. What does C~ ] (3.5) mean in 
practical terms? Estimate C^ 1 (3.5). 


Table 2.31 


m 

0 

1 

2 

3 

4 

5 

C(m) 

0 

2.50 

4.00 

5.50 

7.00 

8.50 


68. Let t(x) be the time required, in seconds, to melt l gram 
of a compound at x°C. 

(a) Express the following statement as an equation us¬ 
ing /(x): It takes 272 seconds to melt 1 gram of the 
compound at 400° C. 

(b) Explain the following equations in words: 

(i) t( 800) = 136 (ii) r*(68) = 1600 

(c) Above a certain temperature, doubling the temper¬ 
ature, x, halves the melting time. Express this fact 
with an equation involving /(x). 

69. (a) The Fibonacci sequence is a sequence of numbers 

that begins l, 1,2, 3, 5,.... Each term in the sequence 
is the sum of the two preceding terms. For example, 

2 = 1 + 1, 3 = 2+ 1, 5 = 2 + 3,.... 


Based on this observation, complete the following ta¬ 
ble of values for /(«), the n lh term in the Fibonacci 
sequence. 


n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

fin) 

1 

1 

2 

3 

5 









63. The perimeter, in meters, of a square whose side is s me¬ 
ters is given by P = 4s. 

(a) Write this formula using function notation, where / 
is the name of the function. 

(b) Evaluate f($ + 4) and interpret its meaning. 

(c) Evaluate f(s ) + 4 and interpret its meaning. 

(d) What are the units of /'*(6)? 

64. (a) Find the side, s — f ( d ), of a square as a function of 

its diagonal d. 

(b) Find the area, A = g(s), of a square as a function of 
its side 5. 

(c) Find the area A = h(d) as a function of d. 

(d) What is the relation between /, g , and hi 

65. Suppose that /(x) is invertible and that both / and 
f~ ] are defined for all values of x. Let /(2) = 3 and 

= 4. Evaluate the following expressions, or, 
if the given information is insufficient, write unknown. 

(a) r‘( 3) (b) /-'(■ 4) (C) /(4) 

66. Let k(x) = 6 — x 2 . 

(a) Find a point on the graph of k(x) whose x-coordinate 
is -2. 

(b) Find two points on the graph whose y-coordinates 
are -2. 

(c) Graph k(x) and locate the points in parts (a) and (b). 

(d) Let p = 2. Calculate k(p ) - k(p - 1). 

67. (a) Find a point on the graph of h(x) = yfx + 4 whose 

x-coordinate is 5. 

(b) Find a point on the graph whose y-coordinate is 5. 

(c) Graph h(x) and mark the points in parts (a) and (b). 

(d) Let p = 2, Calculate h(p + 1) - h{p). 


(b) The table of values in part (a) can be completed even 
though we don’t have a formula for f(n). Does the 
fact that we don’t have a formula mean that fin) is 
not a function? 

(c) Are you able to evaluate the following expressions 
using parts (a) and (b)? If so, do so; if not, explain 
why not. 

/(0), /(-1), /(-2), /(0.5). 

70. Table 2.32 contains values of g(/). Each function in 
parts (a)-(e) is a translation of git). Find a possible for¬ 
mula for each of these functions in terms of g. 


Table 2.32 


t 

-1 

-0.5 

0 

0.5 

1 

git) 

0.5 

0.8 

1.0 

0.9 

0.6 


t 

-1 

-0.5 

0 

0.5 

1 

ait) 

1.0 

1.3 

1.50 

1.4 

1.1 


t 

-1 

-0.5 

0 

0.5 

1 

bit) 

1.0 

0.9 

0.6 

0.1 

-0.4 


t 

-1 

-0.5 

0 

0.5 

1 

c(t) 

0.7 

0.6 

0.3 

-0.2 

-0.7 


t 

-1 

-0.5 

0 

.5 

1 

dit) 

0 

0.5 

0.8 

1.0 

0.9 


t 

-1 

-0.5 

0 

0.5 

1 

eit) 

1.2 

1.7 

2.0 

2.2 

2.1 
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71. A psychologist conducts an experiment to determine the 
effect of sleep loss on job performance. Let p - f(i) be 
the number of minutes it takes the average person to com¬ 
plete a particular task if he or she has lost 1 minutes of 
sleep, where t = 0 represents exactly 8 hours of sleep. 
For instance, /(60) is the amount of time it takes the av¬ 
erage person to complete the task after sleeping for only 
7 hours. Let p {) ~ /(()) and let (,, / 2 , and L be positive 
constants. Explain what the following statements tell you 
about sleep loss and job performance. 

(a) j (30) — /; () + 5 

(b) /(/ j) = 2p {) 

(c) /(2/j) = 1.5/0 1 ) 

(d) /(/, + 60) = /(/,+ 30)+ 10 

72. Give a formula for a function whose domain is all non- 
negative values of a except x = 3. 

73. Give a formula for a function that is undefined for a = 8 
and for x < 4, but is defined everywhere else. 

74. Many printing presses are designed with large plates that 
print a fixed number of pages as a unit. Each unit is called 
a signature. A particular press prints signatures of 16 
pages each. Suppose C(p) is the cost of printing a book 
of/; pages, assuming each signature printed costs $0.14. 


75. Table 2.33 shows the population, P, in millions, of Ire¬ 
land 18 at various times between 1780 and 1910. with t in 

years since 1780. 

(a) When was the population increasing? Decreasing? 

(b) For each successive time interval, construct a table 
showing the average rate of change of the population. 

(c) From the table you constructed in part (b), when is 
the graph of the population concave up? Concave 
down? 

(d) When was the average rate of change of the popu¬ 
lation the greatest? The least? How is this related to 
part (e)? What does this mean in human terms? 

(e) Graph the data in Table 2.33 and join the points by a 
curve to show the trend in the data. From this graph 
identify where the curve is increasing, decreasing, 
concave up and concave down. Compare your an¬ 
swers to those you got in parts (a) and (e). Identify 
the region you found in part (d). 

(0 Something catastrophic happened in Ireland between 
1780 and 1910. When? What happened in Ireland at 
that time to cause this catastrophe? 

Table 2.33 The population of Ireland from 1780 to 
1910, where 1 = 0 corresponds to 1780 


(a) What is the cost of printing a book of 128 pages? 129 

t 

0 

20 

40 

60 

70 

90 

110 

130 

pages? p pages? 

P 

4.0 

5.2 

6.7 

8.3 

6.9 

5.4 

4.7 

4.4 


(b) What are the domain and range of C? 

(c) Graph C(p ) for ()</?< 128. 


STRENGTHEN YOUR UNDERSTANDING 


Are the statements in Problems 1^6 true or false? Give an 11. 
explanation for your answer. 

1. If/(r) = 3r - 4 then /(2) = 0. 

2. If f(x) = x 2 - 9a- + 10 then f(h) = h 2 - 96+10. 

3. If f{x) = a 2 then /(a + h) — x 2 + h 2 . 

4. I fq = 

z = ± 2 . 

5. If W = OtA then when t = 8 , W = 1. 

f - 4 

6 . If fit) = t 2 + 64 then /(0) = 64. 

7. If /(a) = 0 then a = 0. 

8. If /(a) = a 2 + 2a + 7 then / (-a) = / (a). 

9. If g(x)= —2= 

V+ + 4 

10. If h(p) = -6p + 9 then /i(3) + h( 4) = h(l). 


The domain of a function is the set of input values. 

If a function is being used to model a real-world situa¬ 
tion, the domain and range are often determined by the 
constraints of the situation being modeled. 

4 

The domain of f{ a) = -consists of all real numbers 

a — 3 

a, a 9 ^ 0 . 

If f{x) = yjl — a, the domain of / consists of all real 
numbers a > 2 . 

The range of /'(a) = — is all real numbers. 

A 

The range of y = 4 - — is 0 < y < 4. 

A 

If /(a) = ^a + 6 and its domain is 15 < a < 20 then the 
range of / is 12 < a < 14. 

The domain of /(a) =- is all real numbers. 

Va 2 + 1 


-!-then the values of z that make a = - are 

^ 7 ^ 


13. 


14. 


then g( a) can never be zero. 


15. 

16. 

17. 

18. 


18 Adapted from D. N. Burghes and A. D. Wood, Mathematical Models in the Social , Management and Life Science , p. 104 
(Ellis Horwood, 1980). 
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19. The graph of the absolute value function y = |x| has a V 
shape. 

20. The domain of fix) = |x| is all real numbers. 

21. If f(x) = |x| and g(x) = | —x\ then for all x, fix) — g(x ). 

22. If/( x) = \x\ andg(x) = —|x[ then for all x, fix) = g(x). 

23. If y = — then y — 1 for x f 0. 

M 


24. If f(x) = 


if x < 0 

if 0 < x < 4 • 

if x > 4 


then /(3) = 0 . 


25. Let fix) = 



30. If /(3) = 5 and / is invertible, then / '(3) = 1/5. 

31. If h(l) = 4 and h is invertible, then h~ ] ( 4) = 7. 

32. If fix) = ^x - 6 then /"‘( 8 ) - 0. 

33. If R = fiS) = ^5 + 8 then 5 = f~'(R) = 3 -(R - 8 ). 

34. In general / _l (x) = (/(x)) _! . 

iA 


35. If fix) = 


x if x < 0 

x 2 if 0 < x < 4. If fix) = 4 
—x if x > 4 then x = 2. 

26. If g(x) - /(x) + 3 then the graph of g(x) is a vertical shift 
of the graph of /. 

27. If git) = f(t -2) then the graph of g(t ) can be obtained 
by shifting the graph of / two units to the left. 

28. Figure 2.50 suggests that g(x) = fix + 2) + 1. 


£(x) 


• then fit ) = 


x + 1 7 l/r+l‘ 

36. The units of the output of a function are the same as the 
units of output of its inverse. 

37. The functions /(x) = 2x + 1 and g(x) = ^x — 1 are 
inverses. 

38. If q — f (x) is the quantity of rice in tons required to feed 
x million people for a year and p — g{q) is the cost, in 
dollars, of q tons of rice, then gif(x)) is the dollar cost of 
feeding x million people for a year. 

39. If fit) = t + 2 and g(t) = 3 r, then gif it)) = 3 (r + 2) = 
3r+ 6. 

40. A fireball has radius r = fit) meters t seconds after an ex¬ 
plosion. The volume of the ball is V — g{r) meter 3 when 
it has radius r meters. Then the units of measurement of 
gif it)) are meterVsec. 

41. If the graph of a function is concave up, then the average 
rate of change of a function over an interval of length I 
increases as the interval moves from left to right. 

42. The function / in the table could be concave up. 


fix) 


-2 0 2 


6 8 12 


29. Figure 2.51 could be the graph of fix) = |x — 11 — 2. 


43. The function g in the table could be concave down. 



t 

-113 5 

git ) 

9 8 6 3 


44. A straight line is concave up. 

45. A function can be both decreasing and concave down. 

46. If a function is concave up, it must be increasing. 
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3.1 INTRODUCTION TO THE FAMILY OF QUADRATIC FUNCTIONS 


A baseball is “popped” straight up by a batter. The height of the ball above the ground is given by 
the function y = f(t) = — 16t 2 + 471 + 3, where t is time in seconds after the ball leaves the bat 
and y is in feet. See Figure 3.1. Note that the path of the ball is straight up and down, although the 
graph of height against time is a curve. The ball goes up fast at first and then more slowly because 
of gravity; thus the graph of its height as a function of time is concave down. 



Figure 3.1: The height of a ball t seconds after being “p°PP e d U P"- (Note: This 
graph does not represent the ball's path.) 


The baseball height function is an example of a quadratic function whose standard form is 

^ . 

y = ax~ + bx + c. 

The graph of a quadratic function is called a parabola . Notice that the function in Figure 3.1 is 
concave down and has a maximum corresponding to the time at which the ball stops rising and begins 
to fall back to the earth. The maximum point on the parabola is called the vertex . The intersection of 
the parabola with the horizontal axis gives the times when the height of the ball is zero; these times 
are the zeros of the height function. The horizontal intercepts of a graph occur at the zeros of the 
function. In this section we examine the zeros and concavity of quadratic functions, and in the next 
section we see how to find the vertex. 


Finding the Zeros of a Quadratic Function 

A natural question to ask is when the ball hits the ground. The graph suggests that y = 0 when t is 
approximately 3. In symbols, the question is: For what value(s) of t does f(t) = 0? These are the 
zeros of the function. 

It is easy to find the zeros of a quadratic function if it is expressed in factored form, 

q(x) = a(x — r)(x — s ), where a , r, s are constants, a ± 0. 

Then r and s are zeros of the function q . 

The baseball function factors as 

y = —1(16/ + 1)(/ — 3), 

so the zeros of / are t — 3 and t— -1/16. We are interested in positive values of /, so the ball hits 
the ground 3 seconds after it was hit. (For more on factoring, see the Skills Review on page 131.) 


Example 1 Find the zeros of f(x) = x 2 — x - 6. 

Solution To find the zeros, set f(x) — 0 and solve for x by factoring: 

x 2 — x — 6 — 0 
(x — 3)(x + 2) = 0. 


Thus the zeros are x = 3 and x = -2. 






3.1 INTRODUCTION TO THE FAMILY OF QUADRATIC FUNCTIONS 


We can also find the zeros of a quadratic function by using the quadratic formula. (See the Skills 
Review on page 131 to review the quadratic formula.) 


Example 2 

Solution 


Find the zeros of f(x) — x 2 - x — 6 by using the quadratic formula. 

We solve the equation x 2 - * - 6 = 0. For this equation, a = !,/? = -!, and c — -6. Thus 


-b ± \fb 2 - 4ac _ -(-D± V(-l) 2 -4(l)(-6) 
2a ~ 2(1) 

1 ± V25 

= - = 3 or - 2. 

2 

The zeros are x = 3 and x = -2, the same as we found by factoring. 


Since the zeros of a function occur at the horizontal intercepts of its graph, quadratic functions 
without horizontal intercepts (such as in the next example) have no zeros. 


Example 3 


Figure 3.2 shows a graph of h(x) 
zeros of h'? 



- 2. What happens if we try to use algebra to find the 


y 



Solution 


To find the zeros, we solve the equation 


—-x 2 — 2 = 0 
2 

--x 2 = 2 
2 

x 2 = —4 


= ±V—4. 


Since \f—A is not a real number, there are no real solutions, so h has no real zeros. This corresponds 
to the fact that the graph of h in Figure 3.2 does not cross the x-axis. 


Concavity and Rates of Change for Quadratic Functions 

A quadratic function has a graph that is either concave up or concave down. Recall that for a graph 
that is concave up, rates of change increase as we move right. For a graph that is concave down, rates 
of change decrease as we move right. 


Example 4 Let /(x) = x 2 . Find the average rate of change of / over the four consecutive intervals of length 2 
between x = -4 and x = 4. What do these rates tell you about the concavity of the graph of /? 
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Solution 


Example 5 


Solution 


Between x = 0 and x = 2, we have 

Average rate of change 

of/ 

Between x = 2 and x = 4, we have 

Average rate of change 

of / 

Similarly, between x = —4 and x — —2, we can show the average rate of change is —6; between 
x = -2 and x = 0, the rate of change is -2. See Figure 3.3. Since the rates of change are increasing, 
the graph is concave up. 



Figure 3.3: Rate of change and concavity of f(x) = x 2 

A high-diver jumps oft'a 10-meter platform. For t in seconds after the diver leaves the platform until 
she hits the water, her height h in meters above the water is given by 

h — f(t)~ -4.9r + + 10. 

The graph of this function is shown in Figure 3.4. 

(a) Estimate and interpret the domain and range of the function, and the intercepts of the graph. 

(b) Identify the concavity. 

h (meters) 



Figure 3.4: Height of diver above water as a function of time 

(a) The diver enters the water when her height above the water is 0. This occurs when 

h = f(t) = -4.9r + 8r + 10 = 0. 

Using the quadratic formula to solve this equation, we find the only positive solution is t = 2.462 
seconds. The domain is the interval of time the diver is in the air, which is approximately 0 < 
t < 2.462. To find the range of /, we look for the largest and smallest outputs for h. From the 
graph, the diver's maximum height appears to occur at about t — 1, so we estimate the largest 
output value for / to be about 

/(1) = -4.9* l 2 + 8 * 1 + 10 = 13.1 meters. 

Thus, the range of / is approximately 0 < f(t) < 13.1. Methods to find the exact maximum 
height are in Section 3.2. 


/( 2 ) - /( 0 ) = 2 2 - 0 2 
2-0 2-0 


./ (4) - /(2) 4 2 - 2 2 
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The vertical intercept of the graph is 

/(0) = -4.9 * 0 2 + 8 ■ 0 + 10 - 10 meters. 

The diver’s initial height is 10 meters (the height of the diving platform). The horizontal intercept 
is the point estimated earlier where f{t) = 0. This intercept, t = 2.462 seconds, gives the time 
after leaving the platform that the diver enters the water. 

(b) In Figure 3.4, we see that the graph is bending downward over its entire domain, so it is concave 
down. This is reflected in Table 3.1, where the rate of change, Ah/At, is decreasing. 

Table 3.1 Slope of f{t) = -4.9 1 2 + 8t + 10 


t (sec) 

h (meters) 

Rate of change 
Ah/At 

0 

10 

5.55 

0.5 

12.775 

0.65 

1.0 

13.100 

-4.25 

1.5 

10.975 

-9.15 

2.0 

6.400 



The previous two examples illustrate that the concavity of the graph of y — ax 2 + bx + c is 
determined by the sign of the coefficient a : 

• If a > 0, the parabola is concave up. 

• If a < 0, the parabola is concave down. 


Example 6 


Solution 


Determine the concavity of the graphs of the following quadratic functions: 

(a) y = -3x 2 - 3* + 2 

(b) y = -3(-2x + l)(x-4) 

(a) Since the coefficient of x 2 is negative, this function has a graph which is concave down. 

(b) Expanding we have 

y = —3(—2x + l)(x — 4) — -3(— 2x 2 + 8x + x - 4) = 6x 2 - Tlx + 12. 
Since the coefficient of x 2 is positive, the graph of this function is concave up. 


Finding a Formula From the Zeros and Vertical Intercept 

If we know the zeros and the vertical intercept of a quadratic function, we can use the factored form 
to find a formula for the function. 


Example 7 Find the equation of the parabola in Figure 3.5 using the factored form. 


fix) 



Figure 3.5: Finding a formula for a quadratic from the zeros 
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Solution Since the parabola has x-intercepts at x = 1 and x = 3, its formula can be written as 

/(x) = a(x — 1 )(x - 3). 

To find a, we substitute x = 0, y = 6, giving 

6 = a * 3 
a- 2. 

Thus, the formula is 

/(x) = 2(x — l)(x — 3). 

Multiplying out gives /(x) = lx 2 - 8x + 6. 


Formulas for Quadratic Functions 

The function / in Example 7 can be written in at least two different ways. The standard form j\x) — 
lx 2 - 8x+6 shows that the parabola opens upward, since the coefficient of x 2 is positive; the constant 
6 gives the vertical intercept. The factored form/(x) = 2(x—l)(x-3) shows that the parabola crosses 
the x-axis at x = 1 and x = 3. In general, we have the following: 


The graph of a quadratic function is a parabola. 

The standard form for a quadratic function is 

y = ax 2 + bx + c, where a , b, c are constants, a j=- 0. 

The parabola is concave up (opens upward) if a > 0 or concave down (opens downward) 
if a < 0, and intersects the y-axis at c. 

The factored form, when it exists, is 

y = a(x - r)(x — s ), where a , r, s are constants, a ^ 0. 

The parabola intersects the x-axis at x = r and x = s. 


In the next section we look at another form for quadratic functions which shows how to find the 
vertex of the graph. 

Exercises and Problems for Section 3.1 

Skill Refresher 

Multiply and write the expressions in Exercises S1“S2 without S7. 16x 2 - 1 S8. y 3 - y 2 - 12y 

parentheses. Gather like terms. 

51. (t 2 + l) 50t — (25t 2 + 125) It 

52. (A 2 - B 2 ) 2 Solve the equations in Exercises S9-S10. 


For Exercises S3-S8, factor completely if possible. 

S3, u 2 - 2u S4. x 2 + 3x + 2 

S5. 3x 2 - x - 4 S6. (5 + 2 1) 2 - 4p 2 


S9. x 2 + 7x + 6 = 0 


S10. 2w 2 + w-l0 = 0 
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Exercises 


Arc the functions in Exercises 1-8 quadratic? If so. write the 
function in the form fix) = ax 2 + bx + c. 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 


git) = 3(/ - 2 ) 2 + 7 


/(-v) = (2x — 3)(5 - ,v) 

iv(n) — n{n — 3)(/t — 2) — tr{n — 8 ) 

/i (0 = -16(/-3)(/+l) 

K(</) = \iq 2 + ir 

q- 

K( x) = 13 2 + 13 A 


T (/0 = \/5 + \/3/z 4 - 



r(r) 


^ : + \/2 
3 



+ nir 


Find the zeros of Q(r) = 2r 2 — 6 /' — 36 by factoring. 

Find the zeros of £?(x) = 5x — x 2 + 3 using the quadratic 
form ula. 

Solve for x using the quadratic formula and demonstrate 
your solution graphically: 

(a) 6 x - - = 3x : (b) 2x : + 7.2 = 5. 1 a 


Problems 


24. Use the quadratic formula to find the time at which the 
baseball in Figure 3.1 on page 1 16 hits the ground. 

In Problems 25-26, find a formula for the quadratic function 

whose graph has the given properties. 

25. A y-intercept of y = 7 and the only zero at x = -2. 

26. A y-intercept of y = 7 and x-intercepts at x = 1,4. 

27. Is there a quadratic function with zeros x— 1, x = 2 and 
x = 3? 

28. Graph a quadratic function which has all the following 
properties: concave up, y-intercept is —6, zeros at x = — 2 
and x = 3. 

29. Can you graph a quadratic function which has all the fol¬ 
lowing properties: concave down, y-intercept is -6, zeros 
at x = —2 and x = 3? 

30. Determine the concavity of the graph of /(x) = 4 — x 2 
between x = — 1 and x = 5 by calculating average rates 
of change over intervals of length 2. 

31. The graph of a quadratic function, fix), passes through 
the points (1,2), (3,4) and (5, 2). Is the graph of fix) con¬ 
cave up or concave down? Give a reason for your answer. 

32. The quadratic function, fix), has no zeros and its graph 
passes through the point (1, 1). Is the graph of fix) con¬ 
cave up or concave down? Give a reason for your answer. 


In Hxercises 12-19, find the zeros (if any) of the function al¬ 
gebraically. 


12. y = (2 — x)(3 - 2x) 
14. y = 6 x 2 - 17x4 12 
16. y = 89x 2 + 55x + 34 
18. y = x 4 + 5x 2 + 6 


13. y - 9x 2 + 6 x + 1 
15. N{t) = r ~lt + 10 
17. Q{r) — 2r — 6 r — 36 
19. y = x- yfx- 12 


In Exercises 20-23, is the graph of the quadratic function con¬ 
cave up or concave down? 

20. y = 2x - 3x 2 + l 21. y - 5(x - 3) : 

22. y = 3(1 — 2x)(x — 4) 23. y = — 2(5x — I )(4 — x) 


33. Without a calculator, graph the following function by fac¬ 
toring and plotting zeros: 

y = —4cx + x 2 + 4c 2 for c > 0. 

34. Without a calculator, graph y = 3x 2 - 16x — 12 by fac¬ 
toring and plotting zeros. 


In Problems 35-36, lind a formula for the parabola. 



37. Using the factored form, lind the formula for the parabola 
whose zeros are x = -1 and x = 5, and which passes 
through the point (- 2 , 6 ). 

38. Find two different quadratic functions with zeros x = 1, 
x = 2 . 

39. Write y = 3(0.5x — 4)(4 — 20x) in the form 

y = k{x — r)(x — s) and give the values of k , r, s. 
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40. A ball is thrown into the air. Its height (in feet) / seconds 
later is given by h(t) = 80? — 16/ 2 . 

(a) Evaluate and interpret h( 2). 

(b) Solve the equation h{t) — 80. Interpret your solu¬ 
tions and illustrate them on a graph of h(t). 

41. A snowboarder slides up from the bottom of a half-pipe 
and comes down again, sliding with little resistance on the 
snow. Her height above the top edge of the pipe / seconds 
after starting up the side is —4.9/ 2 + 14/ - 5 meters. 


(b) Graph / and g in the window -10 < x < 10, 
-10 < y < 100. Why do the two graphs appear more 
similar on this window than on the window from part 

(a)? 

(c) Graph / and g in the window —20 < x < 20, 
— 10 < >• < 400, the window —50 < x < 50, 
-10 < y < 2500, and the window -500 < x < 500, 
—2500 < y < 250,000. Describe the change in ap¬ 
pearance of / and g on these three successive win¬ 
dows. 


(a) What is her height at t — 0? 

(b) After how many seconds does she reach the top 
edge? Return to the edge of the pipe? 

(c) How long is she in the air? 

42. Let V (?) = t 2 — 4/+4 represent the velocity after / seconds 
of an object in meters per second. 

(a) What is the object’s initial velocity? 

(b) When is the object not moving? 

(c) Identify the concavity of the velocity graph. 

43. Table 3.2 gives the approximate number of cell phone 
subscribers, A, in millions, in the US. 1 If x is in years 
since 2005, show that this data can be approximated by 
the quadratic function p(x) = — 1.9x 2 + 24.4x + 208.8. 
What does this model predict for the year 2015? How 
good is this model for predicting the future? 


Table 3.2 


Year 

2005 

2006 

2007 

2008 

2009 

S (millions) 

207.9 

233.0 

250.0 

262.7 

276.6 


44. Let /(x) = x 2 and g(x) = x 2 + 2x — 8. 

(a) Graph / and g in the window —10 < x < 10, 
— 10 < y < 10. How are the two graphs similar? 
How are they different? 


45. A relief package is dropped from a moving airplane. The 
package has an initial forward horizontal velocity and fol¬ 
lows a quadratic graph path (instead of dropping straight 
down). Figure 3,6 shows the height of the package, h, in 
km, as a function of the horizontal distance, d t in meters, 
as it drops. 

(a) From what height was the package released? 

(b) How far away from the spot above which it was re¬ 
leased does the package hit the ground? 

(c) Write a formula for h{d). [Hint: The package starts 
falling at the highest point on the graph.] 


h. height (km) 



d, horizontal 
distance (meters) 


3.2 THE VERTEX OF A PARABOLA 


In Section 3.1, we looked at the example of a baseball popped upward by a batter. The height of the 
ball above the ground is given by the quadratic function y — /(/) = -16/ 2 + 47/ + 3, where / is time 
in seconds after the ball leaves the bat, and y is in feet. See Figure 3.7. 

The point on the graph with the largest y value appears to be approximately (1.5,37.5). (See 
Example 5 on page 126 for the exact values.) This means that the baseball reaches its maximum 
height of about 37.5 feet about 1.5 seconds after being hit. The maximum point on the parabola 
is called the vertex . For quadratic functions the vertex shows where the function reaches either its 
maximum value or, in the case of a concave-up parabola, its minimum value. 

The vertex of a parabola can be determined exactly if the quadratic function is written in the 
form 

y = a(x — h) 2 + k. 

1 http://www.infoplease.com/ipayA0933563.htnil. Last accessed January 13, 2014. 
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>’ (feet) 



Figure 3.7: Height of baseball at time t 


This form arises when we shift the parabola y — x 2 horizontally by h and vertically by /c, moving 
the vertex from (0,0) to (/?, k). 


Example 1 


Solution 


(a) Sketch f(x) = (x + 3) 2 — 4, and indicate the vertex. 

(b) Estimate the coordinates of the vertex from the graph. 

(c) Explain how the formula for / can be used to obtain the minimum of /. 

(d) Explain how vertical and horizontal shifts can be used to obtain the coordinates of the vertex. 

(a) Figure 3.8 shows a sketch of /(x); the vertex gives the minimum value of the function. 

(b) The vertex of / appears to be about at the point (—3, —4). 

(c) Note that (x + 3) 2 is always positive or zero, so (x + 3) 2 takes on its smallest value when jc + 3 = 0, 
that is, at x = —3. At this point (x + 3) 2 - 4 takes on its smallest value, 

/(—3) - (-3 + 3) 2 - 4 = 0 - 4 = -4. 

Thus, we see that the vertex is exactly at the point (—3, -4) and the minimum is -4. 

(d) The function /(x) = (x + 3) 2 - 4 is a transformation of the function /(x)'= x 2 , with an inside 
change of -3 and an outside change of -4. This indicates that /(x) = x 2 has been shifted 3 
units to the left and 4 units down. Thus, the vertex is (—3, -4). 


fix) 



Figure 3.8: A graph of /(x) = (x + 3) 2 - 4 


Notice that if we select x-values that are equally spaced to the left and the right of the vertex, 
the y -values of the function are equal. For example, /(—2) — /(—4) = —3. The graph is symmetric 
about a vertical line that passes through the vertex. This line is called the axis of symmetry. The 
function in Example 1 has axis of symmetry x — -3. 

The Vertex Form of a Quadratic Function 

Writing the function / in Example 1 in the form 

fix) = (x + 3) 2 - 4 

enabled us to find the vertex of the graph and the location and value for the minimum of the function. 
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Example 2 


Solution 


Example 3 


Solution 


In general, we have the following: 

The vertex form of a quadratic function is 

y = a(x - h) 2 4- k, where a, h, k are constants, a 0. 

The graph of this quadratic function has vertex (/z, k) and axis of symmetry x = /z. 

A quadratic function can always be expressed in both standard form and vertex form. 


(a) Convert the quadratic /(x) = (x + 3) 2 - 4 in Example 1 to standard form. 

(b) Explain how the vertical intercept can be found from the standard form. 

(c) Find the zeros of /. 

(d) Explain how the axis of symmetry of the parabola is related to the zeros. 

(a) Expanding (x + 3) 2 and gathering like terms converts / to standard form: 

/(x) = x 2 + 6x + 9 — 4 = x 2 + 6x + 5. 

Since the coefficient of x 2 is a = 1, the parabola opens upward. 

(b) The vertical intercept is /(0) = 5. In the standard form y = ax 2 + bx + c, the y-intercept is the 
constant c. 

(c) To find the zeros, we factor / and write it as 

/(x) = (x+ l)(x + 5). 

This form shows that the zeros are x = — 1 and x — — 5. 

(d) The axis of symmetry is x = —3, which is the vertical line through the midpoint of the zeros: 
(-1 -5)/2 = -3. 


As we see in Example 2, if a quadratic can be written in factored form, its axis of symmetry is 
at the midpoint of the zeros. To convert from vertex to standard form, we expand the squared term 
and gather like terms. In the next example, we convert from from standard form to vertex form by 
completing the square? 


Put each quadratic function into vertex form by completing the square and then graph it. 

(a) s(x) = x 2 - 6x + 8 (b) t(x) = -4x 2 - 12x — 8 

(a) To complete the square, find the square of half of the coefficient of the x-term, (—6/2) 2 = 9. 
Add and subtract this number after the x-term: 

s(x) = x 2 - 6x + 9 -9 + 8, 

'-V-' 

Perfect square 
SO 

s(x) = (x — 3) 2 — 1. 

The vertex of s is (3, —1) and the axis of symmetry is the vertical line x = 3. The parabola opens 
upward. See Figure 3.9. 

2 A more detailed explanation of this method is in the Skills Review on page 136. 
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Example 4 


Solution 



x = 3 


Figure 3.9: s(x) = x 2 — 6x + 8 



Figure 3.10: /(x) = —Ax 1 — \2x — 8 


(b) To complete the square, first factor out -4, the coefficient of x 2 , giving 

t(x) - -4(x 2 + 3x + 2). 

Now add and subtract the square of half the coefficient of the x-term, (3/2) 2 = 9/4, inside the 
parentheses. This gives 

r(x) = -4 ^ x 2 + 3x + | -1 + 2^ 


Perfect square 



The vertex of t is (—3/2,1), the axis of symmetry is x = -3/2, and the parabola opens down¬ 
ward. See Figure 3.10. 


Finding a Formula Given the Vertex and Another Point 

If we know the vertex of a quadratic function and one other point, we can use the vertex form to find 
its formula. 


Find the formula for the quadratic function graphed in Figure 3.11. 



Figure 3.11: Finding a formula for a quadratic from the vertex 


Since the vertex is given, we use the form m(x) = a(x — h ) 2 + k to find a, h, and k. The vertex is 
(-3,2), so h = -3 and k = 2. Thus, 

m(x) = a(x - (-3)) 2 + 2, 


so 


m(x) = a(x + 3) 2 + 2. 
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To find a, use the y-intercept (0,5). Substitute x — 0 and y = m( 0) = 5 into the formula for m(x) 
and solve for a: 

5 = a(0 + 3) 2 + 2 

3 = 9 a 

1 

3' 

Thus, the formula is 

m(x) = |(x + 3) 2 + 2. 

If we want the formula in standard form, we multiply out: 

1 9 

m{ x) = -x 2 + 2x + 5. 


Modeling with Quadratic Functions 

In applications, it is often useful to find the maximum or minimum value of a quadratic function. 
The next example returns to the baseball that started this chapter. Problem 25 on page 128 asks you 
to derive the vertex form of the baseball height function; here we see what this form can tell us. 


Example 5 


Solution 


For t in seconds, the height of a baseball in feet is given both in standard and in vertex form by 


y = /(r) = -16r 2 +47r + 3 = -16(r--^) + 


47 V , 2401 
64 ' 


Find the maximum height reached by the baseball and the time at which that height is reached. 


From the vertex form, we see the vertex is at the point J = (1.469,37.516). This means 

that the ball reaches it maximum height of 37.516 feet at t = 1.469 seconds. Note that these values 
are close to the graphical estimates (1.5,37.5) made at the beginning of this section. 


Example 6 A city decides to make a park by fencing off a section of riverfront property. Funds are allotted for 
80 meters of fence. The area enclosed will be a rectangle, but only three sides will be enclosed by a 
fence—the other side will be bounded by the river. What is the maximum area that can be enclosed? 

Solution Two sides are perpendicular to the bank of the river and have equal length, which we call h. The 

other side is parallel to the bank of the river; its length is b. See Figure 3.12. The area, A, of the park 
is the product of the lengths of adjacent sides, so A = bh. 

Since the fence is 80 meters long, we have 

2h + b = 80 

ft = 80-2/1. 



Figure 3.12: A park next to a river 
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Thus, 


A = bh = (80-2/7)/? 

A = —2 /? 2 + 80/?. 

The funclion A = —2/r + 80/7 is quadratic. Since the coefficient of /? 2 is negative, the parabola 
opens downward and we have a maximum at the vertex. The factored form of'the quadratic is A = 
—2h(h - 40), so the zeros are h = 0 and // = 40. The vertex of the parabola occurs on its axis of 
symmetry, midway between the zeros, at h = 20. Substituting h = 20 gives the maximum area: 

A = -2 ■ 20(20 - 40) = —40(—20) - 800 meters 2 . 


Exercises and Problems for Section 3.2 

Skill Refresher 

For Exercises S1-S4. complete the square for each expression. In Exercises S8-S10, solve using factoring, completing the 

square, or the quadratic formula. 

SI. r - 12v S2. .v : + 6.v - 8 

S3, e 2 + 3c - 7 S4. 4.v 2 + v + 2 S8. -3 r + 4f + 9 = 0 S9. tr + 4n - 3 = 2 

S10. 2 if + 4y - 5 = 8 

In Exercises S5-S7, solve by completing the square. 

S5. r- - 6r + 8 = 0 S6. ,r = 3 n + 18 

S7. 5q 2 -8 = 2 q 

Exercises 


For the quadratic functions in Exercises 1-2, state the coor¬ 
dinates of the vertex, the axis of symmetry, and whether the 
parabola opens upward or downward. 

1. /(x) = 3(x- 1) : + 2 

2. g(x) = -(x + 3) 2 - 4 

3. Find the vertex and axis of symmetry of the graph of 
u{i) = t 2 + \\t - 4. 

4. Find the vertex and axis of symmetry for the parabola 
whose equation is y = 3x 2 — 6.v -1- 5. 

5. Sketch the quadratic functions given in standard form. 
Identify the values of the parameters a , b< and c. Label 
the zeros, axis of symmetry, vertex, and y-intercept. 

(a) g(x) = x 2 + 3 (b) f{x) = —2x 2 +4x+16 

In Exercises 6-9. find a formula for the parabola. 


8. y (2 .o) 9. y 




For Exercises 10-13, convert the quadratic functions to vertex 
form by completing the square. Identify the vertex and the axis 
of symmetry. 

10. f(x) = x 2 + 8x + 3 

11. g(2\') = -2.x 2 -1- 12x -1- 4 

12. pit) = 2 r - 0 . 12 *+ 0.1 

13. 77 2 (c) = -3z 2 +9j:-2 




In Exercises 14-16, write the quadratic function in its stan¬ 
dard, vertex, and factored forms. 


14. y — —6 + 




— X 
n 


15. fit) = 


5 1 2 - 20 


2 


16. g(.v) = (.v - 5)i2s + 3) 

















Chapter Three QUADRATIC FUNCTIONS 


In Exercises 17-24, write a formula and graph the transforma¬ 
tion of m(n) — ^n 2 . 

17. y = m(n) +1 18. y = m(n + 1) 

19. y = m(n ) - 3.7 20. y = m{n - 3.7) 


21. y = m(n) + \f\3 

22. 

23. y = m(n + 3) + 7 

24. 


y = m(n + 2\fl) 
y = m{n — 17) - 159 


Problems 


25. Find the vertex form of f{t) = -16r 2 + 47/ + 3. 

26. Show that y — x 1 - x + 41 has no real zeros. 

27. Find the value of k so that the graph of y = (x - 3) 2 + k 
passes through the point (6,13). 

28. The parabola y = ax 2 + k has vertex (0, —2) and passes 
through the point (3,4). Find its equation. 

29. Using the vertex form, find a formula for the parabola 
with vertex (2,5) that passes through the point (1,2). 


In Problems 30-34, find a formula for the quadratic function 
whose graph has the given properties. 

30. Vertex at (4,2) and y-intercept of y = 6. 

31. Vertex at (4,2) and y-intercept of y = —4. 

32. Vertex at (4,2) and zeros at x = -3, 11. 

33. Vertex at (7, 3) and passing through the point (3, 7). 

34. A single x-intercept at x = 1/2 and a y-intercept at 3. 

35. Let / be a quadratic function whose graph is concave up 
with a vertex at (1, — 1), and a zero at the origin. 

(a) Graph y =/(x). 

(b) Determine a formula for/(x). 

(c) Determine the range of /. 

(d) Find any other zeros. 

36. Find the vertex of y = 26 + 0.4x - 0.0lx 2 exactly. Graph 
the function, labeling all intercepts. 

37. Find the vertex of y = 0.03x 2 + 1.8x + 2 exactly. Graph 
the function, labeling all intercepts. 

38. If we know a quadratic function / has a zero at x = -1 
and vertex at (1,4), do we have enough information to find 
a formula for this function? If your answer is yes, find it; 
if not, give your reasons. 

39. Figure 3.13 shows /(x) = x 2 . Define g by shifting the 
graph of / to the right 2 units and down 1 unit; see Fig¬ 
ure 3.14. Find a formula for g in terms of /. Find a for¬ 
mula for g in terms of x. 

3 K. Laws, The Physics of Dance (Schirmer, 1984), 


40. The function g(x) is obtained by shifting the graph of 
y = x 2 . If g(3) = 16, give a possible formula for g when 

(a) g is the result of applying only a horizontal shift to 

2 

y — x. 

(b) g is the result of applying only a vertical shift to 
y = x^. 

(c) g is the result of applying a horizontal shift right 2 
units and an appropriate vertical shift of y = x 2 . 

41. Graph y = x 2 - lOx + 25 and y = x 2 . Use a shift trans¬ 
formation to explain the relationship between the two 
graphs. 

42. Let /(x) = x 2 and let g(x) = (x — 3) 2 + 2. 

(a) Give the formula for g in terms of /, and describe 
the relationship between / and g in words. 

(b) Is g a quadratic function? If so, find its standard form 
and the parameters a , b, and c. 

(c) Graph g, labeling all important features. 

43. If you have a string of length 50 cm, what are the di¬ 
mensions of the rectangle of maximum area that you can 
enclose with your string? Explain your reasoning. What 
about a string of length k cm? 

44. A ballet dancer jumps in the air. The height, h(t), in feet, 
of the dancer at time f, in seconds since the start of the 
jump, is given by 3 

h(t) = -16r 2 + 1677, 

where T is the total time in seconds that the ballet dancer 
is in the air. 

(a) Why does this model apply only for 0 < t < T1 

(b) When, in terms of 7\ does the maximum height of 
the jump occur? 



f(x) = x 2 


y 
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(c) Show that the time, 7\ that the dancer is in the air is 
related to //, the maximum height of the jump, by 
the equation 

// = 47 2 . 

45. A football player kicks a ball at an angle of 37° above 
the ground with an initial speed of 20 meters/second. The 
height in meters, /?. as a function of the horizontal dis¬ 
tance traveled, iL is given by: 

h = 0.75*/ — 0.0192t/ 2 . 


(a) Graph the path the ball follows. 

(b) When the ball hits the ground, how far is it from the 
spot where the football player kicked it? 

(c) What is the maximum height the hall reaches during 
its flight? 

(d) What is the horizontal distance the hall has traveled 
when it reaches its maximum height? 4 


CHAPTER SUMMARY 


General Formulas for Quadratic Functions 

Standard form: 

y = ax~ + b.x + t\ a f 0 

Factored form: 

y s= a{x - r)(x - s) 

Vertex form: 

y = a(x - h ) 2 -I- k 

Graphs of Quadratic Functions 

Graphs are parabolas 
Vertex {h,k) 

Axis of symmetry, a = h 


Effect of parameter a 

Opens upward (concave up) if a > 0, minimum at 
(hA) 

Opens downward (concave down) if a < 0, maxi¬ 
mum at (/?, k) 

Factored form displays zeros at x = r and x — s 

Solving Quadratic Equations 

Factoring 
Quadratic formula 

—b ± b 2 - 4a c 

x — - 

2 a 

Completing the square 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER THREE 


Exercises 

Are the functions in Exercises 1-3 quadratic? If so, write the 
function in standard form. 

1. f{x) = 2(7 — x) 2 + 1 

2. L(P) = (P+1)(1-P) 

3 . g(m) — m{m 2 — 2m) + 3 ^14 — 

In Exercises 4—9. find the zeros (if any) of the function alge¬ 
braically. 

4. y = 2x 2 + 5.v -1-2 5. y = 4x 2 — 4x — 8 

6 . y = lx 2 + 1 6x + 4 7. y — 5x 2 + 2x — 1 

8. y = -17x 2 + 23 a +19 9. y = 3x 2 - 2a + 6 

10. Show that the function y = -a 2 + 7a — 13 has no real 

zeros. 

11. Find the vertex and axis of symmetry of the graph of 
w{x) = — 3 a 2 — 30 a + 31 . 

4 Adapted from R. Halliday, D. Resnick, and K. I 


In Exercises 12-16. find a possible formula for the parabola 
with the given conditions. 


12. The vertex is (1. -2) and the y-intereept is y = —5. 


13. The vertex is (4. —2) and the y-intercept is y — —3. 


14. The vertex is (-7.-3) and it passes through the point 
(-3,-7). 


15. The parabola goes through the origin and its vertex is 

( 1 ,- 0 . 


16. The A-intcrcepts are at a = — 1 and a = 2 and (—2, 16) is 
on the function’s graph. 

ne. Physics (New York: Wiley, 1992), p. 58. 






130 Chapter Three QUADRATIC FUNCTIONS 



Problems 

For each parabola in Problems 21-24, state the coordinates of 
the vertex, the axis of symmetry, the y-intercept, and whether 
the curve is concave up or concave down. 

21. y = 2(x — 3/4) 2 — 2/3 22. y =-l/2(x + 6) 2 - 4 

23. y = (x — 0.6) 2 24. y = -0.3x 2 - 7 

In Problems 25-28, write each function in factored form or 
vertex form and then state its vertex and zeros. 

25. y = 0.3x 2 — 0.6x - 7.2 

26. y = 2x 2 — 4x — 2 

27. y = —3x 2 + 24x — 36 

28. y = 2x 2 + (7/3)x+l 

29. For x between x = —2 and x — 4, determine the con¬ 
cavity of the graph of /(x) — (x - l) 2 + 2 by calculating 
average rates of change over intervals of length 2. 

30. A tomato is thrown vertically into the air at time t = 0. 
Its height, d(t) (in feet), above the ground at time t (in 
seconds) is given by 

d(t) = -16f 2 + 48f. 


(a) Graph d(t). 

(b) Find t when d(t) = 0. What is happening to the 
tomato the first time cl(t) — 0? The second time? 

(c) When does the tomato reach its maximum height? 

(d) What is the maximum height that the tomato 
reaches? 

31. When slam-dunking, a basketball player seems to hang 
in the air at the height of his jump. The height h(t), in 
feet above the ground, of a basketball player at time t, in 
seconds since the start of a jump, is given by 

h(i) = — 16r 2 + 1677, 


where T is the total time in seconds that it takes to com¬ 
plete the jump. For a jump that takes 1 second to com¬ 
plete, how much of this time does the basketball player 
spend at the top 25% of the trajectory? [Hint: Find the 
maximum height reached. Then find the times at which 
the height is 75% of this maximum.] 


STRENGTHEN YOUR UNDERSTANDING 


Are the statements in Problems 1-15 true or false? Give an 
explanation for your answer. 

1. The quadratic function f{x) = x(x + 2) is in factored 
form. 

2. If fix) = (x + l)(x + 2), then the zeros of / are 1 and 2. 

3. A quadratic function whose graph is concave up has a 
maximum. 

4. All quadratic equations have the form f(x) = ax 2 . 

5. If the height above the ground of an object at time t is 
given by s(t) = at 2 + bt + c, then 5(0) tells us when the 
object hits the ground. 

6. To find the zeros of / (jc) = ax 2 + bx + c, solve the equa¬ 
tion ax 2 + bx + c = 0 for x. 


7. Every quadratic equation has two real solutions. 

8. There is only one quadratic function with zeros at x = -2 
and x = 2. 

9. A quadratic function has exactly two zeros. 

10. The graph of every quadratic function is a parabola. 

11. The maximum or minimum point of a parabola is called 
its vertex. 

12. If a parabola is concave up its vertex is a maximum point. 

13. If the equation of a parabola is written as y = a(x-h) 2 +k, 
then the vertex is located at the point (~/i, k). 

14. If the equation of a parabola is written as y - a(x~h) 2 +k, 
then the axis of symmetry is found at x = h. 

15. If the equation of aparabola is y = ax 2 + 6x + c and a < 0 , 
then the parabola opens downward. 
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SKILLS FOR FACTORING 


Expanding an Expression 

The distributive property for real numbers a , b , and c tells us that 

a{b + c) = ab + ac , 


and 


(b + c)a = ba + ca. 

We use the distributive property and the rules of exponents to multiply algebraic expressions involv¬ 
ing parentheses. This process is sometimes referred to as expanding the expression. 


Example 1 Multiply the following expressions and simplify. 

(a) 3x 2 (x+^x~ 3 ^ (b) ((20 2 — 5) yft 

Solution (a) 3x 2 = (3* 2 ) W + (3x 2 ) = \ x ~^' 

(b) ((It) 2 - 5) \ft — (lt) 2 (\ft) — 5 = (4r 2 ) (r 1/2 ) - 5t ]/2 = 4t 5/2 - 5r 1/2 . 

If there are two terms in each factor, then there are four terms in the product: 

(a + b)(c + d) = a(c + d) + b(c + d) = ac + ad + be + bd. 

The following special cases of the above product occur frequently. Learning to recognize their forms 
aids in factoring. 

(a + b)(a — b) — a 2 - b 2 
(a + b) 2 = a 2 + lab + b 2 
(.a - b) 2 = a 2 - lab + b 2 


Example 2 Expand the following and simplify by gathering like terms. 

(a) (5x 2 + 2)(x — 4) (b) (2-y/r + 2)(4-y/r - 3) (c) 

Solution (a) (5x 2 + 2) (x - 4) = (5x 2 ) (x) + (5x 2 ) (-4) + (2)(x) + (2)(-4) = 5x 3 - 20x 2 + 2x - 8. 

(b) (2\/r + 2)(4\/r - 3) = (2)(4)(V^) 2 + (2)(-3 ){yfr) + (2)(4)( + (2)(-3) = 8r + 2y/?- 6. 

(c) ( 3 -I*)% 3 :-2(3,(i*) + (——3* + lA 


Factoring 

To write an expanded expression in factored form, we “un-multiply” the expression. Some techniques 
for factoring are given in this section. We can check factoring by multiplying the factors. 

Removing a Common Factor 

It is sometimes useful to factor out the same factor from each of the terms in an expression. This is 
basically the distributive law in reverse: 


ab + ac = a(b + c). 
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Example 3 


Solution 


One special case is removing a factor of — 1, which gives 


Another special case is 



Factor the following: 

(a) ^x 2 y+^xy (b) (2p + \)p 3 - 3p(2p + 1) (c) -^- 77 — 

3 3 8 w 16 w 

(a) | x 2 y + |xy = | xy(x + 2 ). 

(b) (2 p + 1 )p 3 - 3p(2p + 1 ) = (/> 3 - 3p)(2p + 1 ) = p(p 2 - 3)(2 p + 1). 

(Note that the expression (2p + 1) was one of the factors common to both terms.) 

S 2 t St 2 _ St ( t\ 

c 8it- 16it> _ 8tf \ 5 2 / 


Grouping Terms 

Even though all the terms may not have a common factor, we can sometimes factor by first grouping 
the terms and then removing a common factor. 


Example 4 Factor x 2 — hx — x + h. 

Solution x 2 - hx — x + h = (x 2 - hx ) — (x - h) — x(x — h) - (x - h) — (x - h)(x — 1 ). 

Factoring Quadratics 

One way to factor quadratics is to mentally multiply out the possibilities. 

Example 5 Factor t 2 - 4t - 12. 

Solution If the quadratic factors, it is of the form 

t 2 -At - 12 = (/ + ?)(/ + ?). 

We are looking for two numbers whose product is — 1 2 and whose sum is -4. By trying combinations, 
we find 

t 2 -At - 12 = (t - 6 )(r + 2). 


Example6 Factor 4 - 2 M - 6 M 2 . 

Solution By a similar method to the previous example, we find 4 - 2M - 6M 2 = (2 - 3M)(2 + 2M). 

Perfect Squares and the Difference of Squares 

Recognition of the special products (x + y) 2 , (x — y) 2 and (x + y)(x - y) in expanded form is useful 
in factoring. Reversing the results given on page 131, we have 

a 2 + 2ab + b 2 = {a + b) 2 , 
a 2 - 2 ab + b 2 = (a — b ) 2 , 
a 2 - b 2 = (a - b)(a + b). 
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When we see squared terms in an expression to he factored, it is often useful to look for one of these 
forms. The difference of squares identity (the third one listed previously) is especially useful. 


Example7 Factor: (a) 16y 2 - 24y + 9 (b) 25S 2 R 4 -T b (c) ,v 2 (.v - 2) + 16(2 - x) 

Solution (a) 16 y 2 - 24y + 9 = (4y - 3) 2 . 

(b) 25 S 2 R 4 -T h = (5 SR 2 ) 2 - (T 2 ) 2 = (5 SR 2 -T*) (5 SR 2 + T*). 

(c) x 2 (x - 2) + 16(2 — x) = x 2 (x — 2) - I6(x - 2) = (x — 2) (x 2 - 16) = (x - 2)(x — 4)(x + 4). 


Solving Quadratic Equations 


Example8 Give exact and approximate solutions to x 2 = 3. 

Solution The exact solutions are x = ± a/ 3; approximate ones are x « ± 1.73, or x « ± 1.732, or x « ±1.73205 
(since \/3 = 1.732050808 ...). Notice that the equation x 2 = 3 has only two exact solutions, but 
many possible approximate solutions, depending on how much accuracy is required. 

Solving by Factoring 

Some equations can be put into factored form such that the product of the factors is zero. Then we 
solve by using the fact that if a * b = 0, then either aor b (or both) is zero. 


Example 9 

Solution 


Solve (x + 1 )(x + 3) = 15. 


Although it is true that if a • b = 0, then a = 0 or b = 0, it is not true that a * b = 15 means that 
a = 15 or b = 15, or that a and b are 3 and 5. To solve this equation, we expand the left-hand side 
and rearrange so that the right-hand side is equal to zero: 

X 2 + 4x + 3 = 15, 

x 2 + 4x - 12 = 0. 


Then, factoring gives 


(x - 2)(x + 6) = 0. 


Thus x — 2 and x — -6 are the solutions. 


Example 10 Solve 2(x + 3) 2 = 5(x + 3). 

Solution You might be tempted to divide both sides by (x + 3). However, if you do this you will overlook one 

of the solutions. Instead, write 

2(x + 3) 2 - 5(x + 3) = 0 
(x + 3) (2(x + 3) — 5) = 0 
(x + 3)(2x + 6 - 5) = 0 
(x + 3)(2x+ 1) = 0. 

Thus, x = -1/2 and x = -3 are solutions. 

Note that if we had divided by (x + 3) at the start, we would have lost the solution x = -3, 
which was obtained by setting x + 3 = 0. 
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Solving with the Quadratic Formula 

Instead of factoring, we can solve the equation ax 2 + bx + c — 0 by using the quadratic formula: 

—b ± ^Jb 2 — 4ac 
X ^ 2a * 

The quadratic formula is derived by completing the square for y — ax 2 + bx + c. See page 136. 


Examplell Solve 11 + 2x ~ x 2 . 


Solution 


The equation is 


-x 2 + 2 x + 11 = 0 . 


The expression on the left does not factor using integers, so we use 


-2 + V4-4(-l)(ll) _ -2 + V48 _ -2 + \/l6-3 
2(—1) “ —2 “ —2 
-2 - y/4 — 4( —1)(11) _ -2 - V48 _ -2 - V^3 
2(—1) -2 -2 


= 2V5. 

=^ = i + 2V5. 


The exact solutions are x = 1 - 2\/3 and x = 1 +2V3. 

The decimal approximations to these numbers x = 1—2^3 = —2.464 and x = 1+2V^ = 4.464 
are approximate solutions to this equation. The approximate solutions could also be found directly 
from a graph or calculator. 


Exercises for Skills for Factoring 


For Exercises 1-15. expand and simplify. 

1 . 2(3*-7) 2 . —4(y + 6 ) 

3. 12(x + >’) 4. -7(5*- 8 y) 

5. *(2* + 5) 6 . 3z(2x-9z) 

7. —10r(5r + 6rs) 

8. x(3* - 8 ) + 2(3* — 8 ) 

9. 5z(x - 2) — 3(* — 2) 

10. (*+ 1)(* + 3) 

11 . (* - 2 )(* + 6 ) 

12. (5* — l)(2*-3> 

13. (y+ 1 )(z + 3) 

14. {\2y - 5)(8«» + 7) 

15. (5z-3)(*-2) 


16. -(*-3)-2(5-*) 

17. (* -5)6 -5(1 — (2 — *)) 

18. (3* - 2x : ) 4 + (5 + 4x)(3x — 4) 

19. P(p-3q) 2 20. 4(x - 3) 2 + 7 

21. - ( \flx + 122. u ((T 1 + 2") 2" 


For Exercises 23-67, factor completely if possible. 


23. 2* + 6 
25. 5z — 30 
27. 10m 1 — 25 
29. 3a 1 + 12 if 
31. 14rV-21m 
33. a ' 2 — 3* + 2 
35. * 2 + 2*+ 3 
37. x 2 - 2* + 3 
39. 2x 2 + 5x + 2 
41. x 2 + 3* — 28 
43. *-' + 2x 2 — 3x 


24. 3y + 15 
26. 4r - 6 
28. 3w 4 - 4w 3 
30. 12x 3 y 2 “ 18* 
32. x 2 + 3x — 2 
34. x 2 - 3* — 2 
36. x 2 - 2* - 3 
38. x 2 + 2x — 3 
40. 2x 2 - lOx + 12 
42. x 3 - 2x 2 - 3x 


Multiply and write the expressions in Problems 16-22 without 
parentheses. Gather like terms. 
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44. ac + ad + be 4- bd 

45. x 2 + 2xy + 3xz + 6yz 

46. x 2 - 1.4x — 3.92 

47. a 2 x 2 - b 2 

48. nr 2 + 2 nrh 

49. £ 2 - 10B + 24 

50. c 2 4- x 2 - 2cx 

51. x 2 + y 2 

52. a 4 -a 2 - 12 

53. (f + 3) 2 - 16 

54. x 2 4- 4x 4- 4 — y 2 

55. a 7, - 2a 2 4- 3a - 6 

56. b 2 - 3 b 2 -9b + 27 

57. c 2 d 2 — 25c 2 - 9d 2 4- 225 

58. hx 2 + 12 — 4hx - 3x 

59. r(r - j) - 2(s - r) 

60. y 2 — 3xy 4- 2x 2 

61 . xV 3jf + 2xe _3x 

62. re 5 ' 4- 3/e 5 ' + 2e 5 ' 

63. P(l+r) 2 + P(l+r) 2 r 

64. x 2 — 6x 4- 9 — 4z 2 

65. dk 4- 2 dm — 3 ek - 6 em 

66. nr 2 — 2nr 4- 3r — 6 

67. 8g.$ — \2hs + lOgm — \5hm 

Solve the equations in Exercises 68-93. 

68. y 2 -5y-6 = 0 

69. 4s 2 + 3.5 - 15 = 0 



71. —— + 1=5 

X - 1 


72. y/y- 1 = 13 

73. -16r 2 +96r + 12 = 60 

74. g 3 - 4g = 3g 2 - 12 

75. 8 + 2x-3x 2 =0 

76. 2p 3 + p 2 — 18p — 9 = 0 

77. N 2 -2N -3 = 2N(N - 3) 

78. i ?3 = ? 

64 

79. x 2 - 1 = 2x 

80. 4x 2 - 13x- 12 = 0 

81. 60= -16r 2 +96/+ 12 

82. n 5 + 80 = 5n 4 + 16n 

83. 5a 3 + 50a 2 = 4a + 40 


84. r + 4>- - 2 = 0 


85. 


86 . 


z - 3 z 2 - 3z 
x 2 + I - 


= 0 


(•v 2 + I) : 

I 


= 0 


87. 4 — — = 0 

88 . 2 + 


‘I + I Q - 1 

89. \/'- 2 + 24 = 7 

90. — = -2 

91. 3V^= [ -x 

92. 10 = 

93. aV + 4K - V - 2) =0 
(x - 5)(x - 1) 

In Exercises 94-97, solve for the indicated variable. 

FT 


94. T = 27iyJ-, for/. 

95. A If = C, for />. 

96. |2x 4- 11 = 7, for x. 
x 2 - 5mx 4- 4m 2 


97 


= 0, for x 


Solve the systems of equations in Exercises 98-102. 


98. 

I 

* 7 

1 

II II 

99. j 

\ X 

II II 

100. 

( x 2 + y 2 = 36 
\y=x-3 

101. j 

f y = 4 - X 2 
[y-2x= 1 

102. 

f y = x 3 — 1 

\y = e x 



103. 

Let f be the line of slope 3 passing through the ori¬ 
gin. Find the points of intersection of the line € and the 


parabola whose equation 

is y = 

x 2 . Sketch the line and 


the parabola, and label the points of intersection. 

Determine the points of intersection for Problems 104—105. 

104. 

y 

105. 

y 



2x 
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COMPLETING THE SQUARE 


Example 1 

Solution 


An example of changing the form of an expression is the conversion of ax 2 + bx + c into the form 
a(x — h) 2 + k . We make this conversion by completing the square , a method for producing a perfect 
square within a quadratic expression. A perfect square is an expression of the form: 


(x + n) 2 = x 2 + 2nx + n 2 . 


In order to complete the square in an expression, we must find that number n , which is half the 
coefficient of x. Before giving a general procedure, let’s work through an example. 


Complete the square to rewrite x 2 - lOx + 4 in the form a(x — h ) 2 + k. 


Step 1: We divide the coefficient of x by 2, giving -(-10) = —5. 
Step 2: We square the result of step 1, giving (-5) 2 = 25. 

Step 3: Now add and subtract the 25 after the x-term: 


x 2 - lOx + 4 = x 2 - lOx + 25 -25+4 

= (x 2 - lOx + 25) —25 + 4. 
^' 


Perfect square 


Step 4: Notice that we have created a perfect square, x 2 — lOx + 25. The next step is to factor the 
perfect square and combine the constant terms, -25 + 4, giving the final result: 

x 2 - lOx + 4 = (x - 5) 2 — 21. 

Thus, a — +1, h = +5, and k = -21. 

Visualizing the Process of Completing the Square 

We can visualize how to find the constant that needs to be added to x 2 +bx in order to obtain a perfect 
square by thinking of x 2 + bx as the area of a rectangle. For ex ample, the rectangle in Figure 3.15 has 
area x(x + b) = x 2 +6x. Now imagine cutting the rectangle into pieces as in Figure 3.16 and trying to 
rearrange them to make a square, as in Figure 3.17. The corner piece, whose area is (b/ 2) 2 , is missing. 
By adding this piece to our expression, we “complete” the square: x 2 + bx + ( b/2 ) 2 = (x + b/2) 2 . 


Example 1 

Solution 



X 


X 


x 


x + b/2 



x + b 

Figure 3.15: Rectangle with 
sides x and x + b 


x b/2 b/2 

Figure 3.16: Cut off 2 strips 
of width b/2 


Figure 3.17: Rearrange to see a square 

miceino r*nrnpr rvF (h 


with missing corner of area ( b/2)‘ 


i 


The procedure we followed can be summarized as follows: 


















COMPLETING THE SQUARE 


To complete the square in the expression x 2 + bx + c, divide the coefficient of x by 2, giving 
b/2. Then add and subtract (b/ 2) 2 = 6 2 /4 and factor the perfect square: 

2 . ( b\ 2 b 2 

x 2 + bx + c = (x + - j - — + c. 

To complete the square in the expression ax 2 4- bx + c, factor out a first. 


The next example has a coefficient a with a / 1. After factoring out the coefficient, we follow 
the same steps as in Example 1. 


Example2 Complete the square in the formula h(x) = 5a' 2 + 30a — 10. 
Solution We first factor out 5: 

h( a) = 5(a 2 + 6a — 2). 

Now we complete the square in the expression a 2 + 6x — 2. 

Step 1: Divide the coefficient of a by 2. giving 3. 

Step 2: Square the result: 3 2 = 9. 

Step 3: Add the result after the a term, then subtract it: 

h(x) — 5(a 2 + 6x + 9 —9 — 2). 

'-V-' 

Perfect square 

Step 4: Factor the perfect square and simplify the rest: 

h(x) = 5 ((a + 3) 2 — 11). 

Now that we have completed the square, we can multiply by the 5: 

h(x) = 5(x + 3) 2 — 55. 


Deriving the Quadratic Formula 

We derive a general formula to find the zeros of <y(x) = ax 2 + hx + c, with a ^ 0, by completing the 
square. To find the zeros, set q(x) = 0: 


ax 2 + bx + c = 0. 

Before we complete the square, we factor out the coefficient of a 2 : 

a (a 2 + -x + - ) = 0. 

V a a / 

Since a / 0, we can divide both sides by a: 

2 b c „ 

a a 
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To complete the square, we add and then subtract (( b/a)/2 ) 2 = b 2 /(4a 2 ): 


2 b b 2 b 2 c _ 

V + -x + — -- + - = 0. 

a 4a- 4 a 2 a 

"-V-' 

Perfect square 

We factor the perfect square and simplify the constant term, giving: 
b \ 2 (b 2 -4ac\ 


hi) 


4 a 2 7 

b_ 

2 a 


hi) 


= 0 


2 b 2 — 4 ac 


4a 2 


s j nce — + i — *§, — — _ f b~-4m 

la- « ~ 4<i~ 4tr- ~ \ 4<j“ , 


adding -—lo bolh sides 


b lb 2 — 4 ac ±yb 2 —4ac 

X + -£- 

—b \/V “ 4 ac 

A' = ± - 

2 a 2 a 

—b ± \/ b 2 — 4ac 

x = -. 

2 a 


taking the square root 


suhlraeling b/2a 


Exercises for Skills for Completing the Square 


For Exercises 1-8, complete 

1. x 2 + 8x 
3 . 2r 2 + 20r 
5 . a 2 -2a - 4 
7. 3r 2 +9r-4 


the square for each expression. 

2. w 2 + lw 
4 . 3 1 2 + 24r - 13 
6. n 2 + 4n — 5 
8. 12g 2 + 8g + 5 


In Exercises 9-12, rewrite in the form a(x — h) 2 + k. 

9 . x 2 - 2x — 3 10 . 10 — 6x + x 2 

11 . —x 2 + 6x — 2 12 . 3x 2 — I2x + 13 


In Exercises 30-35, solve by using the quadratic formula. 


30 . n 2 -4n- 12 = 0 
32 . 6 k 2 + 1 \k = -3 
34 . - 2 + 4z = 6 


31 . 2y 2 + 5y = -2 
33 . w 2 + w = 4 
35 . 2 cf + 6q - 3 = 0 


In Exercises 36—46, solve using factoring, completing the 
square, or the quadratic formula. 


In Exercises 13-22, complete the square to find the vertex of 


the parabola. 

13 . y — x 2 + 6x + 3 
15 . y — —X 2 — 8x + 2 
17 . y = -x 2 + x — 6 
19 . y = —4x 2 + 8x — 6 

21 . y = 2x 2 — 7x + 3 


14. y - X 2 - x+4 
16 . y = x 2 — 3x - 3 
18 . y = 3x 2 + 12x 
20 . y — 5x 2 — 5x + 7 

22 . y = -3x 2 - x - 2 


In Exercises 23-29, solve by completing the square. 


23 . g 2 = 2g + 24 
25 . d 2 -d = 2 
27 . 25 2 = 1 - 105 
29 . 5p 2 + 9p = 1 


24 . p 2 - 2p = 6 
26 . 2r 2 + 4r - 5 = 0 
28 . lr 2 - 3r - 6 = 0 


36 . 

r 

- 2r = 8 

37 . 

5 2 

+ 35 = 1 

38 . 

z s 

+ 2z 2 = 3z + 6 

39 . 

25 ir + 4 = 3 ()h 

40 . 

1 

- 4v -9 = 0 

41 . 

-Tv 

2 = 6y + 18 

42 . 

2 p 

2 + 23 = 14 p 

43 . 

2 + 24 = 6 w 1 + 8 u 

44 . 

4x 

2 + I6x-5 =0 

45 . 

49m 2 + 70 m + 22 = 0 

46 . 

8x 

2 - 1 = 2x 
















Chapter Four 


EXPONENTIAL 

FUNCTIONS 


Contents 

4.1 Introduction to the Family of Exponential 

Functions. 140 

Increasing at a Constant Percent Rate: 

Exponential Growth.. . 140 

Decreasing at a Constant Percent 

Rate: Exponential Decay.140 

Growth Factors and Percent Growth Rales .... 141 
The Growth Factor of an Increasing 

Exponential Function.141 

The Growth Factor of a Decreasing 

Exponential Function.142 

A General Formula for the Family of 

Exponential Functions.142 

Rate of Change.143 

Projections into the Future.143 

4.2 Comparing Exponential and Linear Functions 149 

Identifying Linear and Exponential Functions 

From a Table .149 

Finding a Formula for an Exponential Function 150 
Modeling Growth Using Two Data 

Points.150 

Formulas and Rales of Change: Linear Versus 

Exponential .151 

Exponential Growth Outpaces Linear 

Growth in the Long Run.152 

4.3 Graphs of Exponential Functions.157 

Graphs of the Exponential Family: The Effect 

of the Parameter a .158 

Graphs of the Exponential Family: The Effect 

of the Parameter b .158 

Horizontal Asymptotes.158 

Solving Exponential Equations Graphically ... 159 
Finding an Exponential Function for Data .... 160 
Optional: Horizontal Asymptotes 

using Limit Notation .161 

4.4 Applications to Compound Interest.165 

Nominal Versus Effective Rate .165 

4.5 The Numbers.168 

Exponential Functions with Base**.168 

Annual vs. Continuous Growth Rates 170 
Connection: The Number e and Compound 

Interest.170 

REVIEW PROBLEMS.176 

STRENGTHEN YOUR UNDERSTANDING 182 
Skills Refresher: Exponents.183 




























140 Chapter Four EXPONENTIAL FUNCTIONS 


4.1 INTRODUCTION TO THE FAMILY OF EXPONENTIAL FUNCTIONS 

Increasing at a Constant Percent Rate: Exponential Growth 

Linear functions represent quantities that change at a constant rate. In this section we introduce 
functions that represent change at a constant percent rate, the exponential functions. 


Example 1 


Solution 


After graduation from college, you will probably be looking for a job. Suppose you are offered a job 
at a starting salary of $40,000 per year. To strengthen the offer, the company promises annual raises 
of 6% per year for at least the first four years after you are hired. Compute and graph your salary for 
the first four years. 

If t represents the number of years since the beginning of your contract, then for r = 0, your salary 
is $40,000. At the end of the first year, when t = 1, your salary increases by 6% so 


Salary when 
t = 1 


= Original salary + 6% of Original salary 


= 40,000 + 0.06-40,000 
= 42,400 dollars. 


After the second year, your salary again increases by 6%, so 


Salary when 
t = 2 


= Former salary + 6% of Former salary 

= 42,400 + 0.06*42,400 
= 44,944 dollars. 


Notice that your raise is higher in the second year than in the first since the second 6% increase 
applies both to the original $40,000 salary and to the $2400 raise given in the first year. 

Salary calculations for four years have been rounded and recorded in Table 4.1. At the end of 
the third and fourth years your salary again increases by 6%, and your raise is larger each year. Not 
only are you given the 6% increase on your original salary, but your raises earn raises as well. 


Table 4.1 Raise amounts and resulting 
salaries for a person earning 6% annual 
salary increases 


Year 

Raise amount ($) 

Salary ($) 

0 


40,000.00 

1 

2400.00 

42,400.00 

2 

2544.00 

44,944.00 

3 

2696.64 

47,640.64 

4 

2858.44 

50,499.08 


salary ($) 



1 -- 1 - 1 —r T years since hired 

5 10 15 20 

Figure 4.1: Salary over a 20-year period 


Figure 4.1 shows your salary over a 20-year period assuming the annual increase remains 6%. 
Since your salary increases by a larger amount each year, the graph is not a line, but bends upward; 
it is concave up. 

Decreasing at a Constant Percent Rate: Exponential Decay 

A quantity which decreases at a constant percent rate is said to be decreasing exponentially. 


Example 2 Carbon-14 is used to estimate the age of organic compounds. Over time, radioactive carbon-14 de¬ 
cays into a stable form. The decay rate is 11 .4% every 1000 years. Starting with 200-microgram (pg) 
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Solution 


of carbon-14, compute and graph the quantity of carbon-14 remaining every thousand years for the 
next 3000 years. 

Since 11.49? of the carbon-14 decays in the first 1000 years, we have 
Quantity remaining 


after 1000 years 


= Initial quantity - 11 A% of Initial quantity 

= 200-0.114*200 
- 177.2 A/g. 


Similarly, 


Quantity remaining 
after 2000 years 


Quantity remaining 
after 1000 years 
177.2-0.114* 177.2 ; 


- 11.4% of 
156.999 fAg, 


Quantity remaining 
after 1000 years 


and 


Quantity regaining _ Quantity remaining 
after 3000 years after 2000 years 

= 156.999-0.114 • 156.999 


11.4% of 


Quantity remaining 
after 2000 years 
39.101 A/g. 


See Table 4.2. Notice that during each 1000-year period, the amount of carbon-14 that decays is 
smaller than in the previous period. This is because we take 11 A% of a smaller quantity each time. 


Table 4.2 Quantity of carbon-14 remaining 


carbon-14 remaining (^g) 


Years 

elapsed 

Quantity 

decayed (gg) 

Quantity 
remaining (gg) 

0 

— 

200.0 

1000 

22.8 

177.2 

2000 

20.201 

156.999 

3000 

17.898 

139.101 



time elapsed (years) 


Figure 4.2: Quantity of carbon-14 over 10,000 years 


Figure 4.2 shows the quantity of carbon-14 left from a 200 fug sample over 10,000 years. Because 
the amount decreases by a smaller amount over each successive thousand-year interval, the graph is 
not linear but bends upward; it is concave up. 

Growth Factors and Percent Growth Rates 

Instead of using percent growth or decay rates, there is another way to think about exponentially 
changing quantities—the growth factor, which we introduce next. 

The Growth Factor of an Increasing Exponential Function 

The salary in Example l increases by 6% every year. We say that the annual percent growth rate is 
6%. We know that each year. 


New salary = Old salary + 6% of Old salary. 
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We can rewrite this as follows: 

New salary = 100% of Old salary + 6% of Old salary = 106% of Old salary. 

Since 106% = 1.06, we have 

New salary = 1.06 * Old salary. 

We call 1.06 the growth factor. 

The Growth Factor of a Decreasing Exponential Function 

In Example 2, the carbon-14 changes by — 11.4% every 1000 years. The negative growth rate tells 
us that the quantity of carbon-14 decreases over time. We have 

New quantity = Old quantity - 11.4% of Old quantity, 

which can be rewritten as 

New quantity — 100% of Old quantity - 11.4% of Old quantity = 88.6% of Old quantity. 

Since 88.6% — 0.886, we have 


New quantity = 0.886 * Old quantity. 

We call 0.886 the growth factor even though the amount of carbon-14 is decreasing. Although 
it may sound strange, we use “growth factor” to describe both increasing and decreasing quantities. 
Growth factors of more than 1 represent exponential increase; growth factors of less than 1 represent 
exponential decay. 


A General Formula for the Family of Exponential Functions 

Growth factors are useful to write formulas for exponential growth and decay. Because it grows at 
a constant percentage rate each year, the salary, 5, in Example 1 is an example of an exponential 
function. We want a formula for S in terms of r, the number of years since being hired. Since the 
annual growth factor is 1.06, we know that for each year, 

New salary = Old salary * 1.06. 

Thus, after one year, or when t = 1, 


^ = 40,000(1.06). 

Old salary 


Similarly, when t = 2, 

6- = 40,000(1.06X1.06) = 40,000(1.06) 2 . 

'-V-' 

Old salary 

Here there are two factors of 1.06 because the salary has increased by 6% twice. After t years the 
salary has increased by a factor of 1.06 a total of t times. Thus, 

S = 40,000(1.06/. 


In general, we have: 
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An exponential function Q = f(t) has the standard form 

m = ab\ b> 0, 

where a is the initial value of Q (at t = 0) and b , the base, is the growth factor. The growth 
factor is given by 

b= 1 +r 

where r is the growth rate. (For example, b = 1.06 and r — 0.06 for a 6% growth rate.) For 
a > 0: 

• If there is exponential growth, then r > 0 and b > 1. 

• If there is exponential decay, then r < 0 and 0 < b < 1. 

See Figure 4.3 and Figure 4.4. 


The constants a and b are called parameters. The base b is restricted to positive values because 
if b < 0 then b* is undefined for some exponents t , for example, t = 1/2. The values a = 0 and 
b = 1 are usually excluded because they give constant functions which are not generally considered 
exponential. 

Rate of Change 

First suppose a > 0. The average rate of change of /(0 = ab* between two points is positive when 
b > 1, since /( t ) is increasing. (See Figure 4.3.) The rate of change is negative when 0 < b < 1 since 
f(t) is decreasing. (See Figure 4.4.) The graphs for both b > 1 and 0 < b < 1 bend upward—they 
are concave up. Thus, for a > 0, the rate of change of the exponential function increases as the points 
move to the right. 

Q Q 




Figure 4.3: Exponential growth: b > 1 Figure 4.4: Exponential decay: 0 < b < 1 

If a < 0, the rate of change of f(t) is positive for 0 < b < 1 and negative for b > 1. In both 
cases, the graph is concave down; the rate of change decreases as we move right. 


Example 3 Carbon-14 decays at a rate of 11.4% every 1000 years. Write a formula for the quantity, Q , of a 
200-pg sample remaining as a function of time, t, in thousands of years. 

Solution The growth factor of carbon-14 over 1000 years is 1 - 0.1J4 = 0.886. Originally, there are 200 /^g, 
so the quantity remaining after t thousand years is given by 

Q = 200(0.886/. 

Projections into the Future 

We can use a mathematical model, such as an exponential function, to make predictions, such as 
future salaries or population levels. 


Example 4 Use the formula S = 40,000(1.06/ to calculate your salary after 4 years, 12 years, and 40 years. 
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Solution 


Example 5 


Solution 


Example 6 


Solution 


After 4 years, t — 4, and we have 

5 = 40,000(1.06) 4 « $50,499.08. 

Notice that this agrees with Table 44 on page 140. After 12 years, t - 12, and we have 

5 = 40,000(1.06) 12 » $80,487.86. 

After 12 years, the salary has more than doubled from the initial salary of $40,000. When t = 40 
we have 

S' = 40,000(1.06) 40 « $411,428.72. 

Thus if you work for 40 years and consistently earn 6% annual raises, your salary will be over 
$400,000 a year. 


Mexico’s population was 100 million in the year 2000; since then the population has grown an aver¬ 
age of 1.3% per year. 1 

(a) Find a formula for P, the population of Mexico (in millions) t years since 2000. 

(b) What does the formula predict when t = 0? When t — — 5? What do these values tell you about 
the population of Mexico? 

(a) In 2000, the population of Mexico was 100 million and growing at a constant 1.3% annual rate. 
The growth factor is b = 1 + 0.013 = 1.013, and a = 100, so 

P = 100(1.013/. 

Because the growth factor will change eventually, this formula may not give accurate results for 
large values of t. 

(b) If t = 0, then, since (1.013)° = 1, we have 

P = 100(1.013)° = 100. 

This makes sense because t - 0 stands for 2000, and in 2000 the population was 100 million. 
When t = — 5 we have 

P= 100C1.013) -5 » 93.746. 

To make sense of this number, we must interpret the year t = - 5 as five years before 2000; that 
is, as the year 1995. If the population of Mexico had been growing at a 1.3% annual rate from 
1995 onward, then it was 93.746 million in 1995. 


On August 2, 1988, a US District Court judge imposed a fine on the city of Yonkers, New York, for 
defying a federal court order involving housing desegregation. 2 The fine started at $100 for the first 
day and was to double daily until the city chose to obey the court order. 

(a) What was the daily percent growth rate of the fine? 

(b) Find a formula for the fine as a function of f, the number of days since August 2, 1988. 

(c) If Yonkers waited 30 days before obeying the court order, what would the fine have been? 

(a) Since the fine increased each day by a factor of 2, the fine grew exponentially with growth factor 
b — 2. To find the percent growth rate, we set b = 1 + r — 2, from which we find r = 1, or 
100%. Thus the daily percent growth rate is 100%. This makes sense because when a quantity 
increases by 100%, it doubles in size. 

(b) If t is the number of days since August 2, the formula for the fine, P in dollars, is 

P = 100-2'. 

(c) After 30 days, the fine is P = 100 • 2 30 « 1.074 • 10 11 dollars, or $107,374,182,400. 


1 http://www.census.gov/popuIation/international/data/idb/region.php, accessed March, 2014. 
2 The Boston Globe , August 27, 1988. 






Exercises and Problems for Section 4.1 

Skill Refresher 
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In Exercises S1-S2. express ihe percentages in decimal form. In Exercises S3-S4. express the decimals as a percent. 

SI. 6'/ S2. 0.6 r /< S3. 0.0012 S4. 1.23 

Exercises 

Arc the functions in Exercises 1-9 exponential? If so, write 18. Without a calculator, match each of the formulas to one 
the function in the form fit) = ab'. of the graphs in Figure 4.5. 

1 . «(«<) = 2 ( 2 -" 

3. /(*)=f 

5. G(t) = 3(/)' 

7. <?(/) = 8'/’ 

9. K(x) = 


2. 

-4 

q(r) - — 

(a) 

y = 0.8' 

(b) 

y - 5(3)' 


(c) 

-6(1.03)' 

(d) 

y= 15(3)“' 

4. 

mil) = (2 ■ 3') 3 

(e) 

y — —4(0.98)' 

in 

y = 82(0.8)“' 


6. j(x) = 2'y 
8 . /;(/-) = 2 r + 3 r 


3 ■ 3' 


In Exercises 10 - 13 , give the starting value a, the growth factor 
6, and the growth rate r if Q = ab 1 — a( 1 +/*)'. 



10. Q = 1750(1.593 Y 
12. Q = 79.2( 1.002)' 


11. <2 = 34.3(0.788)' 

13. Q = 0.0022(2.3 IT 3 ' 


(iii) 


What is the growth factor in Exercises 14—17? Assume time is 
measured in the units given. 

14. Water usage is increasing by 3% per year. 

15. A city grows by 28% per decade. 

16. A diamond mine is depleted by \% per day. 

17. A forest shrinks 80% per century. 

Problems 



(iv) 




Figure 4.5 


19. The populations, P, of six towns with time t in years are 
given by 

(i) P = 1000(1.08)' (ii) P = 600(1.12)' 

(iii) P = 2500(0.9)' (iv) P = 1200(1.185)' 

(v) P = 800(0.78)' (vi) P = 2000(0.99)' 

(a) Which towns are growing in size? Which are shrink¬ 
ing? 

(b) Which town is growing the fastest? What is the an¬ 
nual percent growth rate for that town? 

(c) Which town is shrinking the fastest? What is the an¬ 
nual percent decay rate for that town? 

(d) Which town has the largest initial population (at t = 
())? Which town has the smallest? 

20. The value, K, of a $100,000 investment that earns 3% an¬ 
nual interest is given by V = f(t) where 1 is in years. 
How much is the investment worth in 3 years? 


21. An investment decreases by 5% per year for 4 years. By 
what total percent does it decrease? 

22. The value $K of an investment in year t is given by 
V = 2500(1.0325)'. Describe the investment in words. 

In Problems 23-28, the initial value (at year t = 0) and the 
percent change per year of a quantity Q are given. 

(a) Write a formula for Q as a function of t. 

(b) What is the value of Q when t — 10? 

23. Initial amount 2000; increasing by 5% per year 

24. Initial amount 35; decreasing by 8 9c per year 

25. Initial amount 112.8; decreasing by 23.4% per year 

26. Initial amount 5.35; increasing by 0.8% per year 

27. Initial amount 5; increasing by 100% per year 

28. Initial amount 0.2; decreasing by 0.5% per year 
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29. In 2014, the population of a country was 70 million and 
growing at a rate of 1.9% per year. Assuming the percent¬ 
age growth rate remains constant, express the population, 
P, as a function of /, the number of years after 2014. 

30. Every year, a lake becomes more polluted, and 2% fewer 
organisms can live in it. If in 2015 there are one million 
organisms, write an equation relating O, the number of 
organisms, to time, t, in years since 2015. 

31. The mass, Q, of a sample of tritium (a radioactive isotope 
of hydrogen) decays at a rate of 5.626% per year. Write a 
function giving the mass of a 726-gram sample after a 
time, f, in years. Graph this decay function. 

32. (a) The annual inflation rate in the US is 1.5% per year. If 

a movie ticket currently costs $10, find a formula for 
p, the price of the ticket t years from today, assuming 
that movie tickets keep up with inflation. 

(b) According to your formula, how much will movie 
tickets cost in 20 years? 

33. A typical cup of coffee contains about 100 mg of caffeine 
and every hour approximately 16% of the amount of caf¬ 
feine in the body is metabolized and eliminated. 

(a) Write C, the amount of caffeine in the body in mg, as 
a function of f, the number of hours since the coffee 
was consumed. 

(b) How much caffeine is in the body after 5 hours? 

34. Grinnell Glacier in Glacier National Park in the US cov¬ 
ered about 142 acres in 2007 and was shrinking at a rate 
of about 4.4% per year. 3 

(a) Write a formula for the size, S , of the Grinnell 
Glacier, in acres, as a function of years i since 2007. 

(b) Use the model to predict the size of the glacier in the 
year 2020. 

(c) According to the model, how many acres of ice were 
lost from the glacier between 2007 and 2010? 

35. Polluted water is passed through a series of filters. Each 
filter removes 85% of the remaining impurities. Initially, 
the untreated water contains impurities at a level of 420 
parts per million (ppm). Find a formula for L, the remain¬ 
ing level of impurities, after the water has been passed 
through a series of n filters. 

36. In 2014 the number of people infected by a virus was P 0 . 
Due to a new vaccine, the number of infected people has 
decreased by 20% each year since 2014. In other words, 
only 80% as many people are infected each year as were 
infected the year before. Find a formula for P = f(n ), 
the number of infected people n years after 2014. Graph 
f(n). Explain, in terms of the virus, why the graph has 
the shape it does. 


37. A cold yam is placed in a hot oven. Newton’s Law of 
Heating tells us that the difference between the oven’s 
temperature and the yam’s temperature decays exponen¬ 
tially with time. The yam’s temperature is initially 0°F, 
the oven’s temperature is 300°F, and the temperature dif¬ 
ference decreases by 3% per minute. Find a formula for 
Y(t ), the yam’s temperature at time t . 

38. On July 1, 2012, the population of California was 38.04 
million 4 and growing at an annual rate of 2.1%. Assume 
that growth continues at the same rate. 

(a) By how much will the population increase between 
2012 and 2030? Between 2030 and 2048? 

(b) Explain how you can tell before doing the calcula¬ 
tions which of the two answers in part (a) is larger. 

39. In 2007, world solar photovoltaic (PV) market installa¬ 
tions totaled 2826 megawatts and were growing at a rate 
of 62% per year. In the same year, Japan’s PV market in¬ 
stallations totaled 230 megawatts and were declining at a 
rate of 23% per year. 5 

(a) Use the information given to predict PV market in¬ 
stallations in the world and in Japan in the year 2015. 

(b) What percent of world PV market installations were 
in Japan in 2007? In 2015? 

40. The population of India was about 1.22 billion people in 
2013 and was growing at a rate of about 1.28% per year. 6 

(a) Write a formula for the population, P, of India, in 
billions, as a function of years t since 2013. 

(b) If the growth rate stays constant, predict the popula¬ 
tion of India in the year 2015 and the year 2020. 

(c) Find the rate of change of India’s population, in mil¬ 
lion people per year, during the year 2013. 

(d) Find the rate of change of India’s population, in peo¬ 
ple per minute, during the year 2013. 

In Problems 41^14, calculate the rate of change of the func¬ 
tions over the interval 1 < x < 2. 

41. f(x) = y 42. g(x)=(i)" 

43. h{x) = 5 X 44. k(x)= Q)* 

45. Let / (x) = 2 X . 

(a) Calculate the rate of change of f(x) over the follow¬ 
ing intervals 

(i) 0 < x < 1 (ii) 1 < x < 2 

(iii) 2 < x < 3 (iv) 3 < x < 4 


3 “Warming climate shrinking Glacier Park’s glaciers,” www.usatoday.com, October 15, 2007. 

4 http://www.census.gov/popest/data/state/totals/2012, accessed April, 2013. 

5 www.solarbuzz.com/marketbuzz2008, accessed February, 2010. 

6 https://www.cia.gov/library/publications/the-world-factbook/geos/in.html, accessed February 20, 2014. 
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(h) What pattern do you notice? Use this pattern to guess 
the value of the rate of change over 19 < .v < 20 and 
then check your answer. 

In Problems 46-^17. use the following model for the annual 
revenue for Amazon 7 between 2009 and 201 I: 

R(t) = 24.48( 1.4)2 

where / is in years since 2009. and R(n is in billion dollars. 

46. (a) How much did Amazon's revenue grow between 

2009 and 2010? Between 2010 and 201 17 

(b) Explain what the answers to part (a) tell us about 
the concavity of the graph of R(t) between 2009 and 
2011. and what this means in practical terms. 

47. (a) Assume Amazon's annual revenue continues to rise 

at the same rale after 201 1. Without doing any calcu¬ 
lations. arrange in increasing order the average rates 
of change of R(i j from: 

(i) 2011 to 2012 (ii) 2013 to 2014 

(iii) 2010 to 201 1 

(b) Suppose Amazon's annual revenue continues to 
grow after 201 1 but the size of the yearly increase 
shrinks after 2014. What does this say about the con¬ 
cavity and shape of the graph of annual revenue after 
2014? 

Write the exponential function y = 5(0.5)' / ' in the forms given 
in Problems 48-49. Give the values of all constants. 

48. y = ah' 49. y = a • 4^ f 

50. In the year 2012. a total of 17 million passengers took 
a cruise vacation.* The global cruise industry has been 
growing at a rate of approximately 4% per year for the 
last live years. 

(a) Write a formula to approximate the number, N, of 
cruise passengers (in millions) t years after 2012. 

(b) How many cruise passengers arc predicted in the 
year 2015? Approximately how many passengers 
went on a cruise in the year 2009? 

51. Write the following exponential function in standard 
form, f(t) = ah 2 giving the values of a and h: 


52. The amount (in milligrams) of a drug in the body t hours 
after taking a pill is given by A(n — 25(0.85)2 

(a) What is the initial dose given? 

(b) What percent of the drug leaves the body each hour .' 

(c) What is the amount of drug left after 10 hours? 

(d) After how many hours is there less than 1 milligram 
left in the body? 

53. Every year, teams from 64 colleges qualify to compete in 
the NCAA women's basketball playoffs. Eor each round, 
every team is paired with an opponent. A team is elim¬ 
inated from the tournament once it loses a round. So, at 
the end of a round, only half of the teams move on to the 
next round. Let N(r) be the number of teams remaining 
in competition after r rounds of the tournament have been 
played. 

(a) Find a formula for N [r] and graph v = N(r). 

(b) In 2013 the Connecticut Huskies defeated the 
Eouisville Cardinals 93-60 in the final round. How 
many rounds diet Connecticut have to go through to 
win the championship game.' 

54. The UN Food and Agriculture Organization estimates 
that 2.1727 of the world's natural forests existing in 1990 
were gone by the end of the decade. In 1990, the world’s 
forest cover stood at 4077 million hectares. g 

(a) How many million hectares of natural forests were 
lost during the 1990s? 

(b) How many million hectares of natural forests existed 
in the year 2000? 

(c) Write an exponential formula approximating the 
number of million hectares of natural forest in the 
world t years after 1990. 

(d) What was the annual percent decay rale during the 
1990s? 

(e) During the years 2000 through 2005, the world’s nat¬ 
ural forests decreased by approximately 0.187 per 
year. Approximately how many million hectares of 
natural forests existed in the year 2005? 

55. The population of a small town increases by agrowth fac¬ 
tor of 1. 134 over a two-year period. 

(ii) By what percent does the town increase in size dur¬ 
ing the two-year period? 

(b) If the town grows by the same percent each year, 
what is its annual percent growth rate? 

56. Forty percent of a radioactive substance decays in five 
years. By what percent does the substance decay each 
year? 

57. The Home section of many Sunday newspapers includes a 
mortgage table similar to Table 4.3. 1() The table gives the 


7 hltp://ww\v.mai'ketw'atdi.eom/investing/stock/am/n/linaneials. accessed March, 2014. 
*http://www.f-cca.coin/dovvnloads/2012-Cruisc-lndustry-Overview-Statistics.pdf, accessed May 10, 2013. 
Vww.fao.org/forestry/fra/fra/2005/en/. accessed January 2, 2010. 
l() http://www.drealculalor.coni. accessed January I, 2010. 
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monthly payment per $ 1000 borrowed tor loans at various 
interest rates and time periods. 

(a) Determine the monthly payment on a 

(i) $60,000 mortgage at 4 r /< for fifteen years. 

(ii) $60,000 mortgage at 4 r / ( for thirty years. 

(iii) $60,000 mortgage at 69; for fifteen years. 

(b) Over the life of the loan, how much money would be 
saved on a 15-year mortgage of $60,000 if the rate 
were 49c instead of 6 9r ? 

(c) Over the life of the loan, how much money would be 
saved on an 4 % mortgage of $60,000 if the term of 
the loan was fifteen years rather than thirty years? 


59. A one-page letter is folded into thirds to go into an en¬ 
velope. If it were possible to repeat this kind of tri-fold 
20 times, how many miles thick would the letter be? 
(A stack of 150 pieces of stationery is one inch thick; 
1 mile = 5280 feet.) 

Problems 60-61 concern ISO 4-series paper, commonly used 
in many countries. 40 is the largest sheet, 4 I next largest, and 
so on, with 44 being somewhat similar to the 8.5 by I 1 inch 
paper standard in the US. The width in millimeters (mm) of a 
sheet of A n paper in this series is given by the formula 11 

f{n) = 1000 ■ 2ut~! 


Table 4.3 


Interest 

rate (%) 

15-year 

loan 

20-year 

loan 

25-year 

loan 

30-year 

loan 

4.00 

7.40 

6.06 

5.28 

4.77 

4.50 

7.65 

6.33 

5.56 

5.07 

5.00 

7.91 

6.60 

5.85 

5.37 

5.50 

8.17 

6.88 

6.14 

5.68 

6.00 

8.44 

7.16 

6.44 

6.00 

6.50 

8.71 

7.46 

6.75 

6.32 

7.00 

8.99 

7.75 

7.07 

6.65 

7.50 

9.27 

8.06 

7.39 

6.99 

8.00 

9.56 

8.36 

7.72 

7.34 


58. You owe $2000 on a credit card. The card charges 1.5% 
monthly interest on your balance, and requires a mini¬ 
mum monthly payment of 2.59c of your balance. All trans¬ 
actions (payments and interest charges) are recorded at 
the end of the month. You make only the minimum re¬ 
quired payment every month and incur no additional debt. 

(a) Complete Table 4.4 for a twelve-month period. 

(b) What is your unpaid balance after one year has 
passed? At that time, how much of your debt have 
you paid off? How much money in interest charges 
have you paid your creditors? 


Table 4.4 


Month 

Balance 

Interest 

Minimum payment 

0 

$2000.00 

$30.00 

$50.00 

1 

$1980.00 

$29.70 

$49.50 

2 

$1960.20 




60. Show' that this is an exponential function by writing it in 
standard form. f{n) = ab". What do the values of a and 
h tell you about 4-series paper? 

61. Evaluate and simplify the ratio f(n + 2)/f(n). What does 
your answer tell you about 4-series paper? 

62. Figure 4.6 is the graph of f{x) — 4 ■ b x . Find the slope of 
the line segment PQ in terms of b. 



1 5 

Figure 4.6 


63. The figure shows graphs of two functions: 

f(D = «„ • 2~' /r " 
g(t) = (7, • 2~' /r| . 

Which is larger, a u or a ,? r () or r,? 


y 



11 Actual paper si/es arc rounded to the nearest mm, so this formula is only approximate. See 
Avvvw.el.cam.ac.uk/~mgk25/iso-paper.htm], accessed February 24, 2008. 
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Use Figure 4.7 in Problems 64-67. 



64. Which is greater. a [} or ? 

65. Which is greater, /),, or /), ? 

66. What happens to / n if «„ is increased while the other quan¬ 
tities remain fixed? 

67. What happens to / () if 6, is decreased while the other quan¬ 
tities remain fixed'/ 


68. Let P be the number of students in a school district, N 

be the si/e of the tax base (in households), and r be the 

average annual tax rate (in $/household). 

(a) Find a formula for /T the total tax revenue, in terms 
of N and r. 

(b) Find a formula for A , the average revenue per stu¬ 
dent. 

(c) Suppose the tax base goes up by 2 ( A and the lax rate 
is raised by V/ f , Find formulas for the new tax base 
and lax rale in terms of N and r. 

(d) Using your answer to part (c). find a formula for the 
new total tax revenue in terms of R. By what percent 
did R increase? 

(e) Over the time period in part (c). the student popula¬ 
tion rises by 870 Find a formula for the new average 
revenue in terms of A. Did the average revenue rise 
or fall? By how much? 


4.2 COMPARING EXPONENTIAL AND LINEAR FUNCTIONS 


The exponential function Q = ab ! represents a quantity changing at a constant percent rate. In this 
section we compare exponential and linear models and we fit exponential models to data from tables 
and graphs. 

Identifying Linear and Exponential Functions From a Table 

Table 4.5 gives values of a linear and an exponential function. Notice that the value of x changes by 
equal steps of Ax = 5. The function / could be linear because the difference between consecutive 
values of f(x) is constant: f(x) increases by 15 each time x increases by 5. 

Table 4.5 Two functions, one linear and one exponential 


X 

20 

25 

30 

35 

40 

45 

/« 

30 

45 

60 

75 

90 

105 

g(x ) 

1000 

1200 

1440 

1728 

2073.6 

2488.32 


On the other hand, the difference between consecutive values of g(x) is not constant: 

1200 - 1000 = 200 
1440- 1200 = 240 
1728- 1440 = 288. 

Thus, g is not linear. However, the ratio of consecutive values of g(x) is constant: 

1200 = 9 ]440 = .1728 = 

1000 1200 1440 ■ ’ 

and so on. Note that 1200 = 1.2(1000), 1440 = 1.2(1200), 1728 = 1.2(1440). Thus, each time 
x increases by 5, the value of g(x) increases by a factor of 1.2. This pattern of constant ratios is 
indicative of exponential functions. In general: 


For a table of data that gives y as a function of x and in which Ax is constant: 

• If the difference of consecutive y-values is constant, the table could represent a linear 
function. 

• If the ratio of consecutive y-values is constant, the table could represent an exponential 
function. 
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Finding a Formula for an Exponential Function 


To find a formula for the exponential function in Table 4.5, we must determine the values of a and 
b in the formula g(x) = ab x . The table tells us that ab 20 = 1000 and that ab 25 — 1200. Taking the 
ratio gives 

ab 25 _ 1200 _ „ 

ab 20 “ 1000 “ 

Notice that the value of a cancels in this ratio, so 


ab 25 
ab 2 0 


= b 5 


1 . 2 . 


We solve for b by raising each side to the 1 /5 power: 

( b 5 ) l/5 = b = 1.2 I/5 « 1.03714. 


Now that we have the value of b , we can substitute into the formula for g and solve for a . Since 
g(20) = ab 2l) = 1000, we have 


a(1.037I4) 20 = 1000 

_ 1000 
1.03714-° 


482.253. 


Thus, a formula for g is g(x) = 482.253(1.037 ) v . (Note that we could have used any two points from 
the table to find a and b.) 


Modeling Linear and Exponential Growth Using Two Data Points 


If we are given two data points, we can fit either a linear or an exponential function to the points. 
The following example compares the predictions made by a linear model and an exponential model 
fitted to the same data. 


Example 1 


Solution 


At time t = 0 years, some turtles are released into a wetland. When t = 4 years, a biologist estimates 
there are 300 turtles in the wetland. Three years later, the biologist estimates there are 450 turtles. 
Let P represent the size of the turtle population in year t. 

(a) Find a formula for P = f(t) assuming linear growth. Interpret the slope and P-intercept of your 
formula in terms of the turtle population. 

(b) Now find a formula for P — g(t) assuming exponential growth. Interpret the parameters of your 
formula in terms of the turtle population. 

(c) In year t — 12, the biologist estimates that there are 900 turtles in the wetland. What does this 
indicate about the two population models? 

(a) Assuming linear growth, we have P = f(t) = /; + mt. and 

AP _ 450-300 _ 150 _ 
m ~ At 7-4 3 

Calculating b gives 

300 =6 + 50-4 

6 = 100 , 

so P = f(r)= 100 + 50r. This formula tells us that 100 turtles were originally released into the 
wetland and that the number of turtles increases at the constant rate of 50 turtles per year. 

(b) Assuming exponential growth, we have P = g(t) — ab 1 . The values of a and b are calculated 
from the ratio 

ab[ _ 450 

ab 4 " 300' 
so 

=1.5. 
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Thus, 


b = (I.5)'/' * 1.145. 


Using the fact that g(4) = ah 4 = 300 to find a gives 
a (1.145 ) 4 = 300 


300 

I.I45 4 


I 75, Kdtimlino 


it > iIr' ncoK’si w hull.' untie 


so P = g{t) = 175(1.145)7 This formula tells us that 175 turtles were originally released into 
the wetland and the number increases at about 14.5 v /< per year. 

(e) In year / = 12, there are approximately 900 turtles. The linear function from part (a) predicts 


P= 100 + 50- 12 = 700 turtles. 


The exponential formula from part (b), however, predicts 

P= 175(1.145)' 2 a 880 tunics. 


The fact that 889 is closer to the observed value of 900 turtles suggests that, during the first 12 
years, exponential growth is a better model of the turtle population than linear growth. The two 
models are graphed in Figure 4.8. 


P (turtles) 



Figure 4.8: Comparison of the linear and exponential models of the turtle population 


Formulas and Rates of Change: Linear Versus Exponential 

In some ways the formulas for linear and exponential functions are similar. If y is a linear function 
of x and x is a positive integer, we can write y = b + mx as 

y — b + m + m + w + .., + m . 

v -v-' 

a- times 

Similarly, if y is an exponential function of x, so that y = a * b x and x is a positive integer, we can 
write 

y ~ a * b ■ b - b ■ ... • b . 

'-V-' 

v times 

So linear functions involve repeated sums whereas exponential functions involve repeated products. 
In both cases, x determines the number of repetitions. 

There are other similarities between the formulas for linear and exponential functions. In the 
formula y = b + mx, b tells us the ^-intercept and m tells us how the function is changing. In the 
formula y = a • b x * a tells us the y- intercept and b tells us how the function is changing. 


Example 2 The tables in parts (a) and (b) contain values from an exponential or linear function. For each table, 
decide if the function is linear or exponential, and find a possible formula for the function. 
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Solution 


Example 3 


Solution 


X 

(D) 

/« 

X 

g(x) 

0 

65 

0 

400 

1 

75 

1 

600 

2 

85 

2 

900 

3 

95 

3 

1350 

4 

105 

4 

2025 


(a) The function values increase by 10 as x increases by 1, so this is a linear function with slope 
m — 10. Since /(0) — 65, the vertical intercept is 65. A possible formula is 

/ (x) = 65 + lOx. 

(b) The function is not linear, since g(x) increases by different amounts as x increases by 1. To check 
that g is exponential, we look at ratios of consecutive values: 

600. ,.5, 292 = 1.5, — = 1.5, 2025 = 1.5. 

400 600 900 1350 

Each time x increases by 1, the value of g(x) increases by a factor of 1.5. This is an exponential 
function with growth factor 1.5. Since g(0) = 400, the vertical intercept is 400. A possible 
formula is 

g (x) = 400(1.5)*. 


Linear and exponential functions differ in their rates of change. Linear functions have constant 
rates of change. Exponential functions have rates of change that are increasing everywhere or de¬ 
creasing everywhere. 

Exponential Growth Always Outpaces Linear Growth in the Long Run 

Figure 4.8 shows the graphs of the linear and exponential models for the turtle population from 
Example 1. The graphs highlight the fact that, although these two graphs remain fairly close for the 
first ten or so years, the exponential model predicts explosive growth in the long run. This is because 
the rate of change of this exponential function is increasing whereas the rate of change of a linear 
function is constant. 

It can be shown that an exponentially increasing quantity will, in the long run, always grow faster 
than a linearly increasing quantity. This fact led the 19 th -century clergyman and economist Thomas 
Malthus to make some rather gloomy predictions, which are illustrated in the next example. 


The population of a country is initially 2 million people and is increasing at 4% per year. The coun¬ 
try’s annual food supply is initially adequate for 4 million people and is increasing at a constant rate 
adequate for an additional 0.5 million people per year. 

(a) Based on these assumptions, in approximately what year will this country first experience short¬ 
ages of food? 

(b) If the country doubled its initial food supply, would shortages still occur? If so, when? (Assume 
the other conditions do not change.) 

(c) If the country doubled the rate at which its food supply increases, in addition to doubling its initial 
food supply, would shortages still occur? If so, when? (Again, assume the other conditions do 
not change.) 

Let P represent the country’s population (in millions) and N the number of people the country can 
feed (in millions). The population increases at a constant percent rate, so it can be modeled by an 
exponential function. The initial population is a = 2 million people and the annual growth factor is 
b = 1 + 0.04 = 1.04, so a formula for the population is 

P = 2(1.04)'. 
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In contrast, the food supply increases hy a constant amount each year and is therefore modeled by a 
linear function. The initial food supply is adequate for h = 4 million people and the growth rale is 
m = 0.5 million per year, so the number of people that can be fed is 

/V — 4 + 0.5b 

(a) Figure 4.9(a) gives the graphs of P and N over a 105-year span. For many years, the food supply 
is far in excess of the country's needs. However, after about 78 years the population has begun 
to grow st) rapidly that it catches up to the food supply and then outstrips it. After that time, the 
country will suffer from shortages. 

(b) If the country can initially feed eight million people rather than four, the formula for N is 

N = 8 + 0.5/. 

However, as we see from Figure 4.9(b), this measure only buys the country three or four extra 
years with an adequate food supply. After 81 years, the population is growing so rapidly that the 
head start given to the food supply makes little difference. 

(c) If the country doubles the rate at which its food supply increases, from 0.5 million per year to 
1.0 million per year, the formula for N is 

N = 8 + 1.0/. 


(a) 


Unfortunately the country still runs out of food eventually. Judging from Figure 4.9(e). this hap¬ 
pens in about 102 years. 


millions (b) 

of people 



millions 
of people 



short ^ 



Figure 4.9: These graphs illustrate the fact that an exponentially growing 
population eventually outstrips a linearly growing food supply 


Malthus believed that populations increase exponentially while food production increases lin¬ 
early. The last example explains his gloomy prediction: Any population eventually outstrips its food 
supply, leading to famine and war. 

Exercises and Problems for Section 4.2 

Skill Refresher 


In Exercises S1-S4, write each of the following with single In Exercises S5-S6, evaluate the functions for t — 0 and / = 3. 
positive exponents. S5. /(/) = 5.6( 1.043)' S6. #(/) = 12,837(0.84)' 


SI. b 4 ■ b (l 


18a 10 /) 6 


S2. 8g 3 *(-4g) : 

S4. 


In Exercises S7-S10, solve for x. 


S7. 4a 3 = 20 S8. — - 125 

A° 

S9. — - 7 S10. y/Tv 7 = 5 

3 a 3 


S3. 


6 a 3 /?~ 4 


( 4 ah ~ A ) 2 
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Exercises 


1. The following formulas give the populations (in 1000s) 8. 

of four different cities, A , B , C, and D, where t is in 
years. Which are changing exponentially? Describe in 
words how each of these populations is changing over 
time. Graph those that are exponential. 

P A =200+ 1.3 1, P B = 270(1.021)', 

P c = 150(1.045) ; . P n = 600(0.978/. 


X 

V. 

h(x) x 

/(x) 

0 

14 0 

18 

1 

12.6 1 

14 

2 

11.34 2 

10 

3 

10.206 3 

6 

4 

9.185 4 

2 


2. A population has size 5000 at time t = 0, with t in years. 

(a) If the population decreases by 100 people per year, 
tind a formula for the population, P, at time f. 

(b) If the population decreases by 8% per year, find a for¬ 
mula for the population, P, at time t. 

3. Write a formula for the price p of a gallon of gas in t days 
if the price is $2.50 on day t = 0 and the price is: 

(a) Increasing by $0.03 per day. 

(b) Decreasing by $0.07 per day. 

(c) Increasing by 2% per day. 

(d) Decreasing by 4 % per day. 

4. In an environment with unlimited resources and no preda¬ 
tors, a population tends to grow by tbe same percentage 
each year. Should a linear or exponential function be used 
to model such a population? Why? 

5. (a) Make a table of values for P = /(/) = 1000(1.2/. 

for r = 0, 1,2. 3.4.5. 

(b) Calculate each of the ratios of successive terms: 


10. Find g(0 = ab { ifg(10) = 50 and g(30) = 25. 

11. Find a formula for fix). an exponential function such that 
/(—8) = 200 and /(30) = 580. 

12. Suppose that /( x) is exponential and that /(—3) = 54 
and /(2) = Find a formula for f(x). 

13. Find a formula for /(.v), an exponential function such that 
f(2)= 1/27 and /(-1) = 27. 

14. Find the equation of an exponential curve through the 
points (-1,2), (1,0.3). 

For Exercises 15-20, find a formula for the exponential func¬ 
tion. 

15. y 16. v 




/(l) f{2) /(3) /(4) ,/(5) 

/( 0 )' /( 1 )' /( 2 )' /( 3 )' /( 4 )’ 

(c) Discuss the results. Why is this outcome to be ex¬ 
pected? 

The tables in Exercises 6-9 contain values from an exponential 
or a linear function. In each problem: 

(a) Decide if the function is linear or exponential. 

(b) Find a possible formula for each function and graph it. 


X 

/(*) ’ X 

Six) 

0 

12.5 0 

0 

1 

13.75 1 

2 

2 

15.125 2 

4 

3 

16.638 3 

6 

4 

18.301 4 

8 
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in Exercises 21-22. find an exponential function lor the graph, 
or explain why this is not possible. 

21 . y 22 . y 




23. Find a formula for the exponential function g whose graph 
contains the points (2.3,0.4) and (3.5,0.1). 

24. Find a formula for the exponential function / given 
/(-5) = 22 and /(17) = 46. 

25. In Table 4.6. data for the functions /. g and h are given, 
rounded to the nearest 0.01. One of them is linear, one is 
exponential, and one is neither. 

(a) Which function is linear, and which is exponential? 
Give a reason for each answer. 

(b) Find a formula for the exponential function. 


Table 4.6 


X 

0.00 

3.00 

6.00 

9.00 

12.00 

fix) 

2.23 

2.45 

2.70 

2.97 

3.26 

gU) 

2.23 

3.83 

4.53 

4.94 

5.23 

h(x) 

2.23 

3.70 

5.17 

6.64 

8.11 


26. Table 4.7 gives values for two functions / and g, one lin¬ 
ear and one exponential. 

(a) For each function, calculate the rates of change over 
the intervals 2 < a < 8 and 8 < .v < IF 

(b) Determine which is the linear function and which is 
the exponential function. 


Table 4.7 


X 

2 

8 

11 

fix) 

1.728 

4.299 

7.43 

gix) 

1.464 

5.088 

6.9 


27. Which (if any) of the functions in the table could be lin¬ 
ear? Which could be exponential? (Note that table values 
may reflect rounding.) 


X 

0 

5 

10 

15 

20 

fix) 

95.4 

85.9 

77.3 

69.6 

62.6 

g(x) 

44.8 

40.9 

36.8 

32.5 

28.0 

h(x) 

37.3 

36.6 

35.9 

35.2 

34.5 


Problems 


In Problems 28-30, could the function be approximately lin¬ 
ear or approximately exponential? Is it neither? For those that 
could be nearly linear or nearly exponential, lind a formula. 


t 

3 

10 

14 

Q(t) 

7.51 

8.7 

9.39 


t 

5 

9 

15 

R(t) 

2.32 

2.61 

3.12 


t 

5 

12 

16 

Sit) 

4.35 

6.72 

10.02 



32. Find formulas for the exponential functions in Fig¬ 
ure 4.11. 

y 



31. Graphs of a linear and an exponential function are shown 
in Figure 440. Find formulas for each of the functions. 


Figure 4.11 
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33. Let p{x) — 2 + x and q(x) = 2 X . Estimate the values of x 
such that p{ x) < q{x), 

34. If f{x) =12 + 20.\* and g{x) = \ • 3 A ", for what values of 
-V is z(x) < /(A-)? 

35. Figure 4. 12 shows the balance, P, in a bank account. 

(a) Find a possible formula for P = f{t) assuming the 
balance grows exponentially. 

(b) What was the initial balance? 

(c) What annual interest rate does the account pay? 

P (dollars) p _ , 



36. A 1987 treaty to protect the ozone layer produced dra¬ 
matic declines in global production, P, of chlorofluoro- 
carbons (CFCs). See Figure 4.13. 12 Find a formula for P 
as an exponential function of the number of years, r, since 
1989. What was the annual percent decay rate? 


P [thousand tons) 



{(years since 1989) 


37. Figure 4.14 gives the voltage, K(f), across a circuit ele¬ 
ment at time t seconds. For t < 0, the voltage is a constant 
80 volts: for t > 0, the voltage decays exponentially. 

(a) Find a piecewise formula for V(t). 

(b) At what value of t will the voltage reach 0.1? 



38. Suppose the city of Yonkers is offered two alternative 
fines by the judge. (See Example 6 on page 144.) 

Penalty A: SI million on August 2 and the fine in¬ 
creases by $10 million each day thereafter. 

Penally B: \<t on August 2 and the line doubles each 
day thereafter. 

(a) If the city of Yonkers plans to defy the court order 
until the end of the month (August 31), compare the 
fines incurred under Penalty A and Penalty B. 

(b) If t represents the number of days after August 2, ex¬ 
press the fine incurred as a function of t under 

(i) Penally A (ii) Penalty B 

(c) Assuming your formulas in part (b) hold for t > 0, is 
there a time such that the fines incurred under both 
penalties are equal? If so, estimate that time. 

39. There were 191 million licensed drivers in the US in 2000 
and 210 million in 2010? 3 Find a formula for the number, 
N . of licensed drivers in the US as a function of t , the 
number of years since 2000, assuming growth is 

(a) Linear (b) Exponential 

40. According to the College Board. 14 the average cost of 
tuition (including fees, room and board) at private four- 
year nonprofit colleges has risen from $24,071 in 2003 to 
$30,094 in 2013. What will the average cost of tuition be 
in 2023 assuming: 

(a) Linear growth? (b) Exponential growth? 

41. Short-track 500-m speed skating became a Winter 
Olympic event in 1994, and Chae Ji-Hoon of Korea won 
the event that year with a time of 43.45 seconds. In 2010, 
Charles Hamelin from Canada won the event with a lime 
of 40.981 seconds. Find a formula for the predicted win¬ 
ning time in the 500-m speed-skating event as a function 
of the number of years since 1994, and predict the win¬ 
ning time in 2018, if we assume the decrease in time is 

(a) Linear (b) Exponential 

42. In year r = 0a lake is estimated to have about 3500 trout 
in it. Ten years later, at t — 10, the population of trout is 
believed to be about 1700. 

(a) Write a formula for the size of the population P as 
a function of year t if we assume the decrease is lin¬ 
ear. What is the rate of change, in fish per year, of the 
function over the ten-year period? 


1 -These numbers reflect (he volume of the major CFCs multiplied by their respective o/one-depleling potentials (ODPs), 
as reported by the U. N. Fnvironmenlal Programme O/.one Secretariat. See hq.unep.org/o/one, aceessetl November, 2001. 

I -'http://www.niwa.dol.gov/polieyinlbrination/stalislies/20I0/dv 1 c.efm. aeeessed May 1 <S. 2013. 

I4 http://trends.collegehourd.org/college-pricing/figures-lables/piiblished-prices-national. page accessed March 16, 2014. 
All amounts arc in 2013 dollars. 
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(b) Write a formula for the size of the population P as a 
function of year / if we assume the decrease is expo¬ 
nential. What is the percent rate of change, in percent 
per year, of the function over the ten-year period? 

(c) Graph the two functions on the same coordinate sys¬ 
tem. Indicate the points at t = 0 and / = 10. 

43. Cocoa production l: * is shown in Table 4.8 for the world 
and the Ivory Coast, in millions of tons, as a function of 
the number of years since 2000. In each case, determine 
if production is belter modeled with a linear or an expo¬ 
nential function and find a formula for the function. 


Table 4.8 


Years since 2000 

0 

1 

2 

3 

4 

World cocoa production 

3.1 

3.875 

4.844 

6.055 

7.568 

Ivory Coast cocoa production 

1.3 

1.34 

1.38 

1.42 

1.46 


47. 


44. The relative humidity of an air mass is the ratio of the 
quantity of water in the air to the maximum quantity of 
water that the air could hold at the same temperature, ex¬ 
pressed as a percent. If no water is added or removed from 
the air, the relative humidity is halved for every 10°C in¬ 
crease in temperature. 

(a) In one air mass, the relative humidity is 100% at 
10°C. Sketch a graph of the relative humidity as a 
function of temperature in °C for temperatures be¬ 
tween 10°C and 50° C. 

(b) Explain how your graph shows that warm air can 
hold more water than cold air. 

(c) Find a formula for the relative humidity in 7 , as a 
function of the temperature T in °C for T > 10. 

45. The average gain in life expectancy at birth in the US has 
remained almost constant for 150 years, at an increase of 
3 months in life expectancy per year. 16 Assume that this 
rate of increase continues. Life expectancy in the US in 
2011 was 78.7 years. 

(a) Is life expectancy increasing linearly or exponen¬ 
tially? 


(b) Find a formula for life expectancy, L, in years, in the 
US at birth as a function of the number of years t 
since 2000. 

(c) What is the predicted life expectancy for babies horn 
in 2050? 

46. The number of asthma sufferers in the world was about 84 
million in 1990 and 300 million in 2012. 17 Let N repre¬ 
sent the number of asthma sufferers (in millions) world¬ 
wide t years after 1990. 

(a) Write N as a linear function of t. What is the slope? 
What does it tell you about asthma sufferers? 

(b) Write N as an exponential function of r. What is the 
growth factor? What does it tell you about asthma 
sufferers? 

(c) How many asthma sufferers are predicted worldwide 
in the year 2020 with the linear model? With the ex¬ 
ponential model? 

With an initial population P [r what is the value of a pop¬ 
ulation at the end of 10 years, given each of the following 
assumptions? Graph each population against time. 

(a) The population decreases linearly and the decrease 
is 10% in the first year. 

(b) The population decreases exponentially at the rale of 
1 07 a year. 

48. In 2000, the population of a town was 20,000, and it grew 
by 4.14% that year. By 2010, the town’s population had 
reached 30,000. 

(a) Can this population be best described by a linear or 
an exponential model, or neither? Explain. 

(b) If possible, find a formula for P(t), this population t 
years after 2000. 

49. In 2003, the population of a town was 18,500 and it grew 
by 250 people by the end of the year. By 2013, its popu¬ 
lation had reached 22,500. 

(a) Can this population be best described by a linear or 
an exponential model, or neither? Explain. 

(b) If possible, find a formula for P(t), the population t 
years after 2003. 


4.3 GRAPHS OF EXPONENTIAL FUNCTIONS 

As with linear functions, an understanding of the significance of the parameters a and in the formula 
Q — ab ! helps us analyze and compare exponential functions. 


15 Adapted from www.treccrops.org/crops/eocoaoutlook, accessed November. 2009. 

16 http://www.cdc.gov/nchs/fastats/!ifexpec.htm, accessed May 19. 2013. 
l7 www.healthylifestyle-solutions.blogspot.com, accessed January 2, 2010; 
www.moh.gov.sa/en/HcalthAwareness/healthDay/1433/Pages/013.aspx. accessed May 19, 2013. 
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Q (2 = 50(1.4)' 



Figure 4.15: Graphs of 0=0(1.2)' for a = 50. 100. and 150 Figure 4.16: Graphs of Q = 50 b' for b = 0.6. 0.8, 1.2 and 1.4 


Graphs of the Exponential Family: The Effect of the Parameter a 

In the formula Q = ah', the value of a tells us where the graph crosses the Q-axis, since a is the 
value of 0 when r = 0. In Figure 4.15 each graph has the same value of b but different values of a 
and thus different vertical intercepts. 


Graphs of the Exponential Family: The Effect of the Parameter b 

Each graph in Figure 4.16 has a different value of the base, b , but the same value of a (and the same 
^-intercept). If h > 1, the graph climbs when read from left to right (the function is increasing), and 
if 0 < b < 1 , the graph falls when read from left to right (the function is decreasing). 

Figure 4.16 also shows how the value of h affects the steepness of the graph of 0 = ab l . If b > 1, 
the greater the value of />, the more rapidly the graph rises. If 0 < b < 1 , the smaller the value of b , 
the more rapidly the graph falls. In every case, however, the graph is concave up. 

Horizontal Asymptotes 

The t- axis is a horizontal asymptote for the graph of 0 = ab r , because 0 approaches 0 as t gets large, 
either positively or negatively. For exponential decay, such as Q = f(t) = 0(0.6)' in Figure 4.16, the 
value of 0 approaches 0 as t gets large and positive. We write 

0 — 0 as t -> oo. 

This means that 0 is as close to 0 as we like for all sufficiently large values of t. For exponential 
growth, the value of Q approaches zero as t grows more negative. (See Figure 4.28 on page 168.) In 
this case, we write 

0^0 as r ^ -oo. 

This means that 0 is as close to 0 as we like for all sufficiently large negative values of t. We make 
the following definition: 


The horizontal line y — k is a horizontal asymptote of a function, /, if the function values 
get arbitrarily close to k as x gets large (either positively or negatively or both). We describe 
this behavior using the notation 

f(x) k as x -> oo 


or 


f(x) —► k as x -> —oo. 
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The following example shows ihis notation used in an application. 


Example 1 A capacitor is the part of an electrical circuit that stores electric charge. The quantity of charge stored 
decreases exponentially w ith lime. Stereo amplifiers provide an example: When an amplifier is turned 
off', the display lights fade slowly because it lakes time for the capacitors to discharge. (Thus, it can 
be unsafe to open a stereo or a computer immediately after it is turned off.) 

In a particular circuit i seconds after being switched off, the quantity of stored charge (in micro¬ 
coulombs) is given by 

Q = 200(0.9)', / > 0. 

(a) Describe in words how the stored charge changes over lime. 

(b) What quantity of charge remains after 10 seconds? 20 seconds? 30 seconds? 1 minute? 2 min¬ 
utes? 3 minutes? 

(c) Graph the charge over the first minute. What does the horizontal asymptote of the graph tell you 
about the charge? 


Solution (a) The charge is initially 200 micro-coulombs. Since b = 1 + r = 0.9, we have r = —0.10, which 

means that the charge level decreases by I0 r / each second. 

(b) Table 4.9 gives the value of Q at / = 0. 10. 20. 30.60, 120, and ISO. Notice that as t increases, 
Q gets closer and closer to. but does not quite reach, zero. The charge stored by the capacitor is 
getting smaller, but never completely vanishes. That is, 

(?—►() as r —♦ oo. 


(c) Figure 4.17 shows Q over a 60-second interval. The horizontal asymptote at Q = 0 corresponds 
to the fact that the charge gets very small as t increases. After 60 seconds, for all practical pur¬ 
poses, the charge is zero. 


Table 4.9 Charge (in micro-coulombs) stored 
by a capacitor over time 


t (seconds) 

(2, charge level 

0 

200 

10 

69.736 

20 

24.315 

30 

8.478 

60 

0.359 

120 

0.000646 

180 

0.00000116 


Q, charge (micro-coulombs) 



Figure 4.17: The charge stored by a capacitor over one minute 


Solving Exponential Equations Graphically 

We are often interested in solving equations involving exponential functions. In the following exam¬ 
ples, we do this graphically. In Section 5.1, we will sec how to solve equations using logarithms. 


Example2 In Example 6 on page 144, the fine. P, imposed on the city of Yonkers is given by P - 100 ■ 2' 
dollars, where t is the number of days after August 2. In 1988, the annual budget of the city was 
$337 million. If the city chose to disobey the court order, on what day would the fine have wiped out 
the entire annual budget? 

Solution We need to find the day on which the fine reaches $337 million. That is, we must solve the equation 

100 ■ 2' = 337,000,000. 
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Using a computer or graphing calculator, we can graph P — 100 ■ 2 f to find the point at which 
the fine reaches 337 million. From Figure 4.18, we see that this occurs between r — 21 and t = 22. 
At day t = 21, August 23, the fine is: 

P = 100 - 2 21 = 209,715,200 


or just over $200 million. On day t — 22, the fine is 

P= 100-2 22 =419,430,400 


or almost $420 million—quite a bit more than the city’s entire annual budgetl 


P.fine ($) 


P= 100-2' 



Fine reaches 
$337 million 
between t — 21 
and r = 22 


r (days) 


Figure 4.18: The fine imposed on Yonkers exceeds $337 million after 22 days 


Example 3 


Solution 


A 200-^g sample of carbon-14 decays according to the formula 

Q = 200(0.886/ 


where t is in thousands of years. Estimate when there is 25 fu g of carbon-14 left. 

We must solve the equation 

200(0.886/= 25. 

At the moment, we cannot find a formula for the solution to this equation. However, we can estimate 
the solution graphically on a calculator. Figure 4.19 shows a graph of Q = 200(0.886)' and the line 
Q = 25. The amount of carbon-14 decays to 25 micrograms at t & 17.180. Since t is measured in 
thousands of years, this means in about 17,180 years. 


Q fi/g) 


25 



— 1 - t (thousand years) 

17.2 


Figure 4.19: Solving the equation 200(0.886)' = 25 


Finding an Exponential Function for Data 

Table 4.10 gives population data lor the Houston Metro Area since 1900. 18 In Section 1.6, we saw 
how to fit a linear function to data, but Figure 4.20 suggests that an exponential function may fit the 
data better. 

Exponential regression on a calculator or computer gives the following exponential function: 19 

P = 190(1.034/. 


ll< Based on data from from http://www.census.gov/compendia/statab/2012/tables/12s0020.pdf, accessed January, 2014. 
,y From a graphing calculator or spreadsheet. Depending on the algorithm used, other programs may give different results. 
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Table4.10 Population (in 
thousands) of /lousion Metro Area . t 
years after 1900 


1 

N 

t 

N 

0 

184 

60 

1583 

10 

236 

70 

2183 

20 

332 

80 

3122 

30 

528 

90 

3767 

40 

737 

100 

4715 

50 

1070 

110 

5947 


P (thousands) 



I lousion population data with an exponential model 


This equation fils the data well, with a — 190 being close to the initial data value of 184. 

The graph in Figure 4.20 shows that h = 1.034 is a reasonable growth factor, so that, on average, 
the population was increasing at a rate of about 3.4'4 per year between 1900 and 2010. 

Optional: Horizontal Asymptotes using Limit Notation 

We can also represent the fact that C? — 0 as / — oo using the idea of a limit. We say that the limit 
of /(f) is 0 as t goes to infinity, and we use limit notation to write 

lim j\t) = 0. 

1- 'OO 

For exponential growth, the value of Q approaches zero as i grows more negative. Using limit nota¬ 
tion. we write 

lim f(t) — 0. 

IH* - oo 

To describe the behavior of a function. / . with a horizontal asymptote y = k using limit notation, 
we write 

lim fix) ~ k or lim fix) — k. 

x —* cc .v —*■ — 00 


Exercises and Problems for Section 4.3 

Exercises 


In Exercises 1^4, could the function graphed be exponential? 


If so. does the growth factor, /?. 



3. 



satisfy b > I or ()</?< 1 7 

2. v 



6. (a) Make a table of values for f{x) = ^ ^ for .v = 

-3. -2, -1.0. 1,2.3. 

(b) Graph fix). Describe the graph in words. 

7. The graphs of fix) ~ (1.1 )\ g(.v) = (1.2) A . and h(x) = 
(1.25F are in Figure 4.21. Explain how you can match 
these formulas and graphs without a calculator. 


I 


— -V 

5 



5. (a) Make a table of values lor f(x) = 2 V for 
-3.-2. -1.0. 1.2,3. 

(b) Graph fix). Describe the graph in words. 


A' 


Figure 4.21 
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8. The graphs of fix) = (0.7)2 g(x) = (0.8)2 and h{x) = 
(0.85)* arc in Figure 4.22. Explain how you can match 
these formulas and graphs without a calculator. 



5 


Figure 4.22 

In Exercises 9-14. will the graphs of the two functions cross 
in the first quadrant? Explain your reasoning without using a 
calculator. 

9. fix ) — 10(1.03)2 g{x) = 2(1.052 

10. f(x) = 250( 1 .2)2 g{x) = 300( 1 .3V V 

11. /(x) = 10(1.05)2 g(x) = 9(0.95) v 

12 . f(x) = 5(0.8)-2 g(.v)- 2(1.052 

13. f{x) = 500(0.8f; g{x) = 450(0.72 

14. f(x) = 1000(0.92; g(x) = 875(0.95)' 

15. The volume of biodegradable material in a compost pile 
is shown in Figure 4.23. with time t measured in weeks. 
Use the graph to estimate: 

(a) The volume after 5 weeks. 

Problems 


(b) The number of weeks until the volume is 20 ft 3 . 
V (ft 3 ) 



16. Let fix) = 42 g(x) = 4 A + 2, and hix) = 4 V — 3. What is 
the relationship between the graph of f (x) and the graphs 
of h(x) and g(x)? 

17. Let fix) = (i) . g( X ) = (|) ■ and h(x) = (|) . 

How' do the graphs of g(x) and /?(x) compare to the graph 
of f(x)? 

18. Solve y — 46( 1.12 graphically for x if y = 91. 

19. Solve p = 22(0.872 graphically for q if p — 10. 

20. Solve 4 m = 17(2.3)" graphically for w if m = 12. 

21. Solve P/7 = (0.6)' graphically for r if P = 2. 


22. On a graphing calculator, set a window of -4 < x < 

4, -1 < y < 6 and graph the following functions using 
several different values of a for each. Restrict to 0 < c/ < 

5, hut include some values o12/ with a < 1. In each case, 
describe what the graphs have in common. 

(a) y = a2 s (b) y = 2 a x 

23. For which value(s) of a and b is y — ab x an increasing 
function? A decreasing function? Concave up? 

24. What arc the domain and range of the exponential func¬ 
tion Q — ah' where a and b are both positive constants? 

For Problems 25-28. use Figure 4.24. Assume the equations 
for A, B, C, and D can all be written in the form y = ah’. 



25. Which function has the largest value fore? 

26. Which two functions have the same value for a) 

27. Which function has the smallest value for bl 

28. Which function has the largest value for b ? 

29. If b > 1, what is the horizontal asymptote of y = ah’ as 
r -» — oo? 

30. If 0 < b < 1. what is the horizontal asymptote of y = ah’ 
as / —► oo? 

In Problems 31-33, graph fix), a function defined for all real 

numbers and satisfying the condition. 

31. fix) 3 as x —► -oo 

32. /(x) —► 0 as x —► —oo and /‘(,v) —► —oo as x —► oo 

33. f{x) has a horizontal asymptote of y = 5. 

34. Let f(x) = 5 + 3(0.9)2 As x —» oo, what happens to 
/(x)? Does this function have a horizontal asymptote, 
and if so. what is it? Justify your answer both analytically 
and graphically. 


Figure 4.24 
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35. Consider the exponential functions graphed in Fig¬ 
ure 4.25 and the six constants a . /?. c. d, /). q. 

(a) Which of these constants are definitely positive? 

(b) Which of these constants are definitely between 0 
and 1? 

(c) Which of these constants could he between 0 and 1 ? 
(cl ) Which two of these constants are definitely equal? 
(e) Which one of the following pairs of constants could 

be equal? 

a and p b and d b and q d and q 


39. In several European countries, the population is declin¬ 
ing. The population of Bulgaria was estimated to be 6.92 
million in 2014 and decreasing at 0.833 per year. 11 If this 
trend continues: 

(a) Give a formula for the population, P, of Bulgaria, in 
millions, as a function of years, /, since 2014. 

(b) What is the predicted population in 2030? 

(c) By what percent is the population predicted to drop 
between 2014 and 2030? 

(d) T o one decimal place, estimate i when the population 
is predicted to fall below 4 million. 



y = c * d x 

y — a ■ /L 


Figure 4.25 


40. Let P = /(/) — 1 ()()()(1.04)' be the population of a com¬ 
munity in year t. 

(a) Evaluate /{()) and /{10). What do these expressions 
represent in terms of the population? 

(b) Using a calculator or a computer, lind appropriate 
view ing windows on which to graph the population 
for the first 10 years and for the first 50 years. (live 
the viewing windows you used and sketch the result¬ 
ing graphs. 

(e) If the percentage growth rate remains constant, ap¬ 
proximately when will the population reach 2500 
people? 


36. For t > 0, let H(t) = 68 + 93(0.91)' give the temperature 
of a cup of coffee in degrees Fahrenheit t minutes after it 
is brought to class. 

(a) Find formulas for H{t + 15) and H{t) + 15. 

(b) Graph H(t\ tf(f + 15), and H{t)+ 15. 

(c) Describe in practical terms a situation modeled by 
the function H{t + 15). What about H{t) + 15? 

(d) Which function, H{t + 15) or H{t)+ 15, approaches 
the same final temperature as the function /-/(/)? 
What is that temperature? 

Problems 37-38 use Figure 4.26, w'here y () is the ^-coordinate 
of the point of intersection of the graphs. Describe what hap¬ 
pens to > () if the following changes are made, assuming the 
other quantities remain the same. 


X 



37. r is increased 38. a is increased 


41. You use a calculator to graph y = 1.04^. After correctly 
entering y = 1 ,0435a ), you see the graph in Figure 4.27. 
A friend graphed the function by entering y = 1.0435a 
and said, “The graph is a straight line, so I must have the 
wrong window." Explain why changing the window will 
not correct your friend's error. 


y 



—5 | 

Figure 4.27 


42. The number of cases of a disease, y. is reduced by 10% 
each year. 

(a) If there are initially 10,000 eases, express y as a func¬ 
tion of /, the number of years elapsed. 

(b) How many eases will there be 5 years from now ? 

(c) How long does it take to reduce the number of cases 
to 1000? 


2() https://www.cia.gov/library/publications/lhe-world-factbook/rankordci72002rank.htnil. accessed April, 2014. 
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43. The earth’s atmospheric pressure, P, in terms of height 
above sea level, is often modeled by an exponential decay 
function. The pressure at sea level is 1013 millibars and 
the pressure decreases by 14% for every kilometer above 
sea level. 

(a) What is the atmospheric pressure at 50 km? 

(b) Estimate the altitude h at which the pressure equals 
900 millibars. 


44. The population of a colony of rabbits grows exponen¬ 
tially. The colony begins with 10 rabbits; five years later 
there are 340 rabbits. 

(a) Give a formula for the population of the colony of 
rabbits as a function of the time. 

(b) Use a graph to estimate how long it takes for the pop¬ 
ulation of the colony to reach 1000 rabbits. 

45. Let / be a piece wise-defined function given by 


fix) = 


2% x < 0 

<; o, x = o 

1 — x > 0. 


(a) Graph f for —3 < x < 4. 

(b) The domain of fix) is all real numbers. What is its 
range? 

(c) What are the intercepts of /? 

(d) What happens to fix) as x oo and x -> -col 

(e) Over what intervals is / increasing? Decreasing? 


46. Table 4.11 shows the concentration of theophylline, a 
common asthma drug, in the blood stream as a function 
of time after injection of a 300-mg initial dose. 21 It is 
claimed that this data set is consistent with an exponential 
decay model C = ab ! where C is the concentration and t 
is the time. 


(a) Estimate the values of a and /?, using ratios to esti¬ 
mate b. How good is this model? 

(b) Use a calculator or computer to find the exponential 
regression function for concentration as a function of 
time. Compare with your answers from part (a). 


Table 4.11 


Time (hours) 

0 

1 

3 

5 

7 

9 

Concentration (mg/1) 

12.0 

10.0 

7.0 

5.0 

3.5 

2.5 


47. Table 4.12 shows global wind-energy-generating capac¬ 
ity, W (in megawatts), as a function of the number of 
years, L since 1995. 22 

(a) Plot the data and explain why it is reasonable to ap¬ 
proximate these data with an exponential function. 


(b) Use a calculator or computer to fit an exponential 
function to these data. 

(c) What annual percent growth rate does the exponen¬ 
tial model show ) 


Table 4.12 


t 

0 

1 

2 

3 

4 

W 

4780 

6070 

7640 

10,150 

13,930 

t 

5 

6 

7 

8 

9 

W 

18,450 

24,930 

32,037 

39,664 

47,760 


48. A hot brick is removed from a kiln and set on the floor 
to cool. Let / be time in minutes after the brick was re¬ 
moved. The difference, D(t ). between the brick’s temper¬ 
ature, initially 350°F. and room temperature. 70°F, decays 
exponentially over at a rate of 3% per minute. The brick’s 
temperature, //(/), is a transformation of D{r). Find a for¬ 
mula for H{t). Compare the graphs of D(r) and Hit). pay¬ 
ing attention to the asymptotes. 

49. Three scientists, working independently of each other, ar¬ 
rive at the following formulas to model the spread of a 
species of mussel in a system of fresh water lakes: 


/,(x) = 3(1.2)", /t( x) - 3(1.21)A /,(.v) = 3.01(1.2)-\ 

where f n ix).n — 1.2, 3, is the number of individual mus¬ 
sels (in 1000s) predicted by model number n to be living 
in the lake system after x months have elapsed. 

(a) Graph these three functions for 0 < x < 60. 0 < y < 
40,000. 

(b) The graphs of these three models do not seem all that 
different from each other. But do the three functions 
make significantly different predictions about the fu¬ 
ture mussel population? To answer this, graph the 
difference function, f\{x) - ,/j(x), of the population 
sizes predicted by models I and 2. as well as the dif¬ 
ference functions, / 3 (x) — J\{x) and f } (x) - f 2 {x). 
(Use the same window as in part (a).) 

(c) Based on your graphs in part (b), discuss the asser¬ 
tion that all three models are in good agreement as 
far as long-range predictions of mussel population 
are concerned. What conclusions can you draw about 
exponential functions in general? 

50. If the exponential function ab x has the property that 
lim woc ab x — 0. what can you say about the value of //? 


21 Based on D. N. BurgTies, I. Huntley, and J. McDonald. Applying Mathematics (Ellis Horwood, 1982). 
22 The Worldwatch Institute, Vital Signs 2005 (New York: W.W. Norton & Company. 2005). p. 35. 























4.4 APPLICATIONS TO COMPOUND INTEREST 


In Problems 51-52, graph fix), a function do lined lor all real In Problems 53-54, assume that all important features are 
numbers and satisfying the condition. shown in the graph of v — fix). Estimate 

(a) lim fix) (b) lim /'Ey) 

\ * CO \ * CO 

51. lim fix) = 5 





4.4 APPLICATIONS TO COMPOUND INTEREST 

What is the difference between a bank account that pays 12% interest once per year and one that pays 
1% interest every month? 2 ' 1 Imagine we deposit $1000 into the first account. Then, after 1 year, we 
have (assuming no other deposits or withdrawals) 

$1000(1.12) = SI 120. 

But if we deposit $ 1000 into the second account, then after 1 year, or 12 months, we have 

SI000 (1.0I)(1.01}...(1.0I| = 1000(1.01 ) 12 = $1126.83. 

'-v-' 

12 months ol' 1*1 monthly interest 

Thus, we earn $6.83 more in the second account than in the first. To see why this happens, notice 
that the 1% interest we earn in January itself earns interest at a rate of 1% per month. Similarly, 
the 1% interest we earn in February earns interest, and so does the interest earned in March, April, 
May, and so on. The extra $6.83 comes from interest earned on interest. This effect is known as 
compounding . We say that the first account earns 12% interest per year compounded annually and 
the second account earns 1 27c interest per year compounded monthly. 

Nominal Versus Effective Rate 

The expression 12% interest per year compounded monthly means that interest is added twelve times 
a year and that 12%/12 = 1 % of the current balance is added each time. We refer to the 12% per year 
as the nominal annual rate , or nominal rale (nominal means “in name only”). When the interest is 
compounded more frequently than once a year, the account effectively earns more than the nominal 
rate. Thus, we distinguish between nominal rate and effective annual rate , or effective rate. The 
effective annual rate tells you how much interest the investment actually earns in a year. In the US, 
the effective annual rate is sometimes called the APY (annual percentage yield). 


What are the nominal and effective annual rates of an account paying 12% interest per year, com¬ 
pounded annually? Compounded monthly? 

Since an account paying 12% interest per year, compounded annually, grows by exactly 12% in one 
year, we see that its nominal rate is the same as its effective rate: both are 12%. 

The account paying 12% interest per year, compounded monthly, also has a nominal rate of 12%. 
On the other hand, since it pays 1%. interest every month, after 12 months, its balance increases by 
a factor of 

(1.01)(1.01)... (1.01) = 1.01 12 = 1.1268250. 

'-V-' 

12 months of IV' monthly growth 

Thus, effectively, the account earns 12.683% interest in a year, so its effective rate is 12.683%. 


Example 1 
Solution 


23 Interest rates are currently much lower. 
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Example 2 

Solution 


Example 3 

Solution 


What is the effective annual rate of an account that pays interest at the nominal rate of 6% per year, 
compounded daily? Compounded hourly? 


Since there are 365 days in a year, daily compounding pays interest at the rate of 


— =0.0164384% per day. 
365 


Thus, the daily growth factor is 


1 + = i .000164384. 

365 


If at the beginning of the year the account balance is P, after 365 days the balance is 

P-fl + — ) 365 = P* • (1.061831). 

V 365 / 


365 days of 

0.0164384'* daily interest 


Thus, this account earns interest at the effective annual rate of 6.1831%. 

Notice that daily compounding results in a higher effective rate than yearly compounding (6.1831% 
versus 6%). because with daily compounding the interest has the opportunity to earn interest. 

If interest is compounded hourly, since there are 24 * 365 hours in a year, the balance at year’s 
end is 

p -( l + TTT^) =P- (1-061836). 

The effective rate is now 6.1836% instead of 6.1831%—that is. just slightly better than the effective 
rate with daily compounding. The effective rate increases with the frequency of compounding. 


In the previous examples, we computed the growth factor for one year. We now compute the 
growth factor over t years. 


At the beginning of the year you deposit P dollars in an account paying interest at the nominal rate 
of 4% per year compounded quarterly. By what factor does P grow in 3 years? 

Compounding quarterly pays interest at the rate of 

4% 16V 

— = 1% per quarter. 

Thus, the quarterly growth factor is 1 +0.01 = 1.01. At the beginning of the year the account balance 
is P. After one year the balance is 

P ■ {l + J = P* (1.0406). 


4 quarters (1 year) of 
1 7c quarterly interest 

So after three years the balance is 

P .( 1 + 0|l) , .( l + 2|l) 4 y i+ !!|l) J = p. (l + 5f) J ' 3 (1.126825). 


3 years of 

1 7c quarterly interest 

After three years the initial account balance P grows by a factor of 1.126825. 


To summarize: 
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If interest at an annual rate of r is compounded n times a year, then r/n times the current 
balance is added n times a year. Therefore, with an initial deposit of $P, the balance t years 
later is 

Note that r is the nominal rate; for example, r — 0.05 if the annual rate is 5%. 


Exercises and Problems for Section 4.4 

Exercises 

1. What is the effective annual yield if a deposit of $1000 
grows to $3500 in 15 years? 

2. Suppose $1000 is invested in an account yielding interest 
at a nominal rate of 8% per year. Find the balance three 
years later if the interest is compounded 

(a) Monthly (h) Weekly 

(c) Daily 

3. An account pays interest at a nominal rate of 8% per year. 
Find the effective annual yield if interest is compounded 

(a) Monthly (b) Weekly 

(c) Daily 

4. An investment grows by 5% per year for 20 years. By what 
percent does it increase over the 20-year period? 

5. An investment decreases by 50% over an 8-year period. 
At what effective annual percent rale does it decrease? 

6. A bank pays interest at the nominal rate of 1.39/ per year. 
What is the effective annual rate if compounding is: 

(a) Annual (b) Monthly 

Problems 


15. An investment grows by 309? over a 5-year period. What 
is its effective annual percent growth rate? 

16. An investment decreases by 60% over a 12-year period. 
At what effective annual percent rate does it decrease? 

17. An investment grows by 39/ per year for 10 years. By what 
percent does it increase over the 10-year period? 

18. A sum of $850 is invested for 10 years and the interest is 
compounded quarterly. There is $1000 in the account at 
the end of 10 years. What is the nominal annual rate? 

19. If you need $25,000 six years from now. what is the min¬ 
imum amount of money you need to deposit into a bank 
account that pays 5% annual interest, compounded: 

(a) Annually (b) Monthly (c) Daily 


In Exercises 7-10, what is the balance after 1 year if an account 
containing $500 earns the slated yearly nominal interest, com¬ 
pounded 

(a) Annual l> 7 (b) Weekly (52 weeks per year)? 

(e) Every minute (525,600 per year)? 

7. I?/ 8. 3% 9. 5% 10. 8% 


In Exercises 1 1-14, what are the nominal and effective annual 
rates for an account paying the stated annual interest, com¬ 
pounded 

(a) Annually? (b) Quarterly? 

(e) Daily? 

II. I % 12. 100% 13. 3% 14. 6% 


(d) Your answers get smaller as the number of limes of 
compounding increases. Why is this? 

20. If the balance, M , at time t in years, of a bank account 
that compounds its interest payments monthly is given by 

M = M t) { 1.07763/, 

(a) What is the effective annual rate for this account? 

(b) What is the nominal annual rate? 

21. Suppose $3000 was invested into one of five accounts and 
i is time in years. For each verbal description (i)-(v), state 
which formulas (a)-(e) could represent it. 

(a) B = 3000(1.2)' (b) B = 3000(1.12)' 

(c) B =* 3000( 1,06) 2 ' (d) B = 3000( 1.06 )% 2 

(e) B = 3000(1.03 ) 4 ' 
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(i) This investment earned 12% per year, compounded 22. 
annually. 

(ii) This investment earned more than 1% each month. 

(iii) This investment earned 12% per year, compounded 
twice annually. 

(iv) This investment earned less than 3% each quarter. 

(v) This investment earned more than 6% every 6 
months. 

4.5 THE NUMBER e. 

An irrational number, introduced by Euler 24 in 1727, is so important that it is given a special name, 
e. Its value is approximately e « 2.71828.... It is often used for the base, b , of the exponential 
function. Base e is called the natural base . This may seem mysterious, as what could possibly be 
natural about using an irrational base such as el The answer is that the formulas of calculus are much 
simpler if e is used as the base for exponentials. Some of the remarkable properties of the number e 
are introduced in Problems 51-52 on page 176. Since 2 < e < 3, the graph of Q = e l lies between 
the graphs of Q = 3 r and Q = 2'. See Figure 4.28. 


0 Q = 10' 



Figure 4.28: Graphs of exponential functions with various bases 

Exponential Functions with Base e 

Since any positive base b can be written as a power of e: 

b = e k , 

any exponential function Q = ab f can be rewritten in terms of e: 

Q = ab' = a (e k )' = ae kt . 


If b > 1, then k is positive; if 0 < b < 1, then k is negative. The constant k is called the continuous 
growth rate. In general: 


For the exponential function Q = 
e k — b. Then 

ab 1 , the continuous growth rate, k, is given by solving 

Q = ae kt . 

If a is positive, 

• If k > 0, then Q is increasing. 


• If k < 0, then Q is decreasing. 



24 Leonhard Euler (1707-1783), a Swiss mathematician, introduced e, f(x) notation, x, and / (for y/—\). 


Without any calculation, describe in words what the fol¬ 
lowing formulas tell you about the value of the invest¬ 
ments they describe. The units are dollars and years. 

(a) V = 1500(1.077y 

(b) V = 9500(0.945 ) r 

(c) V = 1000 * 3^ 5 

(d) r = 50o(i + ^) 
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The value of the continuous growth rate, k , may he given as a decimal or a percent. If t is in 
years, for example, then the units of A: are given per year; if t is in minutes, then k is given per minute. 


Example 1 


Solution 


Give the continuous growth rate of each of the following functions and graph each function: 

P = 5e a2 ', £? = 5<?°"\ and R = 5e~°' 2 '. 

The function P — 5e {l ~ ! has a continuous growth rale of 20%, and Q — 5 c 0-2 ' has a continuous 30% 
growth rate. The function R = 5e _0 - 2/ has a continuous growth rate of —20%. The negative sign in 
the exponent tells us that R is decreasing instead of increasing. 

Because ci = 5 in all three formulas, all three functions cross the vertical axis at 5. Note that 
the graphs of these functions in Figure 4.29 have the same shape as the exponential functions in 
Section 4.3. They are concave up and have horizontal asymptotes of y = 0. (Note that P 0 and 
Q —* 0 as i — oo, whereas R -> 0 as t oo.) 

Q = 5c ()Jl 
P = 5e 021 


R = 5e~ iUt 


Figure 4.29: Exponential functions with different continuous growth rales 



Example 2 


Solution 


A population increases from 7.3 million at a continuous rate of 2.2%- per year. Write a formula for 
the population, and estimate graphically when the population reaches 10 million. 

We express the formula in base e since the continuous growth rate is given. If P is the population 
(in millions) in year r. then 

P = 7.3e (U)22 '. 

See Figure 4.30. We see that P = 10 when t « 14.3. Thus, it takes about 14.3 years for the population 
to reach 10 million. 

P (millions) 

10 
7.3 

1 --- t (years) 

14.3 



Figure4.30: Estimating when the population reaches 10 million 


Example 3 Caffeine leaves the body at a continuous rate of 17% per hour. Flow much caffeine is left in the body 
8 hours after drinking a cup of coffee containing 100 mg of caffeine? 

Solution If A is the amount of caffeine in the body t hours after drinking the coffee, then 

A = 100e~° l7 '. 

Note that the continuous growth rate is —17% since A is decreasing. After 8 hours, we have A = 
100e-°- 17(8) _ 25.67 mg. 
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The Difference Between Annual and Continuous Growth Rates 

If P = P 0 ( 1.07) r , with r in years, we say that P is growing at an annual rate of 7%. If P = P 0 e 0X)1 \ 
with r in years, we say that P is growing at a continuous rate of 7% per year. Since e [)X)1 — 1 .0725 ..., 
we can rewrite P 0 e 0X)lt = P 0 ( 1.0725)'. In other words, a 7% continuous rate and a 7.25% annual rate 
generate the same increases in P. We say the two rates are equivalent. 

We can check that e°- 0677 = 1.07 ..., so a 7% annual growth rate is equivalent to a 6.77% con¬ 
tinuous growth rate. The continuous growth rate is always smaller than the equivalent annual rate. 

The bank account example at the start of Section 4.4 illustrates why a quantity growing at con¬ 
tinuous rate of 7% per year increases faster than a quantity growing at an annual rate of 7%: More 
frequent compounding earns more interest. We can think of continuous interest as earning interest 
very frequently. 

Connection: The Number e and Compound Interest 

The number e has a surprising relationship with compound interest when the compounding period 
is made smaller and smaller. 

If $1.00 is invested in a bank account that pays 100% interest once a year, then, assuming no 
other deposits or withdrawals, after one year we have 

$ 1 . 00 ( 1 + 100 %)=: $ 2 . 00 . 

Now we decrease the compounding period. Suppose $ 1.00 is invested in a bank account that pays 
100% nominal interest compounded n times a year; then 

Balance after one year = $1.00 ^1 + . 

How large can the balance be? Table 4.13 shows the balance after one year as the interest is calcu¬ 
lated more and more frequently. Remarkably, as n increases, the balance approaches e = 2.1 \ 828182 . 

Assuming that the initial balance of $1 is growing at a continuous rate of 100%, the balance 
after one year would be 1 • e 1 = e dollars, so the surprising relationship arises from the fact that by 
increasing the compounding frequency we get the continuous growth introduced earlier. 

Table 4.13 Balance after 1 year, 100% nominal interest, 
vanous compounding frequencies 


Compounding frequency, n 

Approximate balance 

1 (annually) 

$2.00 

2 (semi-annually) 

$2.25 

4 (quarterly) 

$2.441406 

12 (monthly) 

$2.613035 

365 (daily) 

$2.714567 

8760 (hourly) 

$2.718127 

525,600 (each minute) 

$2.718279 

31,536,000 (each second) 

$2.718282 


In Example 2 of Section 4.4 we calculated the effective interest rates for two accounts with a 
6% per year nominal interest rate, but different compounding periods. We see that the account with 
more frequent compounding earns a higher effective rate, though the increase is small. Compounding 
more and more frequently—every minute or every second or many times per second—increases the 
effective rate still further. However, there is a limit to how much an account can earn by increasing 
the frequency of compounding. 
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Table 4.14 Effect of increasing the frequency of compounding, 6% nominal interest 


Compounding 

frequency 

Annual 

growth factor 

Effective 

annual rate 

Annually 

1.0600000 

6% 

Monthly 

1.0616778 

6.16778% 

Daily 

1.0618313 

6.18313% 

Hourly 

1.0618363 

6.18363% 

Continuously 

e 0 06 « 1.0618365 

6.18365% 


Table 4.14 shows several compounding periods with their annual growth factors and effective 
annual rates. As the compounding periods become shorter, we discover that the growth factor ap¬ 
proaches ° 6 . Using a calculator, we check that the final value for the annual growth factors in 
Table 4.14 is given by 

c> 0 06 « 1.0618365, 

If an account with a 6% nominal interest rate per year delivers an annual growth factor of e 006 , we 
say that the interest has been compounded continuously. In general: 


If interest on an initial deposit of $P is compounded continuously at a nominal rate of r per 
year, the balance t years later can be calculated using the formula 

B = Pe rt . 

For example, if the nominal rate is 6%, then r = 0.06. 

It is important to realize that the functions B = Pe iu)(li and B — P( 1.0618365)' both give the 
balance in a bank account growing at a continuous rate of 6% per year. These formulas both represent 
the same exponential function—they just describe it in different ways. 25 


Example4 An investment has a yield equivalent to a 2.323% continuous yearly rate. Find the effective annual 
rate. 

Solution Since e°- 02323 = 1.0235, the effective annual rate is 2.35%. As expected, the effective annual rate is 
larger than the continuous yearly rate. 


Example 5 Which is better: An account that pays 8% annual interest compounded quarterly or an account that 
pays 1.95% annual interest compounded continuously? 

Solution To decide, we compare effective annual rates. The account that pays 8% interest compounded quar¬ 

terly pays 2% interest 4 times a year. Thus, in one year the balance is 

P(\mf « P( 1.08243), 

which means the effective annual rate is 8.243%. 

The account that pays 7.95% interest compounded continuously has a year-end balance of 

Pe 00795 « P( 1.08275), 

so the effective annual rate is 8.275%. Thus, 7.95% compounded continuously pays more than 8% 
compounded quarterly. 


2:1 Actually, this is not precisely true, because we rounded off when we found h — 1.0618365. However, we can find b to as 
many digits as we want, and to this extent the two formulas are the same. 
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Exercises and Problems for Section 4.5 

Skill Refresher 


In Exercises S1-S4, using a calculator, approximate to 3 dec- In Exercises S9-S15. write the function in the form f(t) — 
imal places. ae kt . 


SI. e° 


S2. 10c 


- 0.14 


S3. — S4. 

& 


55. f(t) = 2.3e 1 '- 1 ' 

56. g(t) = 4.2<r 012 ' 

57. h(t) = 153 + 8.6e 043 ' 

58. k(t) = 289 -4.7e- a0018 ' 

Exercises 


S9. f(t) = (3<? au4 ') J 

S10. g(z) = 5e 7 - • c- 4 ' 

4 Sll. Q(t) = e 7 -- 1 ' 

S12. Q(t) = 

7 e 0.2.v 

S13. m(x) = 

S14. P(t) = (2V^) 

(e t)Ar Y 



S15. H(r) = 


6e" I V 


3e~ 


1. Without a calculator, match the functions y — 2 X . y = 3'\ 
and y — e x with the graphs in Figure 4.31. 

y 



2. Without a calculator, match the functions y = e x , y = 2e x \ 
and y = 3e x to the graphs in Figure 4.32. 

.v 



Figure 4.32 

3. Without a calculator, match each formula to one of the 
graphs (I)—(IV) in Figure 4.33. 

(a) e’ aoh (b) c 0,05 ' (c) e~ 0Ai]l (d) c tv20/ 

(I) 


(III) 

(tV) 


Figure 4.33 



4. Without a calculator, match the functions (a)-(d) with the 
graphs (I)-(IV) in Figure 4.34. 

(a) e°- 25 ' (b) (1.25)' (c) (1.2)' (d) c (Uf 



5. Without a calculator, match the functions (a)-(d) with the 
graphs (I)-(IV) in Figure 4.35. 



6. Without a calculator, match the functions y = e A , y = c _v , 
and y = —e x to the graphs in Figure 4.36. 

y 



Figure 4.36 
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7. Without a calculator, match the functions (aHd) with the 
graphs (1)-(1V) in Figure 4.37. 

(a) y = e x (b) y = e' x 

(c) y = e~ 2x (d) y-e^ x 



Figure 4.37 


Problems 

In Problems 15-17, an initial quantity Q {) and a growth rate 
are given. Give a formula for quantity Q as a function of time 
t , and find the value of the quantity at 1 = 10, if we assume 
that the growth rate is: 

(a) Not continuous (b) Continuous 

15. Q {) — 8; growth rate of 12% per unit time 

16. Q {) = 100; growth rate of 5% per unit time 

17. Q {) = 500; decay rate of 7% per unit time 

18. The following formulas each describe the size of an ani¬ 
mal population, P, in t years since the start of the study. 
Describe the growth of each population in words. 


(a) 

P = 200(1.028)' 

(b) 

P = 50e- (ul < 

(c) 

P = 1000(0.89)' 

(d) 

II 

O'* 

o 

o 

Uj 

(e) 

P = 2000 - 300r 

(f) 

P = 600 + 50r 


19. A population of 3.2 million grows at a constant percent¬ 
age rate. 

(a) What is the population one century later if there is: 

(i) An annual growth rate of 2% 

(ii) A continuous growth rate of 2% per year 

(b) Explain how you can tell which of the answers is 
larger before doing the calculations. 

20. A town starts with 10,000 residents and grows at a con¬ 
tinuous rate of 4% per year. 

(a) Write a formula for the population of the town after 
t years. 

(b) What is the population of the town after 5 years have 
passed? 

(c) Find the annual growth rate of the population of the 
town. 


In Exercises 8-13, the expression shows how the quantity Q is 
changing over time t. 

(a) What is the quantity at time ( = 0? 

(b) Is the quantity increasing or decreasing over time? 

(c) What is the percent per unit time growth or decay rate? 

(d) Is the growth rate continuous? 

8. Q — 5()e 105f 9. Q = 2.7(0.12)' 

10. Q = 0.01t j “ <)2/ 11. Q= 158(1.137)' 

12. Q = 25e ul]}2( 13. Q = 2 ! 

14. Without a calculator, arrange the following quantities in 
ascending order: 

(a) 3”.e“.(\/2)- 2 (b) ,V : -% e~ 2,2 


21. A population is 25,000 in year / = 0 and grows at a con¬ 
tinuous rate of 7.5% per year. 

(a) Find a formula for P{t), the population in year t. 

(b) By what percent does the population increase each 
year? Why is this more than 7.5%? 

22. A town has population 3000 people at year t = 0. Write 
a formula for the population, P, in year / if the town 

(a) Grows by 200 people per year. 

(b) Grows by 6% per year. 

(c) Grows at a continuous rate of 6% per year. 

(d) Shrinks by 50 people per year. 

(e) Shrinks by 4% per year. 

(f) Shrinks at a continuous rate of 4% per year. 

23. A population grows from its initial level of 22,000 at a 
continuous growth rate of 7.1% per year. 

(a) Find a formula for P{t ), the population in year r. 

(b) By what percent does the population increase each 
year’? 

24. City A has a continuous growth rate of 15% per year, and 
City B has an annual growth rate of 16% per year. Which 
city is growing the fastest? Justify your answer. 

25. A bacteria colony that starts with 100 bacteria has a con¬ 
tinuous growth rate of 25% per hour. 

(a) How many bacteria are in the colony after 4 hours? 

(b) By what hourly percentage does the population of the 
colony grow? 

26. Without any calculation, describe in words what the fol¬ 
lowing formulas tell you about the value of three different 
investments. The units are dollars and years. 

(a) V = 1 000e° 115/ (b) V = 1000 ■ 2'/ 6 

(c) V - 1000(1.122) r 
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27. An investment of $7000 increases in value at a continuous 
rate of 5.2% per year. What is its value in 7 years? 

28. From time t = 0, with t in years, a $1200 deposit in a 
bank account grows according to the formula 

B = 1200e (JO \ 

(a) What is the balance in the account at the end of 100 
years? 

(b) When does the balance first go over $50,000? 

29. Calculate the amount of money in a bank account if S5000 
is deposited for 10 years at an interest rate of 

(a) 2% annually 

(b) 2% continuously per year 

30. Find the effective annual yield and the continuous growth 

rate if Q = 5500 19 '. 

31. At time/in years, the value, F, of an investment of $1000 
is given by V = 1000e o o2f . When is the investment worth 
$3000? 

32. How long does it take an investment to double if it grows 
according to the formula V = 537c 0015? ? Assume ( is in 
years. 

33. The same amount of money is deposited into two dif¬ 
ferent bank accounts paying the same nominal rate, one 
compounded annually and the other compounded contin¬ 
uously. Which curve in Figure 4.38 corresponds to which 
compounding method? What is the initial deposit? 

balance ($) ^ 



34. Find the effective annual rate if $5000 is deposited at 2% 
annual interest, compounded continuously. 

35. An investment of $500 earns interest at a 6.75% contin¬ 
uous annual rate. Give a formula V = ab l for the invest¬ 
ment’s value in year r, and state the values of a , b. and the 
annual growth rate r. 

36. A bank account pays 3% annual interest. As the number 
of compounding periods increases, the effective interest 
rate earned also rises. 

(a) Find the annual interest rate earned by the account if 
the interest is compounded: 

(i) Quarterly (ii) Monthly 

(iii) Weekly (iv) Daily 

(b) Evaluate e t)0 \ where e - 2.71828 ... Explain what 
your result tells you about the bank account. 


37. Which is better, an account paying 5.3% interest com¬ 
pounded continuously or an account paying 5.5% interest 
compounded annually? Justify your answer. 

38. Three different investments are given. 

(a) Find the balance of each of the investments after a 
two-year period. 

(b) Rank them from best to worst in terms of rate of re¬ 
turn. Explain your reasoning. 

• Investment A: $875 deposited at 13.5% per year com¬ 
pounded daily for 2 years. 

• Investment B: $1000 deposited at 6.7%. per year com¬ 
pounded continuously for 2 years. 

• Investment C: $ 1050 deposited at 4.5% per year com¬ 
pounded monthly for 2 years. 

39. Rank the following three bank-deposit options from best 
to worst. 

• Bank A: 2% compounded daily 

• Bank B: 2.1% compounded monthly 

• Bank C: 2.05% compounded continuously 

40. Which is larger after 5 years: an investment of $1000 
earning 5% per year compounded monthly or an invest¬ 
ment of $1100 earning 4% per year compounded contin¬ 
uously? Which is larger after 10 years? Justify your an¬ 
swers. 

41. One investment pays 5%. interest compounded annually 
and another investment has a yield equivalent to 5% 
interest compounded continuously. Given a deposit of 
$10,000, what is the difference in the balance between 
the two banks in 8 years? 

42. An investment of $1000 earns 8% interest compounded 
continuously. An investment of $1500 earns 6% interest 
compounded annually. Figure 4.39 shows the balance of 
the tw'o investments over time. 

(a) Which graph goes with which investment? 

(b) Use a graph of the two functions to estimate the time 
until the balances are equal. 










4.5 THE NUMBER e 


43. The GDP of Chile was 145.8 billion dollars in 2007 and 48. 

was growing al a continuous rale of 5.1 % per year. 2fl 

(a) Find a formula for G. the GDP of Chile in billion 
dollars, as a function of/, in years since 2007. 

(b) By what percent does the GDP increase each year? ^9. 

(c) Use your answer to part (b) to write a formula for G 
as a function of / using the form G — ah 1 

(cl) Graph your answers to part fa) and part (c) on the 
same axes. Explain what you see. 

44. What can you say about the value of the constants a, C /?. I 

in Figure 4.40? 



45. World poultry production was anticipated to rise to 106 
million tons in the year 201? and increase at a contin¬ 
uous rale of 1.81 % per year. 27 Assume that this growth 
rate continues. 

(a) Write an exponential formula for world poultry pro¬ 
duction, P. in million tons, as a function of the num¬ 
ber of years, t, since 2013. 

(b) Use the formula to estimate world poultry production 
in the year 2018. 

(c) Use a graph to estimate the year in which world poul- 51. 
try production goes over 120 million tons. 


The radioactive substance Cesium-134 decays at a contin¬ 
uous rate of 33.6U per year, while Thulium-171 decays al 
an annual rate of 30.3V/ per year. Which substance deeays 
faster? Justify your answer. 

The annual inflation rate, /*, fora five-year period is given 
in Table 4.15. 

(a) By what total percent did prices rise between the start 
of 2000 and the end of 21)04? 

(b) What is the axerage annual inflation rate for this time 
period? 

(c) At the beginning of 2000. a shower curtain costs S20. 
Make a prediction tor the good's cost at the begin¬ 
ning of 2010. using the a\crage inflation rate found 
in part lb). 


Table 4.15 


t 

2000 

2001 

2002 

2003 

2004 

r 

3.4% 

2.8% 

1.6% 

2.3% 

2.7% 


In the 1980s a northeastern bank experienced an unusual 
robbery. Each month an armored car delivered cash de¬ 
posits from local branches to the main office, a trip re¬ 
quiring only one hour. One day. however, the delivery was 
six hours late. This delay turned out to be a scheme de¬ 
vised by an employee to defraud the bank. The armored 
ear drivers had lent the money, a total of approximately 
$200,000,000. to arms merchants, who then used it as col¬ 
lateral against the purchase of illegal weapons. The inter¬ 
est charged for this loan was 20% per year compounded 
continuously. How much was the fee for the six-hour pe¬ 
riod? 

This problem explores the value of (1 4- 1 //?)" for integer 
values of n as n gets large. 


46. During the first week of an epidemic, the number of peo¬ 
ple in a metropolitan area who are infected by the disease 
is growing at a continuous rate of 60 % per day. 

(a) If 10 people are initially infected, how many people 
will be infected after a week has passed? 

(b) By what daily percentage does the number of in¬ 
fected people grow? 

47. A radioactive substance decays at a continuous rate of 
\4% per year, and 50 mg of the substance is present in 
the year 2009. 

(a) Write a formula for the amount present, A (in mg), t 
years after 2009. 

(b) How much will be present in the year 2019? 

(c) Estimate when the quantity drops below 5 mg. 


(a) Use a calculator or computer to evaluate (1 + 1 /«)". 

correct to seven decimal places, for n = 1000, 

10,000. 100,000. and EOOO.OOO. Docs (1 + 1 / //)" ap¬ 
pear to be an increasing or decreasing function of/?? 

(b) The limit of the sequence of values in part (a) is 
e = 2.718281828 .... What power of 10 is needed 
to give a value of c correct to 6 decimal places? 

(c) What happens if you evaluate (1 + 1 jnf using much 
larger values of »? For example, try n — I0 lfl on a 
calculator. 


52. With more terms giving a better approximation, it can be 
shown that 


e 



1 

1-2-3 


+ 


I 

1-2-3*4 


+ ■■■ . 


(a) Use a calculator to sum the five terms shown. 


“"www.nationniaster.com, accessed February 2010. 

27 http://www.thepOLiltrysitc.com/articlcs/287 l/fao-food-outlook-june-20 1 3-poultry-meal, accessed July. 2013. 
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(b) Find the sum of the first seven terms. 

(c) Compare your sums with the calculator’s displayed 
value for e (which you can find by entering e 1) and 
state the number of correct digits in the five- and 
seven-term sum. 

(d) How many terms of the sum are needed in order to 
give a nine-decimal-digit approximation equal to the 
calculator’s displayed value for A? 


In Problems 53-56, find the limits. 

53. lim e“' 1v 54. lim 5e m ' 

X— OC /-*— 00 

55. Iini(2 - 3e m ) 56. lim 2e AU ' +h 

f —OO / —-00 

57. If lim,^^ ae kr — oo. what can you say about the values of 
a and kl 


CHAPTER SUMMARY 

SWM8J* 




• Exponential Functions 

Value of /(0 changes at constant percent rate with respect 
to t. 

• General Formula for Exponential Functions 

Exponential function: /(f) = ab\ b > 0. 

/ increasing for b > 1, decreasing for 0 < b < 1. 

Growth factor: b — 1 + r. 

Growth rate: r, percent change as a decimal. 

• Comparing Linear and Exponential Functions 

An increasing exponential function eventually overtakes 
any linear function. 

• Graphs of Exponential Functions 

Concavity; asymptotes; effect of parameters a and b . 


Solving exponential equations graphically; finding an ex¬ 
ponential function for data. 

The Number e 

Continuous growth: f(t) = ae k! . 
f is increasing for k > 0, decreasing for k < 0. 
Continuous growth rate: k. 

Compound Interest 

For compounding n times per year, balance. 

For continuous compounding, B - Pe kr . 

Nominal rate, r or k, versus effective rate earned over one 
year. 

Horizontal Asymptotes and Limits to Infinity 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER FOUR 

Exercises 




In Exercises 1-6, you start with 500 items. How many do you 
have after the following change? 

1. 10% increase 2. 100% increase 

3. 1 % decrease 4. 42% decrease 

5. 42% increase followed by 42% decrease 


9. A quantity increases from 10 to 12. By what percent has 
it increased? Now suppose that it had increased from 100 
to 102. What is the percent increase in this case? 

10. Determine whether the function with values in Table 4.16 
could be exponential. 


6. 42% decrease followed by 42% increase 

7. Find a formula for P = /(f), the size of a population that 
begins in year t = 0 with 2200 members and decreases at 
a 3.2%) annual rate. 

8. Without a calculator or computer, match each exponential 
formula to one of the graphs I-VI. 


Table 4.16 


X 

1 

2 

4 

5 

8 

9 

/(X) 

4096 

1024 

64 

16 

0.25 

0.0625 


(a) 10(1.2)' (b) 10(1.5)' (c) 20(1.2)' 

(d) 30(0.85)' (e) 30(0.95)' (f) 30(1.05)' 

I 11 III 



In Problems 11-14, could the function be linear or exponen¬ 
tial or is it neither? Write possible formulas for the linear or 
exponential functions. 


r 

1 

3 

7 

15 

31 

p{r) 

13 

19 

31 

55 

103 


X 

6 

9 

12 

18 

24 

q(x) 

100 

110 

121 

146.41 

177.16 
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X 

10 

12 

15 

16 

18 

t 

1 

2 

3 

4 

5 

fix) 

1 

2 

4 

8 

16 

g(t) 

512 

256 

128 

64 

32 


Problems 


15. In 2013. the cost ol'a morning train ticket from Boston to 
New York was SI 26/' s Assume that the price rises by 5A 
per year. Make a table showing the price of tickets each 
year until 2017. 

16. Radioactive gallium-67 decays by 1.480' every hour: 
there are 100 milligrams initially. 

(a) bind a formula for the amount of gallium-67 remain¬ 
ing after / hours. 

(b) How many milligrams are left after 24 hours? After 
1 week? 

17. A bank pays interest at the nominal rate of 4.29? per year. 
What is the effective annual rate if compounding is: 

(at Annual (bj Monthly (c) Continuous 

18. Explain the difference between linear and exponential 
grow th. That is, without writing down any formulas, de¬ 
scribe how linear and exponential functions progress dif¬ 
ferently from one value to the next. 

In Problems 19-24. find formulas for the exponential functions 
satisfying the given conditions. 

19. /7(C)) = 3 and h(\) = 15 

20. f O) = -3/S and /(-2) = -12 

21. ,v(l/2) = 4an<H'(l/4) = 2v / 2 

22 . «(0) = 5 and £(-2) = 10 

23. j>( 1.7) = 6 and £(2.5) = 4 

24. /(1) = 4 and / (3) = d 

25. Suppose /(—3) = 3/8 and /(2) = 20. Find a formula for 
/ assuming it is: 

(a) Linear (b) Exponential 

For Problems 26-31. (ind formulas for the exponential func¬ 
tions. 




32. Find possible formulas for the functions in Figure 4.41. 



33. Let P{t) be the population of a country, in millions, i years 

after 1990. with P(7) = 3.21 and P(I3) = 3.75. 

(a) Find a formula for P(r) assuming it is linear. De¬ 
scribe in words the country's annual population 
growth given this assumption. 

(b) Find a formula for P{t) assuming it is exponential. 
Describe in words the country’s annual population 
growth given this assumption. 

34. A population has si/e 100 at time t = 0, with / in years. 

(a) If the population grows by 10 people per year, find a 
formula for the population. P, at time t. 

(b) If the population grows by \{)7r per year, find a for¬ 
mula for the population, P, at time f. 

(e) Graph both functions on the same axes. 


~ 8 htlp://w\v\v.amtrak.coin, accessed July, 2013. 
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35. Ini 940, there were about 10 brown tree snakes per square 
mile on the island of Guam, and in 2002, there were about 
20,000 per square mile. 29 Find an exponential formula 
lor the number, /V, ol' brown tree snakes per square mile 
on Guam t years after 1940. What was, on average, the 
annual percent increase in the population during this pe¬ 
riod? 

36. A 2013 Lexus AWD sedan costs $74,935. 3t) Assume that 
the car depreciates a total of 42 % during its first 5 years. 

(a) Suppose the depreciation is exponential. Find a for¬ 
mula lor the value of the car at time t. 

(b) Suppose instead that the depreciation is linear. Find 
a formula for the value of the car at time r. 

(c) If this were your car and you were trading it in after 
4 years, which depreciation model would you prefer 
(exponential or linear)? 

37. Table 4.17 gives the approximate number of cell phone 
subscribers, S, in the United Slates. 31 

(a) Explain how you know an exponential function fils 
the data* Find a formula for S in terms of r. the num¬ 
ber of years since 2000. 

(b) Interpret the growth rate in terms of cell phone sub¬ 
scribers. 

(c) In 2006, there were 233 million subscribers. Does 
this fit the pattern? 

(d) In 2010. there were 300.5 million subscribers. Does 
this lit the pattern? 


Table 4.17 


Year 

2000 

2001 

2002 

2003 

2004 

2005 

Subscribers (m.) 

109.5 

128.4 

140.8 

158.7 

182.1 

207.9 


In Problems 42-43, graph the function to find horizontal 
asymptotes. 

42. f(x) = 8 - 2 X 43. f(x) - 3^ + 2 


44. Without making any calculations, briefly describe the fol¬ 
lowing investments, where r is in years. Be specific. 

(a) V = 2500e- () -° 434 ' 

(b) V - 4000(1.005) l2/ 

(c) V = 8000 - 2 _;//14 

(d) V = 5000 + 250(; —10) 

45. Without making any calculations, briefly describe in 
words what the following formulas tell you about the size 
of the animal populations they describe. Be specific. Note 
that t is in years. 

(a) P = 5200(1.118) r 

(b) P = 4600(1.01 ) 12r 

(c) P = 3X(M)(j)' 

(d) P = SOOQe 00 ™' 

(e) P = 1675 - 25(/ - 30) 

46. Without a calculator, match each of the following formu¬ 
las to one of the graphs in Figure 4.5 on page 145. 

(a) y-X.de- 7 (b) y = 2.5c f (c) y = 

47. If r is in years, the formulas lor dollar balances of two 
different investment accounts are: 


fit) = 1100< 1.05)' and git) = I500e tu) \ 


38. Find the annual growth rates of a quantity which: 

(a) Doubles in size every 7 years 

(b) Triples in size every 11 years 

(c) Grows by 3% per month 

(d) Grows by 189£. every 5 months 

In Problems 39-40, graph fix), a function defined for all real 
numbers and satisfying the condition. 

39. fix) —► 5 as x —► oo 

40. fix) -> 3 as ,v oo and fix) —► —2 as x —► —co 

41. The functions fix) = (^) A and g(.v) — l/x are similar 
in that they both tend toward zero as x becomes large. 
Using a calculator, determine which function, / or g. ap¬ 
proaches zero faster. 


(a) Describe in words the investment account modeled 
by /. 

(b) Describe the account modeled by g. State the effec¬ 
tive annual yield. 

48. Accion is a non-profit microlending organization which 
makes small loans to entrepreneurs who do not qualify for 
bank loans. 32 A New York woman who sells clothes from 
a carl has the choice of a $1000 loan from Accion to be 
repaid by $ 1 150 a year later and a $1000 loan from a loan 
shark with an annual interest rate of 229U compounded 
annually. 

(a) What is the annual interest rate charged by Accion? 

(b) To pay off the loan shark for a year's loan of $ 1000, 
how much would the woman have to pay? 

(c) Which loan is a better deal for the woman? Why? 


-’Science News, Vol. 162. August 10, 2002. p. 85. 

- l(, hup://usnews.rankingsandi'eviews.com/cars-irucks/Lexus_LS/priees/. accessed May. 2013. 
31 hup:/Avw\v.infoplcase.com/ipa/A0933563.htmf Last accessed January 13, 2014. 

32 http://www.accionusa.org/, accessed November. 2005. 
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le<" • sfe-(2e x ) 1 

49. Write p(x) = - in the form p(x) = ae\ 

\()e A ' 

All constants should he expressed exactly. 

In Problems 50-51, write each function in standard form. Note 
that one of them is linear and one exponential. 

50. r(r) = vj iV - 4 tj' r + kvj w 

51. s{iv) = vj u - 4tf r + kvj w 

Problems 52-53 concern ISO A - and B -series paper, com¬ 
monly used in many countries. The width in millimeters (mm) 
of a sheet of A ft paper in this series is given by the formula" 13 

/(«) = 1000 -2~H. 

The width g(n) of a sheet of B t) paper is the geometric mean 
of the widths of A n paper and the next larger size, A )l _ ] pa¬ 
per. Since the geometric mean of two quantities p and q is the 
square root of their product, this means 

g{n) = V/00 * f(n - 1). 

52. Evaluate g( 1). What does your answer tell you about B- 
series paper? 

53. Show that g is an exponential function by writing it in 
standard form. 

54. The figure gives graphs of two functions, / and g. Explain 
why not both of these functions can be exponential. 


y 



55. Write a paragraph that compares the function fix) — a- Y , 
where a > I, and g(x) = /> A , where ()</>< 1. Include 
graphs in your answer. 


Problems 56-59 use Figure 4.42, which shows fix) = ab x and 
g(x) = cd x on three different scales. Their point of intersec¬ 
tion is marked. 



Figure 4.42 


56. Which is larger, a or c? 57. Which is larger, b or d ? 

58. Rank in order from least to greatest: jxq, a : , x 3 . 

59. Match / and g to the graphs labeled (iH> v ) in (b) and (c). 

60. On November 27, 1993, the New York Times reported that 
wildlife biologists have found a direct link between the in¬ 
crease in the human population in Florida and the decline 
of the local black bear population. From 1953 to 2013, 
the human population increased, on average, at a rate of 
about V/ per year. However, between 1953 and 2006 the 
black bear population decreased at a rate of 6% per year. 
In 1953 the black bear population was 1 1,000. 

(a) The 2013 human population of Florida was 19.3 mil¬ 
lion. What was the human population in 1953? 

(b) Find the black bear population for 2000. 

(c) Had this trend continued, 34 when would the black 
bear population have numbered less than 100? 

(d) In 2000 conservation measures 35 were introduced to 
link disconnected Black Bear populations and en¬ 
courage movement of the bears between habitats. By 
2012, the population of Black Bears in Florida 36 had 
reached 3000. Find the average rate of increase since 
2000. 


33 Actual paper sizes are rounded to the nearest mm, so this formula is only approximate. Sec 
http://www.cl.cam.ac.ukTmgk25/iso-paper.html, accessed February 24, 2008. 

34 Since 1993, the black bear population has started to increase again: www.myfwc.com/bear, accessed January. 2014. 
35 http://ww2.valdosta.edu/ aesanfor/black bear corridor.pdf. Last accessed January 13, 2014. 
36 http://myfwc.com/wildlifehabitats/managed/bear/. Last accessed January 13. 2014. 
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61. (a) Using a computer or calculator, graph f(x) = 2'. 

(b) Find the slope of the line tangent to / at a = 0 to 
an accuracy of two decimals. [Hint: Zoom in on the 
graph until it is indistinguishable from a line and es¬ 
timate the slope using two points on the graph.] 

(c) Find the slope of the line tangent to g(x) = 3 A at 
x = 0 to an accuracy of two decimals. 

(d) Find b (to two decimals) such that the line tangent to 
the function h{x) — b x at a = 0 has slope 1. 

62. Sales of energy-eflicient compact fluorescent lamps in 

China have been growing approximately exponentially. 

Table 4.18 shows the sales in millions. 37 

(a) Use a calculator or computer to find the exponen¬ 
tial regression function for sales, S (in millions), as 
a function of the number of years, t , since 1994. 

(b) Plot the function with the data. Does it appear to lit 
the data well? 

(c) What annual percent growth rate does the exponen¬ 
tial model show? 

(d) If this growth rate continues, what sales arc predicted 
in the year 2010? 


Table 4.18 


Year 

1994 

1996 

1998 

2000 

2002 

2003 

Sales (millions) 

20 

30 

60 

125 

295 

440 


69. This problem uses a calculator or computer to explore 

graphically the value of (1 + 1 fx) x as a gets large. 

(a) Graph y ~ (1 + l/x) A for 1 < x < 10. 

(b) Arc the values of y in part (a) increasing or decreas¬ 
ing? 

(c) Do the values of y in part (a) appear to approach a 
limiting value? 

(d) Graph y — (1 + 1 /x) A , for 1 < a < 100. and then for 
1 < a < 1000. Do the y values appear to approach a 
limiting value? If so. approximately what is it? 

(e) Graph y = (1 + 1 /x) A and y — e on the same axes, 
for 1 < x < 10,000. What does the graph suggest? 

(f) By checking a = 10.000. x = 20,000, and so on, de¬ 
cide how large (as a multiple of 10,000) a should be 
to give a value of e correct to 4 decimal places. 

70. Hong Kong shifted from British to Chinese rule in 1997. 

Figure 4.43 shows 38 the number of people who emigrated 

from Hong Kong during each of the years from 1980 to 

1992. 

(a) Find an exponential function that approximates the 
data. 

(b) What does the model predict about the number of 
emigrants in 1997? 

(c) Briefly explain why this model is or is not useful to 
predict emigration in the year 2010. 


Find possible formulas for the functions in Problems 63-65. 

63. V gives the value of an investment that begins in year 
t = 0 with $12,000 and yields 4.2% annual interest, com¬ 
pounded continuously. 

64. The exponential function p{t) given that p(20) = 300 and 
p(50) = 40. 

65. The linear function q(x) whose graph intersects the graph 
of v = 5000e _A ? 4n at a = 50 and a = 150. 

66. An investment worth V = $2500 in year t = 0 earns 
4.2% annual interest, compounded continuously. Find a 
formula for V in terms of /. 

67. If $5000 is deposited in an account paying a nominal in¬ 
terest rate of 4% per year, how much is in the account 10 
years later if interest is compounded 

(a) Annually? (b) Continuously? 

68. A population is represented by P = 12,OOOe -0 !Z2f . Give 
the values of a, k, b, and r, where P = ac kl = ab ! . What 
do these values tell you about the population? 

M 


70,000 



Figure 4.43 


71. Before the AIDS epidemic, Botswana 39 had a rapidly 
growing population, as shown in Tabled. 19. In 2005. the 
population started falling. 

(a) Fit an exponential growth model, P = ab ! , to this 
data set, where P is the population in millions and t 
measures the years since 1975 in 5-year intervals— 
so t = 1 corresponds to 1980. Estimate a and b. Plot 
the data set and P = ab ( on the same graph. 


S. Nadel and Hong, “Market Data on Efficient Lighting." Right Light 6 Conference, Session 8, May, 2005. 
18 Adapted from the New York limes, July 5, 1995. 

yj N. Keyfitz. World Population Growth and Aging (Chicago: University of Chicago Press). 1990. 
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(b) Starting from 1975, how long does it take for the pop¬ 
ulation of Botswana to double? When is the popula¬ 
tion of Botswana projected to exceed 214 million, the 
1975 population of the US? 


Table 4.19 


Year 

1975 

1980 

1985 

1990 

Population (millions) 

0.755 

0.901 

1.078 

1.285 


Problems 72-73 use Figure 4.44, where / ( , is the /-coordinate 
of the point of intersection of the graphs. Describe what hap¬ 
pens to / 0 if the following changes are made, assuming the 
other quantities remain the same. 


>* 



Figure 4.44 


72. b is decreased 73. r is increased 

74. It is a well-documented fact that the earning power of men 
is higher than that of women. 40 Table 4.20 gives the me¬ 
dian income of year-round full-time workers in the US in 
dollars. 

(a) Plot the data and connect the points. 

(b) Let / be the year. Construct two functions of the 
form W{t) — ae b ^~^ )b[) \ one each for the men’s and 
women’s earning power data. 

(c) Graph the two functions from 1960 to 2010 and again 
from 2010 to 2080. 

(d) Do the graphs in part (c) predict women’s salaries 
will catch up with men’s? If so. when? 

(e) Comment on your predictions in part (d). 


Table 4.20 


Year 

1960 

1970 

1980 

1990 

2000 

2010 

Female 

1261 

2237 

4920 

10,070 

16,063 

38,757 

Male 

4080 

6670 

12,530 

20,293 

28,343 

50,074 


75. According to a letter to the New York Times on April 10, 
1993, "... the probability of [a driver’s) involvement in a 
single-car accident increases exponentially with increas¬ 
ing levels of blood alcohol.” The letter goes on to state 
that when a driver's blood-alcohol content (BAC) is 0.15, 
the risk of such an accident is about 25 times greater than 
for a nondrinker. 

(a) Let p {) be a nondrinkcr's probability of being involved 
in a single-car accident. Let f(x) be the probability 
of an accident for a driver whose blood alcohol level 
is x. Find a formula for fix). (This only makes sense 
for some values of ,v.) 

(b) At the time of the letter, the legal definition of intoxi¬ 
cation was a BAC of 0.1 or higher. According to your 
formula for /(jt), how many times more likely to be 
involved in a single-car accident was a driver at the 
legal limit than a nondrinker? 

(c) Suppose that new legislation is proposed to change 
the definition of legal intoxication. The new defini¬ 
tion states that a person is legally intoxicated when 
their likelihood of involvement in a single-car acci¬ 
dent is three times that of a non-drinker. To what 
BAC would the new definition of legal intoxication 
correspond? 

Pure water is not perfectly clear—it has a bluish cast—because 
it absorbs light differently at different wavelengths. The ta¬ 
ble gives values of the absorption coefficient //(A), in units of 
cm" 1 , as a function of the wavelength A in nanometers or nm. 41 
If light of wavelength A nanometers (nm) travels through / cm 
of water, the percent transmitted (without being absorbed) is 
given by 

T a (I) = e~“ au . 

Note that here, T A is the name of the function. Answer Prob¬ 
lems 76-77. 


color 

A 

p{A) 

color 

A 

p{A) 

violet 

400 

0.000066 

yellow 

570 

0.000695 

indigo 

445 

0.000075 

orange 

590 

0.001351 

blue 

475 

0.000114 

red 

650 

0.003400 

green 

510 

0.000325 

— 

— 

— 


76. What percent of red light will be transmitted after passing 
through 200 cm of water? 

77. What percent of blue light will be transmitted over the 
same distance? 


40 htlp://w ww.politifact.com/truth-o-meter/statements/201 l/oct/05/david-axelrod/david-axelrod-says-typical-white-male- 
worker-carns/. Accessed January 12, 2014. 

41 Note that aside from absorption, optical scattering also plays a role. See 
http://omlc.ogi.edu/speetra/water/data/pope97.dat. http://eosweb.larc.nasa.gov/EDDOCS/Wavelengths_for_Colors.html. 
and http://en.wikipedia.org/wiki/Color_of_water, accessed February 29, 2008. 
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Find the limits in Problems 78-83. 

78. lim 257(0.93) A 79. lim 5.3<r°- 12 ' 


X—>00 


I —oo 


80. lim (15-5e ,v ) 

A'—>—00 

82. lim (7.2 - 2e 3T ) 

A*—> OO 


81. lim (21(1.2)' +5.1) 

t-*-oo 

83. lim (5e~ 7v + 1.5) 

A—>“00 


In Problems 84-85, graph f(x), a function defined for all real 
numbers and satisfying the condition. 

84. lim f(x) — -4 

A—> - OO 

85. lim f{x) — 0 and lim f{x) ~ -oo 

A—>-00 * A"—>00 


STRENGTHEN YOUR UNDERSTANDING 


Are the statements in Problems 1-32 true or false? Give an 
explanation for your answer. 

1. Exponential functions are functions that increase or de¬ 
crease at a constant percent rate. 

2. The independent variable in an exponential function is al¬ 
ways found in the exponent. 

3. If y = 40(1.05) f then y is an exponential function of t. 

4. The following table shows a function that could be expo¬ 
nential. 


X 

l 

2 

4 

5 

6 

y 

l 

2 

4 

7 

11 


5. If your salary, S , grows by 4% each year, then S = 
S n (0.04y where t is in years. 

6. If f(t) = 4(2/ then /(2) = 64. 

7. If f(t) = 3(^V then / is a decreasing function. 

8. IfQ = f(t) = 1000(0.5) r then when Q - 125, / = 3. 

9. If Q = fit) = ab l then a is the initial value of Q. 

10 . If we are given two data points, we can find a linear func¬ 
tion and an exponential function that go through these 
points. 

11. A population that has 1000 members and decreases at 
10% per year can be modeled as P = 1000(0.10/. 

12. A positive increasing exponential function always be¬ 
comes larger than any increasing linear function in the 
long run. 

13. A possible formula for an exponential function that passes 
through the point (0. 1) and the point (2, 10) is y = 4.5f + 
1. 

14. If a population increases by 50% each year, then in two 
years it increases by 100%. 

15. In the formula Q — ab\ the value of a tells us where the 
graph crosses the Q-axis. 

16. In the formula Q = ab\ ifa a > 1. the graph always rises 
as we read from left to right. 


17. The symbol e represents a constant whose value is ap¬ 
proximately 2.71828. 

18. If fix) -* k as x —► oo we say that the line y — k is a 
horizontal asymptote. 

19. Exponential graphs are always concave up. 

20. If there are 110 grams of a substance initially and its de¬ 
cay rate is 3% per minute, then the amount after t minutes 
is Q = 110(0.03)' grams. 

21. If a population had 200 members at time zero and was 
growing at 4% per year, then the population size after t 
years can be expressed as P — 200(1.04/. 

22. If P = 5e {Ul , we say the continuous growth rate of the 
function is 2%. 

23. If P = 4e“ a90; , we say the continuous growth rate of the 
function is 10%. 

24. If Q = 3e (1 - 2r , then when t — 5, Q = 3. 

25. If Q — Q {) e k \ with Q {) positive and k negative, then Q is 
decreasing. 

26. If an investment earns 5% compounded monthly, its ef¬ 
fective rate will be more than 5%. 

27. If a $500 investment earns 6% per year, compounded 
quarterly, we can find the balance after three years by 
evaluating the formula B = 500( 1 + ^) 34 . 

28. If interest on a $2000 investment is compounded continu¬ 
ously at 3 7( per year, the balance after five years is found 
by evaluating the formula B = 2000e (UO3nM . 

29. Investing $10,000 for 20 years at 5% earns more if in¬ 
terest is compounded quarterly than if it is compounded 
annually. 

30. Investing $P for 7 years always earns more if interest is 
compounded continuously than if it is compounded an¬ 
nually. 

31. There is no limit to the amount a twenty-year $10,000 in¬ 
vestment at 5% interest can earn if the number of times 
the interest is compounded becomes greater and greater. 

32. If you put $1000 into an account that earns 5.5% com¬ 
pounded continuously, then it takes about 18 years for the 
investment to grow to $2000. 










SKILLS REFRESHER FOR CHAPTER 4: EXPONENTS 

We list the definition and properties that are used to manipulate exponents. 


183 


Definition of Zero, Negative, and Fractional Exponents 

If m and n are positive integers: 42 
• n° = 1 



• a 1 /” = tfa, the n th root of a 

• a"/« _ 


Properties of Exponents 


• a m • a n — Q m + n 

For example, 2 4 • 2 3 = (2 • 2 • 2 • 2) • (2 • 2 • 2) = 2 7 . 

f.171 

• — = a 1 " - ”, a^O 
a n 

^ , 2 4 2- 2 -2- 2 M 

For example, = 2 2 -2 =2\ 

• (a m ) n = a mn 

For example, (2 3 ) 2 = 2 3 • 2 3 = 2 6 . 

• ( ab) n = a"V 





Be aware of the following notational conventions: 

ab n = a(b n ), but ab n ± (ab) n , 

-b n = ~(b n ), but - b n # (~b) n , 

—ab n = ( -a)(b n ). 

For example, -2 4 = -(2 4 ) = -16, but (-2) 4 = (—2)(—2)(—2)(—2) = +16. Also, be sure to realize 
thatforn ^ 1, 

(a + b) n a n + b n Power of a sum ^ Sum of powers. 


Example 1 Evaluate without a calculator: 

(a) (27) 2 / 3 (b) (4)~ 3 / 2 (c) 8 1 / 3 - l 1 / 3 

Solution (a) We have (27) 2 / 3 = \frf- = {/729 = 9, or, equivalently, (27) 2 / 3 = (27 1/3 ) 2 = (^27) 2 = 
3 2 = 9. 

(b) We have (4)" 3 / 2 = (2)~ 3 = 1 = ± 

(c) We have 8 1 / 3 - 1 '/ 3 = 2 - 1 = 1. 


42 We assume that the base is restricted to the values for which the power is defined. 
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Example 2 


Solution 


Example 3 


Solution 


Use the rules of exponents to simplify the following: 

, _ 100 x 2 y 4 

(a) 5*V 

y 4 (x 3 y 2 ) 2 3 /- 7 ( M 1 / 5 \ 

2,' «0 

(a) We have 

=20(*» )( /-3 ) = 20;t -y = 2oy 

5x 3 y 2 x 

(b) We have 

/(xV 2 ) 2 /x 6 y - 4 + 4-4) jc ( 6 -C- 1 » y Q x l X 1 


2x~ l ~ 2x~ l ~ 2 2 ~ 2 ' 

(c) We have 

\/—8x 6 = \/-8 • Vx* = -2x 2 . 

(d) We have 

/ m 1 / 5 \ 2 _ (M 1/5 ) 2 _ M 2 / 5 _M 2 / 5 N 
\37V -*/ 2 / ~~ ( 37 V- 1 / 2) 2 ~~ 3 2 JV-‘ ~~ 9 


Solve for x: 

(a) ^=37 

4x 2 

(a) We have 


(b) 5?- 10 


(c) = 10 


(b) We have 


^=37 

4x 2 

2.5x 5 = 37 
x 5 = 14.8 

x = (14.8) 1/5 = 1.714. 



1 

3 X 


-3 


= 10 



x = 



0.322. 
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(c) We have 


x/TF = 10 

3.v 5 /- = 10 
r V2 _ 10 



Exercises to Skills for Chapter 4 


For Exercises 1-33, evaluate without a calculator. 45 . y/b s/V* 47 . ( Sy /1 6.vF 


1. 

<-5 >- 

2. 

11 : 

3. 

1() 4 

48. 

49. 

(3 AH) 1 (A : li 

4. 

(-1 > 13 

5. 

5 4 

5^ 

6. 

10 s 

1(F 

50. e u ■ <>•* ■ e 

51. 

\/M + 2(2 + M)' r - 

7. 

6 4 

6 J 

8. 

O 

9. 


52. (>■ -vf 

53. 

a n+ 1 7^/1+1 

a" 3" 

10. 


11. 

x/(-4) : 

12. 

1 

7 4 

54. (a 1 + /)-')"' 



13. 

2 7 

2’ 

14. 

(-l) 44S 

15. 

-1 l 2 

/ 33(2/) + 1 )'* 
V 7{2 h+ 1)-' 

^ (Do not expand {2b + 1 )‘\) 

16. 

(5 0 ) 3 

17. 

2.1 (I0 ! f 

18. 

16 j / 2 

If possible, evaluate the quantities in 

Exercises 56-64. Check 

19. 

I6 1 / 4 

20. 

16 V-' 

21. 

16 5 ' 4 

your answers with 

a calculator. 


22. 

I6 5/ - 

23. 

l(X)V' 

24. 

x/FF 2 

56. (-32)V< 

57. -32-V-’ 

58. -625- 1/4 

25. 

(-l)’x/36 

26. 

(0.04) 1/2 

27. 

(-8) 2/5 

59. (-625)'/' 

62. -64'/ : 

60. (-1728) 4 /' 

63. (—64)V 2 

61. 64-'/ : 

64. 81 5/4 

28. 

3"' 

29. 

3“- V2 

30. 

25- 1 




31. 

25- : 

32. 

(I/27)- 1 /' 

33 . 

( 0.1 25 J 1/3 

In Exercises 65-66, solve for ax 



65. 7a- 4 = 20a- 66. 2(.y + 2) 4 = 100 

Simplify the expressions in Exercises 34-55 and leave without 
radicals if possible. Assume all variables are positive. 

In Exercises 67-68, use algebra to find the point of in ter sec- 
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68 . 



Are the statements in Exercises 69-74 true or false? 

69. x 2 y 5 = (xy)"’ 70. 5tr + 5 u 3 = 10w 5 

71. (3r) 2 9s 2 — 81r.r 72. \/-64 ¥c b = -46c 2 

73. -Aw 2 - 3w’ 3 = -w 2 (4 + 3 to) 

74. (u + vy' = - + - 

U V 


Solve the equations in Exercises 75-76 in terms of r and .s\ 
given that 

2'' = 5 and 2 V = 7. 

75. 2 X = 35. 76. 2 Y - 140. 

Let 2 a — 5 and 2 b = 7. Using exponent rules, solve the equa¬ 
tions in Exercises 77-82 in terms of a and h . 

77. 5* = 32 78. T = - 

O 

79. 25 A =64 80. 14 v = 16 

81. 5 X = 7 82. 0.4 A = 49 
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Chapter Five LOGARITHMIC FUNCTIONS 


5.1 LOGARITHMS AND THEIR PROPERTIES 


What Is a Logarithm? 

A population grows according to the formula P = 10', where P is its size at time ?, in hours. When 
will the population be 2500? To find out, we solve the following equation for r: 

10' = 2500. 

In Section 4.2, we used a graphical method to approximate r. Now we introduce a function that gives 
precisely the exponent of 10 we need. 

Since 10 3 = 1000 and 10 4 = 10,000, and 1000 < 2500 < 10,000, the exponent we are looking 
for is between 3 and 4. But how do we find the exponent exactly? To answer this question, we define 
the common logarithm function, or simply the log function, written Iog 10 x, or log*, as follows. 


If x is a positive number, 

log* is the exponent of 10 that gives *. 

In other words, 

y = logx means 10 y = x. 


For example, log 100-2, because 2 is the exponent of 10 that gives 100, or 10 2 = 100. 
Logarithms with base 10 and base e are most commonly used, but any positive base not equal 
to 1 can be used. For instance. log 2 * (read “log, base 2, of * *) is often used in computer science. 

To solve the equation 10' = 2500, we must find the power of 10 that gives 2500. Using the log 
button on a calculator, we can approximate this exponent. We find 

log 2500 « 3.398, which means that 10 139K « 2500. 

As predicted, this exponent is between 3 and 4. The precise exponent is log 2500; the approximate 
value is 3.398. Thus, it takes roughly 3.4 hours for the population to reach 2500. 

Example 1 Rewrite the following statements using exponents instead of logs. 

(a) log 100 = 2 (b) log 0.01 =-2 (c) log30 = 1.477 

Solution For each statement, we use the fact that if y = log * then \0 y = x. 

(a) Since log 100 = 2 we have 10 2 = 100. 

(b) Since logO.Ol = -2 we have 10 -2 — 0.01. 

(c) Since log30 = 1.477 we have 10 K477 = 30. (Actually, this is only an approximation. Using a 
calculator, we see that 10 L477 = 29.99 1 6 ... and that log30 = 1.47712125 ....) 


Example 2 Rewrite the following statements using logs instead of exponents. 

(a) W 5 = 100,000 (b) 10 -4 = 0.0001 (c) 10 OK = 6.3096. 

Solution For each statement, we use the fact that if 10 y = *, then y = log*. 

(a) 10 5 = 100,000 means that log 100,000 = 5. 

(b) 10 -4 = 0.0001 means that log 0.0001 - -4. 

(c) 10 {) K = 6.3096 means that log 6.3096 = 0.8. (This, too. is only an approximation because 10 O K 
actually equals 6.30957344....) 







5.1 LOGARITHMS AND THEIR PROPERTIES 


Logarithms Are Exponents 

Note that logarithms are just exponents! Thinking in terms of exponents is often a good way to 
answer a logarithm problem. 


Example 3 Without a calculator, evaluate the following, if possible: 

(a) log 1 (b) log 10 (c) log 1,000,000 

(d) log 0.001 (e) log—5— (0 log(—100) 

VTo 

Solution (a) We have log 1 = 0, since 10° = 1. 

(b) We have log 10=1, since 10 1 = 10. 

(c) Since 1,000,000 = 10 6 , the exponent of 10 that gives 1,000,000 is 6. Thus, log 1,000,000 = 6. 

(d) Since 0.001 = 10~ 3 , the exponent of 10 that gives 0.001 is-3. Thus, log0.001 = —3. 

(e) Since 1 /V^IO = 10~*/ 2 , the exponent of 10 that gives 1 /\/7o is —Thus Iog( 1 /\f\0) = 

(f) Since 10 to any power is positive, —100 cannot be written as a power of 10. Thus, log(— 100) is 
undefined. 


Logarithmic and Exponential Functions Are Inverses 

The operation of taking a logarithm “undoes” the exponential function; the logarithm and the expo¬ 
nential are inverse functions. For example, log(10 6 ) = 6 and 10 Iog6 = 6. In general, 



Example4 Evaluate without a calculator: (a) log(l0 8 ' 5 ) (b) 10 log2 ‘ 7 (c) io log ^ x+3 > 

Solution Using log(10^) = N and 10 log/v = TV, we have: 

(a) log (10 s 5 ) =8.5 (b) I0 log2 * 7 = 2.7 (c) 10 logU+3) = x + 3 

You can check the first two results on a calculator. 


Properties of Logarithms 

In Chapter4, we saw howto solve exponential equations such as 100-2* = 337,000,000 graphically. 
To use logarithms to solve these equations, we use the properties of logarithms, which are justified 
on page 192. 
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Properties of the Common Logarithm 

• By definition, y = log x means 10 y = x. 

• In particular, 

log 1=0 and log 10 = L 

• The functions 10* and logx are inverses, so they “undo” each other: 

log(10 x ) = x for all x, 

IQlogx _ x for x > 0. 

• For a and b both positive and any value of t, 

log (ab) = log a + log b 

log - log a — log b 
log (b‘) = t ■ log b. 


We can now use logarithms to solve the equation that we solved graphically in Section 4.2. 


Example 5 

Solution 


Solve 100 • 2 f = 337,000,000 for t. 

Dividing both sides of the equation by 100 gives 

2 f = 3,370,000. 

Taking logs of both sides gives 


Since log(2 f ) = t * log 2, we have 
so, solving for f, we have 


log (2') - log(3,370,000). 

r log2 = log(3,370,000), 
log(3,370,000) 


t = 


log 2 


= 21.684. 


In Example 2 on page 159, we found, by graphical approximation, that the fine faced by the city of 
Yonkers exceeded the city’s annual budget between day 21 and day 22. 


The Natural Logarithm 

When e is used as the base for exponential functions, computations are easier with the use of another 
logarithm function, called log base e. The log base e is used so frequently that it has its own notation: 
In x, read as the natural log of x. We make the following definition: 


For x > 0, 

In x is the power of e that gives x 

or, in symbols, 

y = In x means e y = x, 
and y is called the natural logarithm of x. 
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Example 6 

Solution 


Just as the functions 10* and log* are inverses, so are e x and In x. The function In x has similar 
properties to the common log function: 


Properties of the Natural Logarithm 

• By definition, y = In x means x = e y . 

• In particular, 

In 1 = 0 and lne = L 

• The functions e x and In x are inverses, so they “undo” each other: 


ln(e x ) = x for all x 

e ]nx - x forx>0. 


• For a and b both positive and any value of t , 


In (ab) = In a + In b 
In = \na -\nb 
In (b 1 ) = t • In b. 


Solve for x: 

(a) 5e 2x = 50 (b) 3* = 100. 


(a) We first divide both sides by 5 to obtain 

e 2x = 10. 


Taking the natural log of both sides, we have 


\n(e 2x ) = In 10 

2x = In 10 

In 10 
x= — 

(b) Taking natural logs of both sides. 


1.151. 


ln(3 x ) = In 100 

xln3 = In 100 

x= InlOO =4192 
In 3 

In part (a), using the natural log, rather than log base 10, simplified the calculation because the 
base was e. In part (b), we used natural logs, but we could equally well have used logs to base 10. 


For more practice with logarithms, see the Skills Review on page 229. 

Misconceptions and Calculator Errors Involving Logs 

It is important to know how to use the properties of logarithms. It is equally important to recognize 
statements that are not true. Beware of the following: 
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• lo g(a + b ) is not the same as log a + log b 

• log(a - b) is not the same as log a — log b 

• lo g{ab) is not the same as (log u)(log b) 

, /a \ . , lo ga 

• log - is not the same as -- 

V b / log b 

• log f ) is not the same as ——. 

V a / log a 


There are no formulas to simplify either log(a + b) or log(a — b). Also, the expression log 5x 2 is 
not the same as 2 • log 5x, because the exponent, 2, applies only to the x and not to the 5. However, 
it is correct to write 

log 5x 2 = log 5 + log x 2 = log 5 + 2 log x. 

1 7 

Using a calculator to evaluate expressions like log( — ) requires care. On some calculators, en¬ 
tering log 17/3 gives 0.410, which is incorrect. This is because the calculator assumes that you mean 
(log 17)/3, which is not the same as log( 17/3). Notice also that 


log 17 
log 3 


1.230 

0.477 


2.579, 


which is not the same as either (log 17)/3 
different: 


logy = 0.753, 


log 17 
3 


or log(17/3). Thus, the following expressions are all 
log 17 

= 0.410, and —^— = 2.579. 

log 3 


Justification of log(a • b) = log a + log b and log (a/b) = log a- log b 

If a and b are both positive, we can write a — 10 m and b = 10", so log a = m and log b = n. Then, 
the product a ■ b can be written 

a-b= \0 m • 10" = I0 m+n . 

Therefore m + n is the power of 10 needed to give a • b , so 

log (<2 • b) ~ m + m. 


which gives 


log {a • b) = log a + log b. 


Similarly, the quotient a/b can be written as 

a = UF = lom _„ 
b 10" 

Therefore, m — n is the power of 10 needed to give a/b , so 




log a — log b. 


and thus 
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Justification of log(6') = t log b 

Suppose iliat h is positive, so vve can write h = 10* lor some value of k. Then 

// = fl() A )'. 

We have rewritten the expression /?' so that the base is a power of 10. Using a property of exponents, 
we can write (1() A )' as l() /v/ , so 

// = ( mV = \ 0 kt . 

Therefore kt is the power of 10 which gives /?'. so 

log(/?') = kt. 

But since h — 10 A , we know k = log/?. This means 

log(/?') — (log/?)! = i • log/?. 


Thus, for /? > 0 we have 


log (/>')=?• log/>. 


Exercises and Problems for Section 5.1 

Skill Refresher 


Without using logs or a calculator, solve the equations in Ex 
ereises SI-S10 if possible. 

SI. 1() A = 1,000.000 S2. It)' =0.01 

S3. c~ = \/P S4. I O' = I 

Exercises 


S5. e"' = 0 

S7. = c 1 

S9. I0-' = v/oT 


S6. C' = 


S8. 10 ' = -1000 
S10. <**' = 


Rewrite the statements in Exercises 1-6 using exponents in¬ 

stead of logs. 

1. log 19 - 1.279 2. log 4 = 0.602 

3. In 26 - 3.258 4. ln(0.646) - -0.437 

5. log P — l 6, In q = z 

Rewrite the statements in Exercises 7-10 using logs. 

7. 10* » 100,000,000 8. e“ 4 = 0.0183 

9. 10' = a 10. e" - /? 


17 . log (1(E) 

19 . K ) 1 ^ 100 
21 . > 

23. Inc 11 
25. In \fe 

27 - 437 


18. log (10") 
20. K ) 1 ^ 1 
22 . In 1 
24. Inc 5 * 7 

26. e ln - 



In Exercises 11-28, evaluate without a calculator. 

12 . log sj1000 
14. log 0.1 

16 . log\A() 


Solve the equations in Exercises 29-34 using logs. 

29. 2 V — 11 

31. e (l|lv = 100 
33. 48 = 17(2.3)' 


11 . log 1000 
13. log! 

15. log(10°) 


30. (1.45)' = 25 
32. 10 = 22(0.87 P 
34. 2/7 = (0.6)’* 
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Problems 


35. Express the following in terms of x without logs. 

(a) log 100* (b) I000'- A (c) log 0.001* 

36. Express the following in terms of x without natural logs. 

(a) In e 2x (b) 

(c) ln(-L) (d) In \fe* 

37. Evaluate the following pairs of expressions without using 
a calculator. What do you notice? 

(a) log (10 ■ 100) and log 10 4- log 100 

(b) log (100 * 1000) and log 100 + log 1000 

(c) log ( ) and lo S 10 - log 100 

(d) l0g (lS ) and l0g 100 “ ‘ 0g 1000 

(e) log ( 10 2 ) and 2 log 10 

(f) log (10 3 ) and 3 log 10 

38. (a) Write the general formulas reflected in what you ob¬ 

served in Problem 37, 

( AB \P 

J at least 

two different ways. 

In Problems 3SM-4, is the statement true or false? 

39. log AB = log A + log B 
~ log A 

40. -5— = log A - B 
log B 

41. log A log B — log A + log B 

42. p * log A = log A p 

43. log y/x = - log x 

44. y^log x = logf* 1 / 2 ) 

In Problems 45-50, use properties of logarithms to find a value 
for x. Assume a, b, M, and N are constants. 


53. A graph of P = 25(1.075)' is given in Figure 5.1. 

(a) What is the initial value of P (when t = 0)? What is 
the percent growth rate? 

(b) Use the graph to estimate the value of t when P — 
100 . 

(c) Use logs to find the value of t when P = 100. 


P 



.075)' 

t 


Figure 5.1 


54. A graph of Q = 10c 015/ is given in Figure 5.2. 

(a) What is the initial value of Q (when t = 0)? What is 
the continuous percent decay rate? 

(b) Use the graph to estimate the value of t when Q = 2. 

(c) Use logs to find the value of t when Q — 2. 


Q 




























Q 

= l 

L_ 


1 


1 1 


-4 


A 1 I_I_I__1_ f 

2 4 6 8 10 12 14 

Figure 5.2 


45. log(3 • 2 r ) = 8 

46. ln(25(1.05) x ) = 6 

47. ln(ab x ) = M 

48. log (MN x ) = a 

49. ln(3x 2 ) = 8 

50. log(5x 3 ) = 2 

51. Let u = log 2 and v 

= log 3. Evaluate the following ex 


pressions in terms of u and/or u. For example, log 9 = 
log(3 2 ) - 2 log 3 = 2u. 

(a) log 6 (b) log 0.08 (c) log yJJ (d) log 5 

52. Without using a calculator, write the following quantities 
in terms of log 15 and/or log 5. 

(a) log 3 (b) log 25 


55. Find a possible formula for the exponential function S in 
Figure 5.3, if R(x) = 5.1403( 1.1169)*. 



(c) log 75 
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56. Find a possible formula for the exponential function P in 
Figure 5.4, if Q(x) =117.7181 (0.7517) A . 



In Problems 57-76, solve the equations exactly for x or t. 


57. 3(1.081)' = 14 

58. 

84(0.74)' = 38 

59. 40e- 11 ' 2 ' = 12 

60. 

200 • 2' /5 = 355. 

/1 v /l5 

61. 6000 (ij =1000 

62. 

e t+4 = 10 

63. e t+5 = 7 • 2-' 

64. 

o 

+ 

11 

o 

o 

8 

65. 3 V+J = 10 

66 . 

0.4(b' 1j: = 7 • 2~ x 

67. Iog(10 5 - t+l ) = 2 

68 . 

400e ulA = 500e (,()Kv 

69. 58e 4 ' +l = 30 

70. 

ab x — c 

71. Pe kx = Q 

72. 

p - V' = o 


73. iog(2x + 5) ■ log(9x 2 ) = 0 


74. log( 1 — x) — log( 1 + x) = 2 

75. ln(2x + 3)* In x 2 = 0 

76 log A- 2 + log£ _ 

log(IOOA') 

77. Solve each of the following equations exactly for x. 

(a) e 2x + e 2 * =1 (b) 2e }x + e* x = b 

78. If we square a positive quantity n, we double its log: 
log (h 2 ) = 2 log Briefly describe what happens to the 
log when we double a positive quantity n. 

79. Because they are so large, it is impossible to compare di¬ 
rectly the two numbers * 1 

A = 2 2 " and B = 3 3 . 

Instead, first simplify In (In A) and In (In B), and then use 
a calculator to determine which is larger, A or B. 

80. Both of these numbers are slightly larger than I: 

A=5 2 " 47 and B=l^\ 

Which is larger? Explain your reasoning. 

81. Consider the exponential function Q ~ r ■ s ! . Letting 
q = In (9, show that q is a linear function of t by writ¬ 
ing it in the form q = b + mt. State the values of m and 
b. 

82. The arithmetic mean of two numbers is half their sum, 
and the geometric mean is the square root of their prod¬ 
uct. Using log properties, show how we can think of the 
log of the geometric mean of u and w as the arithmetic 
mean of two related numbers, p and q, 


5.2 LOGARITHMS AND EXPONENTIAL MODELS 


Logarithms are useful for solving some exponential equations symbolically, often giving more pre¬ 
cise answers than graphical methods. 


Example! In Example 3 on page 160 we solved the equation 200(0.886') = 25 graphically, where t is in 
thousands of years. We found that a 200-microgram sample of carbon-14 decays to 25 micrograms 
in approximately 17,200 years. Now solve 200(0.886/ = 25 using logarithms. 

Solution First, isolate the power on one side of the equation: 

200(0.886') = 25 
0.886' =0.125. 

Take the log of both sides, and use the fact that log(0.886') = t log 0.886. Then 

log(0.886') = log 0.125 
t log 0.886 = log 0.125, 

1 Adapted from Robert P. Munafo’s website on large numbers. These numbers are given as examples of Class-4 numbers. 

A Class-3 number is too large to be evaluated exactly on a computer; a Class-4 number is one whose logarithm is too large 
to be evaluated exactly. See http://www.mrob.com/pub/index.htmf accessed April 7, 2008. 
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so 


t - 


log 0.125 


= 17.180 thousand years. 


log 0.886 

This answer is close to the value of 17,200 that we found from the graph. 


Example 2 


Solution 


The population of City A begins with 50,000 people and grows at 3.5% per year. The population of 
City B begins with a larger population of 250,000 people but grows at the slower rate of 1.6% per 
year. Assuming that these growth rates hold constant, will the population of City A ever catch up to 
the population of City B? If so, when? 


If t is time measured in years and P A and P B are the populations of these two cities, then 
P A = 50,000(1.035/ and P B = 250,000(1.016)'. 

We want to solve the equation 

50,000(1.035/ = 250,000(1.016/. 


We first get the exponential terms together by dividing both sides of the equation by 50,000( 1.016/: 

(1.035/ _ 250,000 _ 

(1.016/ ““ 50,000 


Since - = (-), this gives 
b‘ \b/ 



Taking logs of both sides and using log b 1 = t log/?, we have 


log ( 

i.o35 y 

= log 5 


1.016 / 


t log 1 

( 1.035 \ 

= log 5 


11.016/ 



log( 1,035/1.016) 


86.865. 


Thus, the cities' populations will be equal in just under 87 years. To check this, notice that when 
t = 86.865, 

P A = 50,000(1.035) 86 - K65 = 992,575 
and 

P l} = 250,000( 1.016) X6Sfi5 = 992,572. 

The answers arc not exactly equal because we rounded off the value of t. Rounding can introduce 
significant errors, especially when logs and exponentials are involved. Using t = 86.86480867, the 
computed values of P A and P B agree to three decimal places. 


Doubling Time 

Eventually, any exponentially growing quantity doubles, or increases by 100%. Since its percent 
growth rate is constant, the time it takes for the quantity to grow by 100% is also a constant. This 
time period is called the doubling time . 


Example3 (a) Find the time needed for the turtle population described by the function P = 175(1.145/ to 

double its initial size. 

(b) How long does this population take to quadruple its initial size? To increase by a factor of 8? 
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Solution 


Example 4 

Solution 


Half-Life 

Example 5 

Solution 


(a) The initial size is 175 turtles; doubling this gives 350 turtles. We need to solve the following 
equation for /: 


We check this by noting that 


t = 


175(1.145)' = 350 
1.145' = 2 
log (1.145') = log2 
t * log 1.145 = log 2 
log 2 


log 1.145 


5.119 years. 


175( 1.145) s 119 = 350, 


which is double the initial population. In fact, at any time it takes the turtle population about 
5.119 years to double in size. 

(b) Since the population function is exponential, it increases by 100% every 5.119 years. Thus it 
doubles its initial size in the first 5.119 years, quadruples its initial size in two 5.119-year periods, 
or 10.238 years, and increases by a factor of 8 in three 5.119-year periods, or 15.357 years. We 
check this by noting that 

175(1.145) la238 = 700, 


or 4 times the initial size, and that 


175(1.145) IVW = 1400, 


or 8 times the initial size. 


A population doubles in size every 20 years. What is its continuous growth rate per year? 

We are not given the initial size of the population, but we do not need this information. Let P 0 
represent the initial size of the population and P = P$e kt . After 20 years, P = 2P 0 , so we solve 

P {) e k ' 2O = 2P 0 . 

Canceling P {) on both sides we have 

e Wk = 2 

20k = In 2 Taking In of both sides 

, In 2 

k = -- 0.03466. 

20 

Thus, the population grows at the continuous rate of 3.466% per year. 


Just as an exponentially growing quantity doubles in a fixed amount of time, an exponentially de¬ 
caying quantity decreases by a factor of 2 in a fixed amount of time, called the half-life . 


Carbon-14 decays radioactively at a constant annual rate of 0.0121%. Check that the half-life of 
carbon-14 is about 5728 years and show how this value is obtained from the decay rate. 

We are not given an initial amount of carbon-14, but we do not need it. Let the symbol Q 0 represent 
the initial quantity of carbon-14. The growth rate is -0.000121 because carbon-14 is decaying. So 
the growth factor is h — 1 - 0.000121 = 0.999879. Thus, after t years the amount left is 

Q = Q o (0.999879)'. 
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Substituting t = 5728 years, we see that the quantity remaining is half the initial quantity: 

Q = Q 0 (0.999879) 5728 = 0.50<2 () . 

Thus the half-life of carbon-14 is 5728 years. 

If we did not know the half-life, we could find it by determining how long it takes for the quantity 
to drop to half its initial level. We solve for t in the equation 

^Qo = Qy(0.999879)'. 

Dividing each side by Q 0 , we have 

- = 0.999879'. 

2 

Taking logs, we have 

= log (0.999879') 

= t • log 0.999879 
= 5728.143. 

Thus, no matter how much carbon-14 there is initially, after about 5728 years, half will remain. 

Similarly, we can determine the growth rate given the half-life or doubling time. 

Example 6 The quantity, Q . of a substance decays according to the formula Q = Q 0 e~ k \ where t is in minutes. 
The half-life of the substance is 11 minutes. What is the value of kl 

Solution We know that after 11 minutes, Q = ^Q () . Thus, solving for k, we get 

Qoe~ kn = l -Q {) 

e~ Uk = - 
2 

— 11/t = In — 

2 

ln(l/2) 

k= — = 0.06301. 

This substance decays at the continuous rate of 6.301% per minute. 

Converting Between Q = ab 1 and Q = ae kt 

Any exponential function can be written in either of the two forms: 

Q = ab' or Q = ae kI . 

Logarithms enable us to convert between the two. If b — e k , so k = In b, the two formulas represent 
the same function. 


logi 

log 0.5 
log 0.5 

log 0.999879 


Example7 Convert the exponential function P = 175(1.145) r to the form P = ae kt . 

Solution Since the new formula represents the same function, we want P — 175 when t = 0. Thus, substituting 

t = 0 gives 175 = ae k(0) = a, so a = 175. The parameters in both functions represents the initial 
population. For all t, 

175(1.145)' = H5(e k )\ 

so we must find k such that 

e k - 1.145. 
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Therefore k is the power of e that gives 1.145. Applying the natural log to both sides, we have 

k = In 1.145 = 0.1354. 


Therefore, 


P = 175^ ,um '. 


Example 8 Convert the formula Q — 7e (U ' to the form 0 = 0 $. 

Solution Using the properties of exponents, 

Q = le {Uj = 7(e a3 )'. 

Using a calculator, we find e {)3 = 1.3499, so 

0 = 7(1.3499)'. 


Notice that logs are needed to convert Q — ab * 1 to Q = ae kt , but not the other way. 

Assuming t is in years, find the continuous and annual percent growth rates in Examples 7 and 8. 

In Example 7, the annual percent growth rate is 14.5% and the continuous percent growth rate per 
year is 13.54%. In Example 8, the continuous percent growth rate is 30% and the annual percent 
growth rate is 34.99%. 


Example 9 

Solution 


Example 10 

Solution 


Find the continuous percent growth rate of Q — 200(0.886)', where i is in thousands of years. 
Since this function describes exponential decay, we expect a negative value for k. We want 

e k = 0.886. 


Solving for k gives 


k = ln(0.886) = —0.12104. 

So we have Q — 200e“° 12104 ' and the continuous growth rate is -12.104% per thousand years. 


Exponential Growth Problems That Cannot Be Solved by Logarithms 

Some equations with the variable in the exponent cannot be solved using logarithms. 


Example 11 With t in years, the population of a country (in millions) is given by P — 2(1.02)', while the food 

supply (in millions of people that can be fed) is given by N = 4 + 0.5 t. Determine the year in which 
the country first experiences food shortages. 

Solution The country starts to experience shortages when the population equals the number of people that 

can be fed—that is, when P = N. We attempt to solve the equation P = N by using logs: 

2(1.02)' = 4 +0.5r 

1 .02' = 2 + 0.25r Dividing by 2 
log 1.02' = log(2 + 0.250 
rlog 1.02 = log(2 +0.250. 

Unfortunately, we cannot isolate r, so this equation cannot be solved using logs. However, we can 
approximate the solution of the original equation numerically or graphically. 2 See Figure 5.5. The 
values of P and N are equal when t ^ 199.381. Thus, it is almost 200 years before shortages occur. 

2 Compare Example 3 in Section 4.2. 
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people (millions) Population: P = 2(1,02) r 



Figure 5 Finding the intersection of linear and exponential graphs 


Exercises and Problems for Section 5.2 

Skill Refresher 


For Exercises S1-S4, simplify the expression if possible. 

SI. 10“ log5x S2. 

S3. / In e'/ * 2 3 * 5 * S4. 10 2+l °s x 


In Exercises S5-S10, solve for x. 


S5. 4 X = 9 

S7. 2e x = 13 

S9. log(2x + 7) = 2 


S6. e* = 8 
S8. e lx = 5e 3x 
S10. log(2x) = log(x + 10) 


Exercises 


In Exercises 1—4, convert to the form 0 = ab'. 

1.0 = 4e 7 ' 2. 0 = 0.3e°- 7 ' 

3. 0 = y e om ‘ 4. 0 = e-° m < 

For Exercises 5-6, write the exponential function in the form 
y = ab* . Find b accurate to four decimal places. If t is mea¬ 
sured in years, give the percent annual growth or decay rate 
and the continuous percent growth or decay rate per year. 

5. y = 25e 0 - 053 * 6. y = lOOe’ 007 ' 

In Exercises 7-10, convert to the form Q — ae kt . 

1. Q — 12(0.9)' 8. Q = 16(0.487)' 

9. Q = 14(0.862) L4r 10. Q = 721(0.98)°- 7 ' 


For Exercises 11-12, write the exponential function in the 
form y = ae kT . Find k accurate to four decimal places. If t 
is measured in years, give the percent annual growth rate and 
the continuous percent growth rate per year. 

11. y = 6000(0.85) ; 12. y = 5(1.12)* 


In Exercises 13-20, give the starting value a, the growth rate 
r, and the continuous growth rate k. 


13. e = 230(1.182)' 
15. 0 = 0.81(2)* 

17. Q = 12.1 ■ 10 -a,tr 
19. Q = 2e (1 ^ 3r/4) 


14. Q — 0.181 (e a775 ) r 
16. Q = 5 ■ 2'/ 8 
18. Q = 40e {f “ 5) / 12 
20 . (2 = 2“ ( '“ 5)/3 


Problems 

Find the doubling time in Exercises 21-24. 

21. A bank account is growing by 2.7% per year. 

22. A population is growing according to P — P {) e i)2t . 

23. The population of a city is growing by 26% per year. 

24. A company’s profits are increasing by an annual growth 
factor of 1.12. 


Find the half-lives of the substances in Exercises 25-27. 

25. Einsteinium-253, which decays at a rate of 3.406% per 
day. 

26. Tritium, which decays at a rate of 5.471 % per year. 

27. A radioactive substance that decays at a continuous rate 
of 11% per minute. 
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28. A population grows from I 1000 to 13000 in three years. 
Assuming the growth is exponential, line! the: 

(a) Annual growth rate (b) Continuous growth rale 
(c) Why are your answers to parts (a) and (b) different? 

29. A population doubles in si/e every 15 years. Assuming 
exponential growth, tind the 

(a) Annual growth rate (b) Continuous growth rate 

30. A population inereases from 5.2 million at an annual rale 
of 3.1*?, I : in<.l the continuous grow th rate. 

31. You place $800 in an account that earns 4$ annual inter¬ 
est, compounded annually. How' long will it be until you 
have S2000? 

32. A S5000 investment earns 7.2 V annual interest, and an 
$8000 investment earns 5.4V, both compounded annu¬ 
ally. How long will it take for the smaller investment to 
catch up to the larger one 1 / 

33. A $9000 investment earns 5.6V annual interest, and a 
$4000 investment earns 8.3V. both compounded contin¬ 
uously. When will the smaller catch up to the larger? 

34. (a) What annual interest rate, compounded continu¬ 

ously, is equivalent to an annual rate of 8V, com¬ 
pounded annually? 

(b) What annual interest rale, compounded annually, is 
equivalent to an annual rate of 6#. compounded con¬ 
tinuously ? 

35. If I7V of a radioactive substance decays in 5 hours, what 
is the half-life of the substance? 

36. The hall-life of nicotine in the body is 2 hours. What is 
the continuous decay rate? 

37. Sketch the exponential function y = u(t) given that it has 
a starting value of 0.8 and a doubling time of 12 years. 
Label the axes and indicate the scale. 

38. Total power generated by wind worldwide doubles every 
3 years. 3 In 2008, world wind-energy generating capacity 
w'as about 90 thousand megawatts. Find the continuous 
growth rate and give a formula for wind-generating ca¬ 
pacity W (in thousand megawatts) as a function of r. the 
number of years since 2008. 

39. A town has 5000 people in year r — 0. Calculate how long 
it lakes for the population P to double once, twice, and 
three limes, assuming that the town grows at a constant 
rale of 

(a) 500 people per year. 

(b) 5 V per year. 

40. (a) Find the time required for an investment to triple 

in value if it earns 4 V annual interest, compounded 
continuously. 

(b) Now find the time required assuming that the interest 
is compounded annually. 


41. (a) Estimate the doubling time of the exponential func¬ 
tion shown in Figure 5.6. 

(b) U se the doubling time to tind the continuous percent 
growth rate and give a formula for the function. 


P 



f * * / (c( a y S ) 

4 8 12 16 20 24 

Figure 5.6 

42. (a) The quantity of caffeine in the body after drinking 
a cup of coffee is shown in Figure 5.7. Estimate the 
half-life of caffeine. 

(b) Use the half-life to tind the continuous percent decay 
rale and give a formula for Q as function of /. 



4 8 12 

Figure 5.7 


43. The temperature, //, in °F, of a cup of coffee t hours after 
it is set out to eool is given by the equation: 

// = 70+ 120(1/4)'. 

(a) What is the coffee’s temperature initially (that is, at 
time t = ())? After 1 hour? 2 hours? 

(b) How long does it take the coffee to eool down to 
90°F? 75°F? 

44. Use algebra to show that the time it lakes for a quan¬ 
tity growing exponentially to double is independent of the 
starling quantity and the time. To do this, let cl represent 
the lime it takes for P to double. Show that if P becomes 
2P at time f+ d, then d depends only on the growth factor 
/;, but not on the starting quantity a and time t. (Assume 

P * 0.) 

45. Prices climb at a constant 3% annual rate. 

(a) By what percent will prices have climbed after 5 
years? 

(b) How long will it take for prices to climb 25%? 


World Wind Energy Report 2008. 
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46. The growth of an animal population, P, is described by 
the function P = 300 * 2'/ 20 . 

(a) How large is this population in year t = 0? t = 20? 

(b) When does this population reach 1000? 

47. The population of a Midwestern city starts with 25,000 
people in January 2010 and grows by 20% over each suc¬ 
cessive four-year period. 

(a) Find a formula for the population of the city, P, as 
a function of time, t, where t is the number of years 
after January 2010. 

(b) Find the annual and continuous growth rates of the 
city. 

(c) In what year does the population of the city reach 
40,000? 

48. The world’s population is aging. The approximate world 
population age 80 or older 4 is given in Table 5.1. 

(a) Find a formula for P, the number of people in the 
world age 80 or older, in millions, as a function of 
time, f, in years since 2005. Use the form P — ab\ 
What is the annual percent rate of increase? 

(b) Convert to the form P = ae kl . What is the continuous 
percent increase per year? 

(c) Find the doubling time. 


Table 5.1 


t (year) 

2005 

2006 

2007 

2008 

2009 

P (millions) 

89.144 

92.175 

95.309 

98.550 

101.901 


51. A manager at Saks Fifth Avenue wants to estimate the 
number of customers to expect on the last shopping day 
before Christmas. She collects data from three previous 
years, and determines that the crowds follow the same 
general pattern. When the store opens at 10 am, 500 peo¬ 
ple enter, and the total number in the store doubles ev¬ 
ery 40 minutes. When the number of people in the store 
reaches 10,000, security guards need to be stationed at the 
entrances to control the crowds. At what time should the 
guards be commissioned? 

52. In 1991, the body of a man was found in melting snow in 
the Alps of Northern Italy. An examination of the tissue 
sample revealed that 46% of the carbon-14 present in his 
body at the time of his death had decayed. The half-life 
of carbon-14 is approximately 5728 years. How long ago 
did this man die? 

53. Figure 5.8 shows the graphs of the exponential functions 
/ and g, and the linear function, h. 

(a) Find formulas for /, g, and h . 

(b) Find the exact value(s) of x such that /(x) = g(x). 

(c) Estimate the value(s) of x such that /(x) = h{x). 



Figure 5.8 


49. The US census 5 projects the population of the state of 

Washington using the function 7V(/) = 6.72e U026f , where 

N(t) is in millions and t is in years since 2012. 

(a) What is the population’s continuous growth rate? 

(b) What is the population of Washington in year t — 0? 

(c) How many years is it before the population triples? 

(d) In what year does this model indicate a population of 
only one person? Is this reasonable or unreasonable? 

50. Technetium-99m is a radioactive substance used to diag¬ 
nose brain diseases. Its half-life is approximately 6 hours. 

Initially you have 200 mg of technetium-99m. 

(a) Write an equation that gives the amount of 
technetium-99m remaining after t hours. 

(b) Determine the number of hours needed for your sam¬ 
ple to decay to 120 mg. 

(c) Determine the concavity of the graph that models 
the half-life of technetium-99m using average rates 
of change over intervals of length 2 between t ~ 0 
and t = 6. 


54. A person’s blood alcohol content (BAC) is a measure of 
how much alcohol is in the blood stream. When a person 
stops drinking, the BAC declines over time as the alcohol 
is metabolized. The BAC, Q, of a person t minutes after 
the he stops drinking is given by 

Q = Q 0 e-' /T , 

where Q 0 is the person’s initial BAC and r is known as 
the elimination time . How long does it take for a person’s 
BAC to drop from 0.10 to 0.04 if the elimination time is 
2.5 hours? 

55. The size of a population, P, of toads t years after it is 
introduced into a wetland is given by 

p= 1000 
“ I +49(1/2)'* 

(a) How many toads are there in year t = 0? t — 5? 
t = 10? 


4 UN Department of Economic and Social Affairs, 2009. 

5 http://quickfacts.census.gov/qfd/states/53000.html, accessed July 23, 2013. 
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(b) How long docs it take for the toad population to reach 
500? 750? 

(c) What is the maximum number of toads that the wet¬ 
land can support? 

Problems 56-57 involve the Rule of 70, which gives quick esti¬ 
mates of the doubling time of an exponentially growing quan¬ 
tity. If r v /t is the annual growth rate of the quantity, then the 
Rule of 70 says 

n u , . . 70 

Doubling time in years ss —. 

r 

56. Use the Rule of 70 to estimate how long it takes a $1000 
investment to double if it grows at the following annua! 
rates: 1%, 2°/. 5 9U 79U 10 %. Compare with the actual 
doubling times. 

57. Using natural logs, solve for the doubling time for Q - 
ac kI . Use your result to explain why the Rule of 70 works. 

58. A food chain connects groups of living beings that feed 
on each other. The bottom level, perhaps grass, stores 
25,000 kilocalories (keals) per square meter per year. The 
next level, rabbits, feeds on the grass. The third level, 
foxes, feeds on the rabbits. Each level extracts some of 
the kilocalories from the previous level: the ecofogicaf ef¬ 
ficiency of a food chain is the proportion of energy trans¬ 
ferred from one level to the next. A food chain may have 
more than three levels. 

(a) How much energy is transferred to the third level if 
the ecological efficiency is 
(i) I0%? (ii) 8%? (iii) 59T 7 


(b) The predator at the top level requires 30 kcal per 
square meter per year. What is the highest level that 
the top predator can occupy if the ecological effi¬ 
ciency is 

(i) 1 2 c /( ? (ii) \M2 (iii) 8%? 

(c) What ecological efficiency enables this top predator 
to occupy the fourth level of the food chain? 

59. Find values for a<b,k, s where 

/(/) = ah’ = ae k! = a • 2 r/ \ 

given that /(-20) = 5 and /(40) = 30. 

60. Write the exponential function y = ah’ in the form 

v — e ^t-u ,1 

Give k and t {) in terms of a and h. 

61. Gompertz functions can be used to model population 
growth/’ Solve f{t) = 3 for / for the particular Gompertz 
function 


62. (a) Rewrite the equation 23(1.36)' = 85 in the form 

e k+n — e s . State the values of the constants and 
s. 

(b) Solve the original equation in terms of /:,r, and s. 
then give a numerical approximation. 

63. (a) Rewrite the equation 1.12' = 6.3 in the form 1() 17 = 

10'U State the values of the constants v and w. 

(b) Solve the original equation in terms of u and u\ then 
give a numerical approximation. 


5.3 THE LOGARITHMIC FUNCTION AND ITS APPLICATIONS 

The Graph, Domain, and Range of the Common Logarithm 

In Section 5.1 we defined y — logx, the log function (to base 10), for all positive numbers. Thus, 

Domain of log x is all positive numbers. 


We next determine the range of y = log x, which is graphed in Figure 5.9, The log graph crosses 
the x-axis at x = 1, because log 1 = Iog(10°) = 0. The graph climbs to y = 1 at x = 10, because 
log 10 = logOO 1 ) = 1. In order for the log graph to climb to y — 2, the value of x must reach 
100, or 10 2 , and in order for it to climb to y = 3, the value of x must be 10\ or 1000. To reach the 
modest height of y = 20 requires x to equal 10 2 °, or 100 billion billion! The log function increases so 
slowly that it often serves as a benchmark for other slow-growing functions. Nonetheless, the graph 
of y — log x eventually climbs to any value we choose. 


6 See http://en.wikipedia.org/wiki/Gompertz_curve, accessed April 13, 2008. 
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Figure 5.9: The log function grows very rapidly for 0 < x < 1 and very slowly for 
x > 1 . It has a vertical asymptote at x = 0 and never touches the y-axis 

Although x cannot equal zero in the log function, we can choose x > 0 to be as small as we like. 
As x decreases toward zero, the values of log x get large and negative. For example, 

-l 


logO. I = 
log 0.01 = 


log 10" 


-1, 


log 10 2 = -2, 


log 0.0000001 = log 10 -7 = —7, 


and so on. 


So small positive values of x give exceedingly large negative values of y. We say that the graph of 
log x has a vertical asymptote at x = 0 and 

Range of log x is all real numbers. 

Rate of Change and Concavity 

The rate of change of the log function between any two points is positive since the function is in¬ 
creasing. Notice also that the rate of change decreases as the two points move to the right, because 
the curve bends downward. The graph is concave down. 

Graphs of the Inverse Functions y = log x and y = 10* 

The fact that y = logx and y — 10 x are inverses means that their graphs are related. Looking 
at Tables 5.2 and 5.3, we see that the point (0.01, -2) is on the graph of y = logx and the point 
(-2,0,01) is on the graph of y — 10 x . In general, if the point (a, b) is on the graph of y = logx, the 
point (6, a) is on the graph of y = 10 v . Thus, the graph of y = log x is the graph of y = 10 V with x~ 
and y-axes interchanged. If the x- and y-axes have the same scale, this is equivalent to reflecting the 
graph of y = 10 A across the diagonal line y = x. See Figure 5.10. 


Table 5.2 Log function 


Table 5.3 Exponential 
function 


y y = 1Q A 





Figure 5.10: The functions y — logx and y = 10 v are 
inverses of one another 
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Graph of Natural Logarithm: Rate of Change and Concavity 

In addition to similar algebraic properties, the natural log and the common log have similar graphs. 
Like the common log, the natural log is an increasing function with a graph that is concave down. 
Thus, the rates of change of the natural log decrease as we move from left to right. 


Example 1 

Solution 


Graph y = In x for 0 < x < 10. 

Values of In x are in Table 5.4. Like the common log, the natural log is only defined for x > 0 and 
has a vertical asymptote at x = 0. The graph is slowly increasing and concave down. 


Table 5.4 Values of\nx(rounded) 


x 

lnx 

0 

Undefined 

1 

0 

2 

0.7 

e 

1 

3 

1.1 

4 

1.4 


y 



Figure 5.11: Graph of the natural logarithm 


The functions y = In x and y = e x are inverses. If the scales on the axes are the same, their 
graphs are reflections of one another across the line y = x. See Figure 5.12. For example, the verti¬ 
cal asymptote of the logarithm is the reflection of the horizontal asymptote of the exponential. On 
page 209, we see how to write asymptotes in limit notation. 



Figure 5.12: The functions y = In x and y = e x are inverses of one another 

Applications of Logarithms 

Figure 5.9 shows that, due to their slow growth, logs can shrink large ranges of numbers into smaller 
ranges: The log of every number between 1 and 1 billion is between 0 and 9. The figure also shows 
that logs grow fast between 0 and 1: Numbers packed between 1CT 9 and 1 have logs spread out 
between -9 to 0, 

This property of logs makes them useful in measuring quantities whose magnitudes vary widely 
over large ranges (sound intensity and earthquakes) or over small ranges (chemical acidity). 

Chemical Acidity 

In chemistry, the acidity of a liquid is expressed using pH. The acidity depends on the hydrogen ion 
concentration in the liquid (in moles per liter); this concentration, written [H + ], varies in a small 
range between 0 and 1. The greater the hydrogen ion concentration, the more acidic the solution. 
The pH is defined as: 


pH = -log[H + ], 
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Example 2 

Solution 


The hydrogen ion concentration of seawater is [H + ] =1.1-10 8 moles per liter. Estimate the pH of 
seawater. Then check your answer with a calculator. 

We want to estimate pH = — log( 1.1 * 10~ 8 ). Since 1.1 • 10 -8 « 10 -8 and log 10~ 8 = -8, we know 
that 

pH = — log( 1.1 • 1(T 8 ) * -(-8) = 8. 

Using a calculator, we have 

pH =-log(l.l • 1(T 8 ) = 7.959. 


Example 3 A vinegar solution has a pH of 3. Determine the hydrogen ion concentration. 

Solution Since 3 = — log[H + ], we have -3 = log[H + ]. This means that 10 -3 = [H + ]. So the hydrogen ion 

concentration is 10 -3 moles per liter. 


Orders of Magnitude 


We often compare sizes or quantities by computing their ratios. If A is twice as tall as B , then 

Height of A ^ 

Height of B 


If one object is 10 times heavier than another, we say it is an order of magnitude heavier. If one 
quantity is two factors of 10 greater than another, we say it is two orders of magnitude greater, and 
so on. For example, the value of a dollar is two orders of magnitude greater than the value of a penny, 
because we have 


$1 

$0.01 


100 = 10 2 . 


The order of magnitude is the logarithm of the ratio of their magnitudes. 


Example4 The intensity of a sound decreases with the distance from its source and is measured in watts per 
unit area. The sound intensity of a refrigerator motor is 10 -i 1 watts/cm 2 . A typical school cafeteria 
has sound intensity of 10 -8 watts/cm 2 . How many orders of magnitude more intense is the sound 
of the cafeteria? 


Solution To compare the two intensities, we compute their ratio: 

Sound intensity of cafeteria 10" 8 ^_8-(-ii) jq 3 

Sound intensity of refrigerator 10 _ 11 

Thus, the sound intensity of the cafeteria is 1000 times greater than the sound intensity of the refrig¬ 
erator. The log of this ratio is 3. We say that the sound intensity of the cafeteria is three orders of 
magnitude greater than the sound intensity of the refrigerator. 


Decibels 

The intensity of audible sound varies over an enormous range. The range is so enormous that we 
consider the logarithm of the sound intensity. This is the idea behind the decibel (abbreviated dB). 
To measure a sound in decibels, the sound’s intensity, J, is compared to the intensity of a standard 
benchmark sound, J 0 . The intensity of I 0 is defined to be 10" 16 watts/cm 2 , roughly the lowest in¬ 
tensity audible to humans. The comparison between a sound intensity I and the benchmark sound 
intensity 7 0 is made as follows: 


Noise level in decibels = 10 • log I — 

V /o 
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Example 5 


Solution 


For instance, let’s find the decibel rating of the refrigerator in Example 4. First, we find how many 
orders of magnitude more intense the refrigerator sound is than the benchmark sound: 

/ Sound intensity of refrigerator 10“* 11 5 

I {] Benchmark sound intensity I0 -16 

Thus, the refrigerator's intensity is 5 orders of magnitude more than / () , the benchmark intensity. We 
have 


Decibel rating of refrigerator = 10 ■ Number of orders of magnitude = 50 dB. 

V 

5 

Note that 5, the number of orders of magnitude, is the log of the ratio /// 0 . We use the log 
function because it “counts’" the number of powers of 10. Thus if N is the decibel rating, then 


N = 10 log 



(a) If a sound doubles in intensity, by how many units does its decibel rating increase? 

(b) Loud music can measure 110 dB whereas normal conversation measures 50 dB. How many 
times more intense is loud music than normal conversation? 


(a) Let / be the sound’s intensity before it doubles. Once doubled, the new intensity is 27. The 
decibel rating of the original sound is 10 log(/// 0 ), and the decibel rating of the new sound is 
10 log(27// 0 ). The difference in decibel ratings is given by 


Difference in decibel ratings = 10 log ( — j — 10 log ( — 


— 10 ^Iog J — log ^ ~j~ J ] Factoring out 10 

/ 2 /// () \ 

= 10 ■ log I --- J Using the property log« - log/; = log (a/b) 

V oA) / 

= 10 • log 2 Canceling ///„ 

« 3.010 dB. Because log 2 » 0.3 

Thus, if the sound intensity is doubled, the decibel rating goes up by approximately 3 dB. 
(b) If I M i s the sound intensity of loud music, then 


10log ( y- ) = 1 lOdB. 


Similarly, if ! c is the sound intensity of conversation, then 

10 log = 50 dB. 

Computing the difference of the decibel ratings gives 


, 0 ,„ g (^)- l 0 ,„ g (t)= 60 . 
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Dividing by 10 gives 



6 

6 Using the property log b — log a — log (b/a) 

6 Canceling / 0 

10 6 . log x = 6 means that x = 10 6 


So I M = 10 6 J C , which means that loud music is 10 6 times, or one million times, as intense as 
normal conversation. 


Vertical Asymptotes 

In Section 4.3 we saw that the graph of an exponential function has a horizontal asymptote. In Fig¬ 
ure 5.10 on page 204, we see that y = 10* has a horizontal asymptote at y = 0, because 

as x -oo, 10* -> 0. 

In the same figure, we see that log x has a vertical asymptote at x = 0. This is because as x gets 
closer to zero, y = log x takes on larger and larger negative values. We write 

as x 0 + , log x -> -oo. 

The notation x 0+ is read u x approaches zero from the right” and means that we are choosing 
smaller and smaller positive values of x—that is, we are sliding toward x = 0 through small positive 
values. In general, to describe vertical asymptotes, we use the notation 


to mean that x slides toward a from the right (that is, through values larger than a) and 

x —► oT 

to mean that x slides toward a from the left (that is, through values smaller than a). 

We summarize the information about both horizontal and vertical asymptotes: 


Let y = fix) be a function and let a be a finite number. 

• The graph of / has a horizontal asymptote of y = a if 

as x oo, /(x) a or as x -> -oo, f(x) a or both. 

• The graph of / has a vertical asymptote of x = a if 

as x -* /(x) =-*■ oo or as x a + \ f (x) -oo or 

as x ^ aT, f(x) ► oo or asx^a - , f(x)-+— oo. 
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Notice that the method for finding a vertical asymptote is different from the method for finding 
a horizontal asymptote. Vertical asymptotes occur where the function values grow very large, either 
positive or negative, as .v approaches a finite value (that is, where fix) —► oo or fix) —► — oo as 
.v Horizontal asymptotes occur where the f unction values approach a finite number as x takes 

on large positive or large negative values (that is, as x —► oo or x —>■ -oo). 

Optional: Asymptotes and Limit Notation 

If /(a) oo as a — we say the limit of fix) as x approaches a from the right is infinity, 7 and 
write 

I ini /(a) = oo. 
x—a + 

If fix) —» oo as a —> we write 

lim /’(a) — oo. 

A * </ 

If both lim vW * fix) — oo and lim v _ (J fix) — oo, we say the limit of' fix) as a approaches a is 
infinity, and w r rite 

lim fix) = oo. 

A —-U ' 

Similarly, we can write 

lim fix) m -oo or lim fix) — -oo or lim fix) = -oo. 

A — <7 :+ * A Ul ' A—* (I ‘ 

Using limit notation, the information about both horizontal and vertical asymptotes for a function 
y = fix) and a a finite number is given as: 

• The graph of / has a horizontal asymptote of y — a if 

lim fix) = a or lim fix) = a or both. 

A—* OO ‘ A —— OO ' 

• The graph of / has a vertical asymptote of a = a if we have one or more of the following: 

lim fix) — oo or lim /(a) — — oo or Iim_ /(a) = oo or lim fix) = —oo. 

A— if ‘ A * fi 


Exercises and Problems for Section 5.3 

Skill Refresher 


For Exercises S1-S2, evaluate without a calculator. 


SI. log0.0001 


S2. 


log 100" 
log I00 2 


For Exercises S3-S4, rewrite the exponential equation in 
equivalent logarithmic form. 


For Exercises S7-S8, if possible, write the expression using 
sums and/or differences of logarithmic expressions that do not 
contain the logarithms of products, quotients or powers. 

S7. ln(.v(7 — a - )' 1 ) S8. In 



S3. 10 s = 100.000 S4. c 2 = 7.389 

For Exercises S5-S6, rewrite the logarithmic equation in 
equivalent exponential form. 


S6. !og(.v + 3) = 2 


For Exercises S9-S10, rewrite the expression as a single log¬ 
arithm. 

S9. In a 3 + ln a 2 S10. ^log8-;log25 


7 Some authors say that these limits do not exist. 


S5. -In a - 12 
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Exercises 


In Exercises 1-2, find the domain and range of the function. 
1. y = ln(x-3) 2. y = ln(x + 1) 


In Exercises 3-6, is the rate of change between two points on 
the graph positive or negative? Does the rate of change in¬ 
crease or decrease as you move right? Is the graph concave 
up or concave down? 


y A B 



3, y 4. y 



9. What is the equation of the asymptote of the graph of 
y = 10*? Of the graph of y — 2*? Of the graph of 
y = log x? 

10. What is the equation for the asymptote of the graph of 
y = e x 2 Of the graph of y — e~ x 2 Of the graph of 
y — In x? 

Graph the functions in Exercises 11-14. Label all asymptotes 

and intercepts. 

11. y = 2 * 3* + 1 12. y = -e~ x 

13. y — log(x — 4) 14. y = ln(x+l) 


7. Without a calculator, match the functions y = 10*, y — 
e*, y = logx, y = Inx with the graphs in Figure 5.13. 


y A B 



8. Without a calculator, match the functions y = 2*, y = 
e ~ x , y = 3*, y = Inx, y = logx with the graphs in Fig¬ 
ure 5.14. 


In Exercises 15-16, graph the function. Identify any vertical 
asymptotes. State the domain of the function. 

15. y = 2 ln(x - 3) 16. y= 1 - ln(2 - x) 

In Exercises 17-21, find the hydrogen ion concentration, 
[// + ], for the substances. 8 [Hint: pH = — log \H + ].] 

17. Hydrochloric acid, with a pH of 0. 

18. Battery acid, with a pH of 1. 

19. Lye, with a pH of 13. 

20. Baking soda, with a pH of 8.3. 

21. Tomatoes, with a pH of 4.5. 

22. What is the value (if any) of the following? 

(a) 10~* as x -»■ oo (b) logx as x 0 + 

23. What is the value (if any) of the following? 

(a) e x as x -> -oo (b) lnxasx->0 + 


8 Data from www.miamisci.org/ph/hhoh.html, accessed November, 2001. 
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Problems 


24. Immediately following the gold medal performance of 
the US women’s gymnastic team in the 1996 Olympic 
Games, an NBC commentator, John Tesh, said of one 
team member: “Her confidence and performance have 
grown logarithmically.” He clearly thought this was an 
enormous compliment. Is it a compliment? Is it realistic? 

25. Match the graphs (a)-(c) to one of the functions r(x), s(x ), 
f(x) whose values are in the tables. 


32. Match the statements (a)-(d) with one or more of the 
functions (IHW). 

(a) The graph has a vertical asymptote at x = 0. 

(b) The graph has a nonzero horizontal asymptote. 

(c) The graph has no asymptotes 

(d) The graph tends toward the x-axis as x gets larger 
and larger. 




X 

2 

4 

10 

X 

0.5 

5 

10 

r(x) 

1 

1.301 

1.699 

S(x) 

-0.060 

0.379 

0.699 


X 

0.1 

2 

100 

t(x) 

-3 

0.903 

6 






In Problems 26-31, find possible formulas for the functions 
using logs or exponentials. 



33. Match the statements (a)-(d) with one or more of the 
functions (I)—(IV). 

(a) The graph has two horizontal asymptotes. 

(b) The graph has both a vertical asymptote and a hori¬ 
zontal asymptote. 

(c) The graph tends towards infinity both as x tends to 0 
and as x gets larger and larger. 

(d) The graph has a vertical asymptote at x = 0. 


28. y 



30. y 



29. y 



31. y 
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34. Table 5.5 gives values for a function / (pc). 

(a) Calculate the rate of change of f(x) over the inter¬ 
vals 4 < x < 6 and 6 < x < 8. 

(b) A friend tells you that f(x) = In x. Use your answer 
to part (a) to explain why your friend is incorrect. 


Table 5.5 


X 

4 

6 

8 

fix) 

1.386 

1.792 

3.078 


41. (a) The pH of lime juice is about 2.3. What is the con¬ 

centration of hydrogen ions in lime juice? 

(b) A person squeezes 2 oz of lime juice into a cup. 
Based on your answer to part (a), how many hydro¬ 
gen ions does this juice contain? 

42. A biology book 9 has the diagram in Figure 5.15 showing 
the relationship between the hydrogen ion concentration, 
[ff + ], in moles per liter, and the pH scale; 


35. Let f(x) = In x. 

(a) Calculate the rate of change of f(x) over the follow¬ 
ing intervals: 

(i) 1 < x < 2 (ii) 11 < x < 12 

(iii) 101 < x < 102 (iv) 501 < x < 502 

(b) Use your answers to guess the value approached by 
the rate of change of f(x) = In x over an interval 
n<x<n+l as n grows large. 

36. (a) Calculate the rate of change of log x over the interval 

10 < x < 100. 

(b) Calculate the rate of change of 10 x over the interval 
\Sx<2. 

(c) What do you notice about your answers to parts (a) 
and (b)? Explain why this occurs. 

37. (a) Using the definition of pH on page 205, find the con¬ 

centrations of hydrogen ions in solutions with 
(i) pH = 2 (ii) pH = 4 (iii) pH = 7 
(b) A high concentration of hydrogen ions corresponds 
to an acidic solution. From your answer to part (a), 
decide if solutions with high pHs are more or less 
acidic than solutions with low pHs. 

38. In an interview an oceanographer states that the seawater 
off the coast of Washington is projected to increase 150% 
in acidity by the end of the century. If we assume that the 
current average pH level is 8.1, find the projected pH level 
at the end of the century. 

39. The hydrogen ion concentration of a stream with a popu¬ 
lation of rainbow trout was measured at 7.94(10" 7 ). Rain¬ 
bow trout begin to die at a pH value of 6. What percent 
increase in acidity in the stream water would cause the 
trout population to die? What would the corresponding 
change in pH value be? 

40. (a) A 12-oz cup of coffee contains about 2.41 - 10 18 hy¬ 

drogen ions. What is the concentration (moles/liter) 
of hydrogen ions in a 12-oz cup of coffee? [Hint: 
One liter equals 30.3 oz. One mole of hydrogen ions 
equals 6.02 • 10 23 hydrogen ions.] 

(b) Based on your answer to part (a) and the formula for 
pH, what is the pH of a 12-oz cup of coffee? 


Basic 
pH 


[H+] 

- 10-14 

— 10-13 

— 10-12 

— lo-ii 

— 10-10 
—10-9 
— 10-8 

Neutral-10~ 7 

— 10“ 6 

-10-8 

— 10~ 4 
— ID - ® 
— 10 2 
— 10 1 


14 — 

13 — 

12-Ammonia 

11 — 
lO — 

9-Bleach 

8-Baking soda 

7 -Pure water 

6-Milk 

5 — 

4-Tomatoes 

3 — — Vinegar 
2 - Lemon juice 


O 


Acidic 

Figure 5.15 


(a) Ammonia has a pH of 12 and lemon juice has a pH 
of 2. Which one is acidic? Which is basic? What is 
the hydrogen ion concentration of each? How many 
times greater is the hydrogen ion concentration of 
lemon juice than that of ammonia? 

(b) Explain what the diagram tells us about acidic sub¬ 
stances: Do they have large or small hydrogen ion 
concentrations, compared to basic substances? Large 
or small pHs? 

(c) In Figure 5.15, find two labeled substances, one 
with a hydrogen ion concentration that is 1000 times 
greater than the other. 


9 Principles of Biology, www.nature.com/principles, accessed February 9, 2014. 
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(d) An article states that seawater has increased in hydro¬ 
gen ion concentration by 307/. The initial sea water 
concentration was pH = 7.96 and [ H + j = 1.1(10~ s ) 
moles/liter. What is the current pH? 

(e) In two consecutive years, scientists measured the pH 
in a pond as 6.8 and 6.4, respectively. Find the per¬ 
cent change of the hydrogen ion concentration in the 
pond between the two years. 

In Problems 43^17, sound in decibels is measured by com¬ 
paring the sound intensity, /, to a benchmark sound /„ with 
intensity 1(H |J watts/enr. Then, 

Noise level in decibels = 10 log(/// () ). 

43. Death of hearing tissue begins to occur at a noise level of 
180 dB. Compute the sound's intensity at this noise level. 

44. The noise level of a whisper is 30 dB. Compute the sound 
intensity of a whisper. 

45. The loudest crowd roar at a sports stadium was 131.76 dB 
and was achieved by Galatasaray Spor Kulubu (Turkey) 
in Istanbul, Turkey, on 18 March 201 l. !0 The previous 
world record of 128.7 dB was set in 2000 by Denver Bron¬ 
cos fans. 11 How many limes more intense was the roar 
of the crowd of Turkish soccer fans than the roar of the 
Broncos fans? 

46. Sound A measures 30 decibels and sound B is 5 times as 
loud as sound A. What is the decibel rating of sound B to 
the nearest integer? 

47. (a) Let D { and D 2 represent the decibel ratings of sounds 

of intensity /, and / : . respectively. Using log prop¬ 
erties, find a simplified formula for the difference be¬ 
tween the two ratings. D 2 — D,, in terms of the two 
intensities, /, and f 2 . 

(b) If a sound's intensity doubles, how many decibels 
louder does the sound become? 

Problems 48-51 use the Richter scale for the strength of an 
earthquake. The strength, W, of the seismic waves of an earth¬ 
quake are compared to the strength, W () , of the seismic waves 
of a standard earthquake. The Richter scale rating, M, is 


48. In 2013 the Khash earthquake in Iran had a Richler-seale 
rating of 7.8. 12 How many limes more powerful were 
the seismic waves of the Khash earthquake than standard 
seismic waves? 

49. In 1986 the worst nuclear power plant accident in history 
occurred in Chernobyl, Ukraine. The explosion resulted 
in seismic waves with a Richter scale rating of 3.5. How 
many times stronger were the seismic waves of the Cher¬ 
nobyl disaster than standard seismic waves? 

50. Let M, and M : be the magnitude of two earthquakes 
whose seismic waves arc of sizes W x and W 2 < respec¬ 
tively. Using log properties, find a simplified formula for 
the difference M 2 - M, in terms of W ] and W 2 . 

51. The 2010 earthquake off California had a rating of 7.2 on 
the Richter scale. n How many times larger than the Cali¬ 
fornia earthquake were the seismic waves in the March 
2005 earthquake off the coast of Sumatra, which mea¬ 
sured 8.7 on the Richter scale? Give your answer to the 
nearest integer. 

52. Give the domain of y = - - . 

2- \Jl - e 2 ' 

53. Find (a) lim log* (b) lim ln(—*) 

.v—0 + .v-*0 

54. Match the statements (a)--(d) with the functions (I)—(IV). 

(a) lim f(x) = —oo (b) lim fix) = 0 

.X-*0 + V —O' 

(c) lim f(x) = oo (d) lim f{x) = 0 



10 See http://www.encyclopedia.com/doc/lGl-65629077.html, accessed July 24, 2013. 

1 ! See http://www.encyclopedia.com/doc/lGl-65629077.html, accessed January 8, 2010. 
i2 http://comcat.cr.usgs.gov/earthquakes/eventpage/usb000g7x7, accessed July 24, 2013 
13 http://en.wikipedia.org/wiki/List_of_carthquakes_in_California, accessed July 24, 2013. 
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5.4 LOGARITHMIC SCALES 


The Solar System and Beyond 

Table 5.6 gives the distance from the sun to a number of different astronomical objects. The planet 
Mercury is 58,000,000 km from the sun, the earth is 149,000,000 km from the sun, and Pluto is 
5,900,000,000 km, or almost 6 billion kilometers from the sun. The table also gives the distance to 
Proxima Centauri, the star closest to the sun, and to the Andromeda Galaxy, the spiral galaxy closest 
to our own galaxy, the Milky Way. 

Table 5.6 Distance from the sun to various astronomical objects 


Object 

Distance (million km) 

Saturn 

1426 

Mercury 

58 

Uranus 

2869 

Venus 

108 

Neptune 

4495 

Earth 

149 

Pluto 

5900 

Mars 

228 

Proxima Centauri 

4.1 • 10 7 

Jupiter 

778 

Andromeda Galaxy 

2.4- 10 13 


Linear Scales 


We can represent the information i n Table 5.6 graphically in order to get a better feel for the distances 
involved. Figure 5.16 shows the distance from the sun to the first five planets on a linear scale, which 
means that the evenly spaced units shown in the figure represent equal distances. In this case, each 
unit represents 100 million kilometers. 


Earth 


Venus 
Mercury 

I 


Mars 


Jupiter 


0 100 200 300 400 500 600 700 800 900 1000 


distance from sun 
(millions of kilometers) 


Figure 5.16: The distance from the sun of the first five planets (in millions of kilometers) 


The drawback of Figure 5.16 is that the scale is too small to show all of the astronomical dis¬ 
tances described by the table. For example, to show the distance to Pluto on this scale would require 
over six times the space on the page. Even worse, assuming that each 100 million km unit on the 
scale measures half an inch on the printed page, we would need 3 miles of paper to show the distance 
to Proxima Centauri! 

You might conclude that we could fix this problem by choosing a larger scale. In Figure 5.17 
each unit on the scale is 1 billion kilometers. Notice that all five planets shown by Figure 5.16 are 
crowded into the first unit of Figure 5.17; even so, the distance to Pluto barely fits. The distances to 
the other objects certainly don’t fit. For instance, to show the Andromeda Galaxy, Figure 5.17 would 
have to be almost 200,000 miles long. Choosing an even larger scale will not improve the situation. 


Mars 


Earth 

Venus 

Mercury 
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Jupiter 


Uranus 


Neptune Pl ut0 

I 1 , , 
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Figure 5.17: The distance to all nine planets (in billions of kilometers) 
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Example 1 

Solution 


Logarithmic Scales 

We conclude that the data in Table 5.6 cannot easily be represented on a linear scale. If the scale 
is too small, the more distant objects do not fit; if the scale is too large, the less distant objects arc 
indistinguishable. The problem is not that the numbers are too big or too small; the problem is that 
the numbers vary too greatly in size. 

We consider a different type of scale on which equal distances are not evenly spaced. All the 
objects from Table 5.6 are represented in Figure 5.18. The nine planets are still cramped, but it is 
possible to tell them apart. Each tick mark on the scale in Figure 5.18 represents a distance ten times 
larger than the one before it. This kind of scale is called logarithmic . 


Mars 
Earth 
Venus 
Mercury I 

till 

-1- 

10 ' 10 2 


Jupiter 

Saturn 

Uranus 


Neptune 



1(T 


Proxima 

Centauri 


i + i_i i 

10 7 10 1() 


Andromeda 

Galaxy 


jl_» —i- 1 - distance from sun 

jju (millions of kilometers) 


Figure 5.18: The distance from the sun (in millions of kilometers) 


How Do We Plot Data on a Logarithmic Scale? 

A logarithmic scale is marked with increasing powers of 10: 10 1 , 10 2 , 10 3 , and so on. Notice that 
even though the distances in Figure 5.18 are not evenly spaced, the exponents are evenly spaced. 
Therefore the distances in Figure 5.18 are spaced according to their logarithms. 

In order to plot Mercury’s distance from the sun, 58 million kilometers, we use the fact that 

10 < 58 < 100, 

so Mercury’s distance is between 10 1 and 10 2 , as shown in Figure 5.18. To plot Mercury’s distance 
more precisely, calculate log 58 — 1.763, so 10 1,763 = 58, and use the exponent 1.763 to represent 
Mercury’s position. See Figure 5.19. 


10 ] - 10 
million km 


10 10 u 


I0 L763 = 58 million km 
Mercury 


10 !7? = 56.23 

million km 


10 2 = 100 
million km 


10 180 = 63.10 
million km 


10 12 10 1J 10 M 10 ]S 10 1 


10 1 


10 ! 


10 ' 


10 2 


distance from 
sun (millions 
of kilometers) 


Figure 5.19: Mercury’s distance, 58 million kilometers, falls 
between 10 175 = 56.23 and 10 180 = 63.10 million kilometers 


Where should Saturn be on the logarithmic scale? What about the Andromeda Galaxy? 

Saturn’s distance is 1426 million kilometers, so we want the exponent of 10 that gives 1426, which 
is 

log 1426^ 3.154119526. 

Thus 10 3 154 « 1426, so we use the exponent 3.154 to indicate Saturn’s distance. 
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Similarly, the distance to the Andromeda Galaxy is 2.4 • 10 13 million kilometers, and since 

log(2.4 • 10 13 ) « 13.38, 

we use the exponent 13.38 to represent the galaxy’s distance. See Figure 5.20. 


10 3154 = 1426 10 13 - 38 .— 2.4 • 10 13 

million km million km 

(Saturn) (Andromeda Galaxy) 


10 3 = 1000 
million km 


10 1 10 3 


10 4 = 10,000 

| million km 

10 5 


10 13 
million km 



10 14 

million km 


l 0 io 10 13 10 14 10 15 10 17 


distance from sun 
(millions of kilometers) 


Figure 5.20: Saturn’s distance is 10 3154 and the Andromeda Galaxy’s distance is 10 13,38 


Logs of Small Numbers 

The history of the world, like the distance to the stars and planets, involves numbers of vastly different 
sizes. Table 5.7 gives the ages of certain events 14 and the logarithms of their ages. The logarithms 
have been used to plot the events in Figure 5.21. 


Table 5.7 Ages of various events in earth's history and logarithms of the ages 


Event 

Age (millions of years) 

log (age) 

Event 

Age (millions of years) 

log (age) 

Man emerges 

1 

0 

Rise of dinosaurs 

245 

2.39 

Ape-man fossils 

5 

0.70 

Vertebrates appear 

570 

2.76 

Rise of cats, dogs, pigs 

37 

1.57 

First plants 

2500 

3.40 

Demise of dinosaurs 

67 

1.83 

Earth forms 

4450 

3.65 
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Figure 5.21: Logarithmic scale showing the ages of various events (in millions of years ago) 


The events described by Table 5.7 all happened at least 1 million years ago. How do we indicate 
events which occurred less than 1 million years ago on the log scale? 


Example 2 Where should the building of the pyramids be indicated on the log scale? 


' 4 CRC Handbook, 75 th ed„ sec. 14-8. 
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Solution The pyramids were built about 5000 years ago, or 

5000 .... 

- ——--r = 0.005 million years ago. 

1,000,000 J 6 

Notice that 0.005 is between 0.001 and 0.01, that is, 

10~ 3 < 0.005 < 10“ 2 . 

Since 

log 0.005 « -2.30, 

we use the exponent -2.30 for the pyramids. See Figure 5.22. 


Signing of the Declaration 

of Independence ConstIuction of 
pyramids: 

10-2 30 = o 005, 
or 5000 years ago 
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Figure 5.22: Logarithmic scale showing the ages of various events. Note that 
events that are less than 1 million years old are indicated by negative exponents 


millions of 
years ago 


Another Way to Label a Log Scale 

In Figures 5.21 and 5.22, the log scale has been labeled so that exponents are evenly spaced. Another 
way to label a log scale is with the values themselves instead of the exponents. See Figure 5.23. 
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Figure 5.23: Some data from Figure 5.22 with axis labeled using actual values, not logs 


In Figure 5.22, consecutive powers of 10 are evenly spaced because exponents are evenly spaced. 
However, in Figure 5.23, where the scale is labeled with the actual values(K) 1 = 10,10 2 = 100,10 3 = 
1000, etc.), the numbers appear to “pile up” in a way characteristic of log scales. 


Log-Log Scales 

Table 5.8 shows the average metabolic rate in kilocalories per day (kcal/day) for animals of differ¬ 
ent weights. 15 (A kilocalorie is the same as a standard nutritional Calorie.) For instance, a 1-lb rat 
consumes about 35 kcal/day, whereas a 1750-lb horse consumes almost 9500 kcal/day. 


l5 TheNew York Times , January 11, 1999. 
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Table 5.8 The metabolic rate (in kcal/day) for animals of different weights 


Animal 

Weight (lbs) 

Rate (kcal/day) 

Rat 

1 

35 

Cat 

8 

166 

Human 

150 

2000 

Horse 

1750 

9470 


It is not practical to plot these data on an ordinary set of axes. Both input and output values span 
too broad a range. However, we can plot the data using log scales for both the horizontal (weight) 
axis and the vertical (rate) axis. See Figure 5.24. Figure 5.25 shows a close-up view of the data point 
for cats to make it easier to see how the labels work. Once again, notice the characteristic piling up 
of labels and gridlines. This happens for the same reason as in Figure 5.23. 
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Figure 5.24: Metabolic rate (in kcal/hr) plotted against body weight Figure 5.25: A close-up view of the Cat data point 


Using Logs to Fit Nonlinear Functions to Data 

In Section 1.6 we used linear regression to find the equation for a line of best fit for a set of data. 
What if the data do not lie close to a straight line, but instead approximate the graph of some other 
function? In this section we see how logarithms help us fit data to nonlinear functions. 

The iTunes Store 

On February 24, 2010, a 71-year-old man from Georgia named Louie Sulcer downloaded the ten- 
billionth song from the iTunes store (a recording by Johnny Cash). Mr. Sulcer received a call from 
Apple co-founder Steve Jobs and a $10,000 gift card. 

Table 5.9 shows the total number of iTunes sales (in millions of songs) where t is the number 
of days since the iTunes Store opened on April 28, 2003. From Figure 5.26, we see that sales have 
grown at an ever-increasing rate. The trend is not linear. 16 


l6 Sales until Feb. 6, 2013, from http://en.wikipedia.Org/wiki/ITunes_Store#Music_2, accessed May 18, 2014. 
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Table 5.9 Number of songs sold 


/, Days since 
April 28, 2003 

A, number of songs sold 

(millions) 

440 

100 

598 

200 

637 

250 

812 

500 

1032 

1000 

1353 

2000 

1442 

2500 

1879 

5000 

2494 

10000 

3425 

20000 

3572 

25000 


N (millions of songs) 
25,000 | 


15.000 


5000 


•***•- 1 - 1 - 1 - L r (days) 

500 1500 2500 3500 

Figure 5.26: The number of songs sold, /V, as a function of 
days. r. since iTunes store opened 


Using a Log Scale to Linearize Data 

How do we decide what functions fit the data in Figure 5.26? A common method is to take logs 
of one or both variables and see if the resulting data is close to linear. First we take logs of /V, in 
millions of songs sold. Table 5.10 contains values of In N: Figure 5.27 shows these plotted against 
/, time in days since the store opened. The fact that the plot of the data still shows a curve, and is not 
scattered evenly around the line, indicates that we have not yet found a good fit. To confirm this, we 
use the regression line, which relates In N and /, to find an equation relating N and t. 


Table 5.10 Number of songs sold 


/, days 

y = In N 

440 

4.61 

598 

5.30 

637 

5.52 

812 

6.21 

1032 

6.91 

1353 

7.60 

1442 

7.82 

1879 

8.52 

2494 

9.21 

3425 

9.90 

3572 

10.13 


ln(/V) 



L - 1 - 1 - 1 — - J ~- 1 - 1 - L /(days) 

500 1500 2500 3500 

Figure 5.27: The vertical axis is the natural log of the 
number of songs sold 


Finding a Formula for the Curve 

We say the data in the second column of Table 5.10 have been transformed. A calculator or computer 
gives a regression line for the transformed data in Figure 5.27 as: 17 

y = 4.821 4- 0.0016/. 

17 The values obtained by a computer or another calculator may vary slightly from the ones given. 
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To transform the equation back to our original variables, TV and r, we substitute y — In TV, giving 

In TV =4.821 H- 0.0016/. 

We solve for TV by raising e to both sides: 

^In N _ 4.82) +0.0016r 

_ ^4.821 j ^0.0016^ 

Since e ln N = TV ande 4 - 821 « 124.089, we have 

TV = 124.089e 00016 '. 

A plot of this exponential function, together with the data, is shown in Figure 5.29. Since the re¬ 
gression line did not fit well, it is not surprising that the exponential fit is not particularly good—the 
curve climbs too slowly at first and too rapidly later. 

Finding Another Possible Formula for the Curve 

Now we try taking logs of time, /, as well as of TV. Table 5.11 contains values of In / and In TV; 
Figure 5.28 shows their plot. A regression line fits this data well; we say the data has been linearized . 


Table 5.11 Songs sold 


x = In r, days 

y = In N 

6.09 

4.61 

6.39 

5.30 

6.46 

5.52 

6.70 

6.21 

6.94 

6.91 

7.21 

7.60 

7.27 

7.82 

7.54 

8.52 

7.82 

9.21 

8.14 

9.90 

8.18 

10.13 


ln(/V) 



Figure 5.28: Vertical axis is natural log of songs 
sold; horizontal axis is natural log of time 


We use the equation of the regression line in Figure 5.28 to find another equation relating TV and t. 
A calculator or computer gives the equation of the line as 

y = —11.5496 + 2.6515*. 

To transform back to our original variables, TV and r, we substitute y — In TV and x = In f, giving 

In N =-11.5496+ 2.6515 In t. 


Raising e to both sides gives: 


^IH/V 


= e 


~ 11,5496+2.65 15 In/ 
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= 0.00000964 (e 


In/\ 2.6515 


2.6515 


= 0.00000964a 

A plot of this power function is shown in Figure 5.30. The fit appears to be excellent. 
N (millions of songs) N (millions of songs) 



Figure 5.29: An exponential function fit to the data Figure 5.30: A power function fit to the data 


Summary: Fitting Exponential and Power Functions to Data 

Taking logs is a powerful tool because it allows us to fit two families of functions—exponentials and 
powers—to data. 

To fit an exponential function, N = ae k \ to a set of data of the form (/, N ), we use three steps. 
First, we transform the relationship by taking the natural log of both sides and making the substitution 
y = In N. This leads to the equation 

y = In N = In ( ae kt ) 

= \na 4- \ne k! 

= In a 4- kt. 

Setting b = In a gives a linear equation with k as the slope and b as the y-intercept: 

y = b 4- kt. 

Secondly, we can now use linear regression on the variables t and y . (Remember that y = In N.) 
Last, as step three, we transform the linear regression equation back into our original variables by 
substituting In N for y and solving for N. 

To fit a power function, N = kt ! \ to a set of data of the form (t, TV), we take similar steps. We 
first transform the relationship by the substitutions x = In t and y—\x\N. This leads to the equation 

y =\nN = In (kt p ) 

= \nk + \nt p 
= In k + p In r. 

Setting b = In k and and m = p gives a linear equation with p as the slope and b as the y-intercept: 

y — b + m In t = b + mx, 

X 

Now we can use linear regression on the variables x and y. (Remember that x = In t and y = In N.) 
Last, we transform the linear regression equation back into our original variables by substituting 
In N for y and In t for x. Then we solve for N. 
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Exercises and Problems for Section 5.4 

Skill Refresher 


In Exercises S1-S6, write the numbers in scientific notation. 

51. One million four hundred fifty-five thousand 

52. Four hundred twenty three billion 

53. 64.7 x 10 3 S4. 12,310,000 

S5. 0.00036 S6. 0.00471 


In Exercises S7-S10, without a calculator, determine between 
which two powers of ten the following numbers lie. 

S7. 12,500 S8. 0.000881 

S9. | S10. 3,850 • 10 s 


Exercises 


In Exercises l^f, you wish to graph the quantities on a stan¬ 
dard piece of paper. On which should you use a logarithmic 
scale? On which a linear scale? Why? 

1. The wealth of 20 different people, one of whom is a multi¬ 
billionaire. 

2. The number of diamonds owned by 20 people, one of 
whom is a multi-billionaire. 

3. The number of meals per week eaten in restaurants for a 
random sample of 20 people worldwide. 

4. The number of tuberculosis bacteria in 20 different peo¬ 
ple, some never exposed to the disease, some slightly ex¬ 
posed, some with mild cases, and some dying of it. 

5. (a) Use a calculator to fill in the following tables (round 

to 4 decimal digits). 


n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

logn 











n 

10 

20 

30 

40 

50 

60 

70 

80 

90 

log n 











(b) Using the results of part (a), plot the integer points 2 
through 9 and the multiples of 10 from 20 to 90 on 
the log-scaled axis shown in Figure 5.31. 

10 ° 10 1 10 2 

Figure 5.31 

In Exercises 6-11, say where you would mark the given animal 
lifespan on an inch scale, where 0 inches represents 10 {) = 1 
year and 5 inches represents 10 5 = 100,000 years. Give your 
answer to the nearest tenth of an inch. 18 


6. A colony of quaking aspen in Utah is estimated to be 
80,000 years old. 

7. A bristlecone pine in California named Methuselah is es¬ 
timated by ring count to be 4838 years old. 

8. A specimen of antarctic sponge is estimated to be 1550 
years old. 

9. The Puget Sound saltwater clam called a geoduck can live 
for 160 years. 

10. The oldest recorded dog lived 29 years, 

11. The common house mouse can live 4 years in captivity. 

For the tables in Exercises 12-14, 

(a) Use linear regression to find a linear function y = b + mx 
that fits the data. Record the correlation coefficient. 

(b) Use linear regression on the values x and In y to fit a func¬ 
tion of the form lny = b + mx. Record the correlation 
coefficient. Convert to an exponential function y — ae kx . 

(c) Compare the correlation coefficients. Graph the data and 
the two functions to assess which function fits best. 


X 

y 

13. - 

X 

y 

i4. —^ 

X 

y 

30 

70 

8 

23 

3.2 

35 

85 

120 

17 

150 

4.7 

100 

122 

145 

23 

496 

5.1 

100 

157 

175 

26 

860 

5.5 

150 

255 

250 

32 

2720 

6.8 

200 

312 

300 

37 

8051 

7.6 

300 


18 From http://en.wikipedia.org/wiki/Maximum_life_span and 
http://en.wikipedia.org/wiki/List_of_long-living_organisms, accessed June, 2010. 
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Problems 


15. The signing of the Declaration of Independence is marked 
on the log scale in Figure 5.22 on page 217. To two deci¬ 
mal places, what is its position? 

16. Figure 5.32 shows the prices of seven different items, with 
the scale markings representing the logarithm of the price 
in dollars. Give the approximate price of each item, and 
explain why a log scale was necessary. 

ABC D E F G 

• 1 — •' - * - * — 1 — •*— log(price) 

0 1 2 3 4 5 6 7 

Figure 5.32 

17. (a) Draw a line segment about 5 inches long. On it, 

choose an appropriate linear scale and mark points 
that represent the integral powers of two from zero 
to the sixth power. What is true about the location of 
the points as the exponents get larger? 

(b) Draw a second line segment. Repeat the process in 

(a) but this time use a logarithmic scale so that the 
units are now powers of ten. What do you notice 
about the location of these points? 

18. The usual distances for track (running) events are 100 me¬ 
ters, 200 meters, 400 meters, 800 meters, 1500 meters, 
3000 meters, 5000 meters, and 10,000 meters. 

(a) Plot the length of each track event on a linear scale. 

(b) Plot the length of each track event on a logarithmic 
scale. 

(c) Which scale, (a) or (b), is more useful to the runner? 

(d) On each figure identify the point corresponding to 50 
meters. 

19. Microfinance refers to financial services, such as loans, 
offered to people with very low incomes. Table 5.12 
shows the number of microborrowers in 2006. 19 

(a) Plot the data (in millions of borrowers) on a linear 
scale. 

(b) Plot the data on a logarithmic scale. 

(c) Which scale is more appropriate? Why? 


Table 5.12 


Region 

Borrowers (millions) 

A: Africa 

8.4 

B: Asia 

112.7 

C: Eastern Europe and Central Asia 

3.4 

D: Latin America and the Caribbean 

6.8 

E: Middle East and North Africa 

1.7 

F: North America and Western Europe 

0.05 


20. Table 5.13 shows the numbers of deaths in 2010 due to 
various causes in the US. 20 

(a) Explain why a log scale is necessary to plot the data 
from Table 5.13. 

(b) Find the log of each value given. 

(c) Plot the data using a log scale. Label each point with 
the related cause. 


Table 5.13 


Cause 

Deaths 

Scarlet fever 

3 

Whooping cough 

25 

Asthma 

3404 

HIV 

8,369 

Kidney diseases 

50,476 

Accidents 

120,839 

Malignant neoplasms 

574,743 

Cardiovascular disease 

780,213 

All causes 

2,468,435 


21. Table 5.14 shows the dollar value of some items in 2012. 
Plot and label these values on a log scale. 


Table 5.14 


Item 

Dollar value 

Item 

Dollar value 

Pack of gum 

0.50 

New house 

152,000 

Movie ticket 

8 

Lottery ticket sales 21 

60 bn 

New laptop computer 

513 

Bill Gates’s 22 worth 

72.7 bn 

Year at college 

22,261 

US GDP 

15.87 tn 

Luxury car 

106,000 

National debt 

16 tn 


22. Table 5.15 shows the sizes of various organisms. Plot and 
label these values on a log scale. 


Table 5.15 


Animal 

Size (cm) 

Animal 

Size (cm) 

Virus 

0.0000005 

Domestic cat 

60 

Bacterium 

0.0002 

Wolf (with tail) 

200 

Human cell 

0.002 

Thresher shark 

600 

Ant 

0.8 

Giant squid 

2200 

Hummingbird 

12 

Sequoia 

7500 


19 Based on data in Daley-Harris, State of the Microsummit Campaign Report 2007 , p. 22. 
20 http://www.cdc.gov/nchs/data/dvs/deaths_2010_release.pdf, accessed July 24, 2013. 

21 http://www.gamblingdata.com/node/50847, accessed July 26,2013. 

22 http://www.celebritynetworth.corn/dl/bilLgates-net-worth-2012, accessed July 26,2013. 
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23. (a) Complete Table 5.16 with values of y = 3 V . 

(b) Complete Table 5.17 with values for y = log(3 A ). 
What kind of function is this? 

(c) Complete tables for f(x) - 2 ■ 5 V and g(x) = 
log(2 • 5 A ). What kinds of functions are these? 

(d) What seems to be true about a function which is the 
logarithm of an exponential function? Is this true in 
general? 


Table 5.16 


X 

0 

1 

2 

3 

4 

5 

y = 3 x 








Table 5.17 


X 

0 

1 

2 

3 

4 

5 

y =log(3 x ) 








24. Repeat part (b) and (c) of Problem 23 using the natural 
log function. Is your answer to part (d) the same? 

25. (a) Plot the data in Table 5.18. 

(b) What kind of function might the data from part (a) 
represent? 

(c) Now plot logy versus x instead of y versus x. What 
do you notice? 


Table 5.18 


X 

0.2 

1.3 

2.1 

2.8 

3.4 

4.5 

y 

5.7 

12.3 

21.4 

34.8 

52.8 

113.1 


26. Table 5.19 shows the value, y, of US imports from China 

with x in years since 2006. 23 

(a) Find a formula for a linear function y = b + mx that 
tits the data. 

(b) Find lny for each y value, and use the x and lny 
values to find a formula for a linear function lny = 
b + mx that fits the data. 

(c) Use the equation in part (b) to find an exponential 
function of the form y — ae kx that fits the data. 


27. Table 5.20 shows newspapers’ share of the expenditure of 
national advertisers. Using the method of Problem 26, fit 
an exponential function of the form y = ae kx to the data, 
where y is percent share and x is the number of years since 
1950. 


Table 5.20 Newspapers' share of advertising 



1950 

1960 

1970 

1980 

1990 

1992 

X 

0 

10 

20 

30 

40 

42 

y 

16.0 

10.8 

8.0 

6.7 

5.8 

5.0 


28. To study how recognition memory decreases with time, 
the following experiment was conducted. The subject 
read a list of 20 words slowly aloud, and later, at different 
time intervals, was shown a list of 40 words containing the 
20 words that he or she had read. The percentage, P, of 
words recognized was recorded as a function of f, the time 
elapsed in minutes. Table 5.21 shows the averages for 5 
different subjects. 24 This is modeled by P = a In t + b. 

(a) Find In t for each value of f, and then use regression 
on a calculator or computer to estimate a and b. 

(b) Graph the data points and regression line on a coor¬ 
dinate system of P against Inf. 

(c) When does this model predict that the subjects will 
recognize no words? All words? 

(d) Graph the data points and curve P = a In / + b on 
a coordinate system with P against f, with 0 < t < 
10,500. 


Table 5.21 Percentage of words recognized 


t, min 

5 

15 

30 

60 

120 

240 

P% 

73.0 

61.7 

58.3 

55.7 

50.3 

46.7 

t , min 

480 

720 

1440 

2880 

5760 

10,080 

p% 

40.3 

38.3 

29.0 

24.0 

18.7 

10.3 


Table 5.19 Value of US imports from China in billions of 
dollars 



2006 

2007 

2009 

2009 

2010 

2011 

2012 

X 

0 

1 

2 

3 

4 

5 

6 

y 

288 

321 

338 

296 

365 

399 

426 


29. Table 5.22 gives the length £ (in cm) and weight w (in 
gm) of 16 different fish known as threadfin bream {Ne- 
mipterus margmatus) found in the South China Sea. 25 

(a) Let W = In w and L = \n£. For these sixteen data 
points, plot W on the vertical axis and L on the hor¬ 
izontal axis. Describe the resulting scatterplot. 


2 %ttp://www.census.gov/fbreign-trade/balance/c5700.html, accessed July 27, 2013. 

24 Adapted from D. Lewis, Quantitative Methods in Psychology (New York: McGraw-Hill. 1960). 

25 Data taken from introduction to Tropical Fish Stock Assessment by Per Sparre, Danish Institute for Fisheries Research, 
and Siebren C. Venema, FAO Fisheries Department, available at http://www.fao.org/docrcp/W5449E/w5449e00.hlm. This 
source cites the following original reference: Pauly, D., 1983. Some simple methods for the assessment of tropical fish stocks. 
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(b) Fitting a line to the scatterplot you drew in part (a), 
find a possible formula for W in terms of L. 

(c) Based on your formula for part (b), find a possible 
formula for w in terms of 

(d) Comment on your formula, keeping in mind what 
you know about units as well the typical relationship 
between weight, volume, and length. 


Table 5.22 Length and weight of fish 


Type 

1 

2 

3 

4 

5 

6 

7 

8 

€ 

8.1 

9.1 

10.2 

11.9 

12.2 

13.8 

14.8 

15.7 

w 

6.3 

9.6 

11.6 

18.5 

26.2 

36.1 

40.1 

47.3 

Type 

9 

10 

11 

12 

13 

14 

15 

16 

f 

16.6 

17.7 

18.7 

19.0 

20.6 

21.9 

22.9 

23.5 

w 

65.6 

69.4 

76.4 

82.5 

106.6 

119.8 

169.2 

173.3 


and ultimately a steady light. The frequency at which the 
flickering disappears is called the fusion frequency. 26 Ta¬ 
ble 5.23 shows the results of an experiment 27 in which 
the fusion frequency F was measured as a function of the 
light intensity /. It is modeled by F = a In / + b. 

(a) Find In / for each value of /, and then use linear re¬ 
gression on a calculator or computer to estimate a 
and b in the equation F = a In / + b. 

(b) Plot F against In /, showing the data points and the 
line. 

(c) Plot F against /, showing the data points and the 
curve and give its equation. 

(d) The units of I are arbitrary, that is, not given. If the 
units of / were changed, which of the constants a and 
b would be affected, and in what way? 


Table 5.23 Fusion frequency, F, as a function of the light intensity , / 


30. A light, flashing regularly, consists of cycles, each cycle 
having a dark phase and a light phase. The frequency of 
this light is measured in cycles per second. As the fre¬ 
quency is increased, the eye initially perceives a series 
of flashes of light, then a coarse flicker, a fine flicker, 


I 

0.8 

1.9 

4.4 

10.0 

21.4 

48.4 

92.5 

218.7 

437.3 

980.0 

F 

8.0 

12.1 

15.2 

18.5 

21.7 

25.3 

28.3 

31.9 

35.2 

38.2 


CHAPTER SUMMARY 


• Logarithms 

Common log: y = log x means 10 y = x, 
log 10 = l,log 1 = 0. 

Natural log: y = In x means e y = x. 

In*? = l,ln 1 = 0. 

• Properties of Logs 


log(ab) = logo 4- log b 
log (a/b) = log a- log b 
log(tf) = t log b 
log(10 x )= 10 logx = x 


In (ab) = In a + Ini. 
ln(a/b) = In a - In 
\n(b‘) = t In b. 
ln(e*) = e ]tiX = x. 


• Converting Between Base b and Base e 

If Q = ab f and Q = ae k \ then k = In b. 


• Solving Equations Using Logs 

Solve equations such a s atf = c and ae kt = c using logs. 
Not all exponential equations can be solved with logs, e.g. 
2* = 3 + /. 

• Logarithmic Functions 

Graph; domain; range; concavity; asymptotes. 

• Applications of Logarithms 
Doubling time; half life; 

Chemical acidity; orders of magnitude; decibels. 

• Logarithmic Scales 

Plotting data; log-log scales. Linearizing data and fitting 
curves to data using logs. 

• Limits and Limits from the Right and from the Left 
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Exercises 


In Exercises 1-2, convert to the form Q — ab 1 . In Exercises 3-6, convert to the form Q = ae kt . 


1. Q = 7e~ 10t 

2. Q = 5e' 

3. 

Q = 4 • 7' 

4. 

0 = 2-3' 



5. 

(2=4- 8 1 - 3 ' 

6. 

Q = 973 • 6 2 


26 R. S. Woodworth, Experimental Psychology (New York: Holt and Company, 1948). 
27 D. Lewis, Quantitative Methods in Psychology (New York: McGraw-Hill, 1960). 
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Solve the equations in Exercises 7-20 exactly if possible. In Exercises 21-23, simplify fully. 


7. 1.04'= 3 

8. e tU! " = 25 

21. log (100" +l ) 

22. ln(<?-e :+M ) 

9. 91 =46(1.1)' 

10. e n{)ui = 6 

23. ln(4 + 5)-ln(A-' 

+ B~ l ) 

11. 5(1.014)* = 12 

13. 5(1.031)* = 8 

12. 5(1.15)' = 8(1.07)' 

14. 4(1.171)’' = 7(1.088)'’ 

In Exercises 24-29, state the domain of the function and iden¬ 
tify any vertical asymptote of its graph. You need not graph 
the function. 

15. 3 log(2x + 6) = 6 

17. 3 4,og * = 5 

16. 1.7(2.1) 3 " = 2(4.5)" 

18. 13e°- 081 ' = 25e oa12 ' 

24. y = ln(x + 8) 

25. y = Iog(x - 20) 

19. = 3/ + 7 

20. log x + log(x - 1 ) = log 2 

26. y = log(12 — x) 

28. y = In (x - e 2 ) 

27. y = In(300 ~ x) 

29. y = log(x + 15) 


Problems 


30. Suppose that x = log ,4 and that y = tog B. Write the 
following expressions in terms of x and y. 


(a) log(,4B) 
(c) log( A - B) 

(e) log ^ 


(b) log(Zl 3 - \J~B) 

log A 

(d) 


(f) 


log B 
AB 


(d) 9' 

(e) In 


- 7 * 3 X = -6 


+ 3 


)- 


31. Let p = In m and q = In n. Write the following expres- 


^ ln(8x) - 2 ln(2x) _ J 
In x 


In Problems 35-38, the Richter scale ratings for two earth¬ 
quakes are and Af 2 , with M 2 > M { . If the earthquakes 
have seismic waves of sizes W ] and W 2 , respectively, then 


(a) \n(nm 4 ) 


(b) In 


& & 

/ M 4 ,\ 

(;) 

^-M,=log(-j 


(c) (d) ln(/r 3 ) 

In n 

32. Let x = 10 L/ and y — 10 K . Write the following expres¬ 
sions in terms of U and/or V without using logs. 


(a) log xy 
(c) log x 3 


(b) 

(d) 



33. Solve the following equations. Give approximate solu¬ 
tions if exact ones can't be found. 


How many times greater than the smaller one are the seismic 
waves for the larger one? 

35. M ] =4.2 and M 2 =6.4 

36. M, =5.3 and M 2 =5.8 

37. M , = 4.4 and M 2 = 5.6 

38. /V/, =5.7 and A/, = 8.1 

39. With t in years, the formulas for dollar balances of two 
bank accounts are: 


(a) e x+ * = 8 
( C ) c“ 0J3 - v = 4 

(e) 2 ln(3x) + 5 = 8 

(g) e x = 3x + 5 
(i) lnx = —x 2 


(b) 4(1.12") = 5 
(d) log(x — 5) = 2 
(f) lnx - ln(x — 1) = 1/2 
(h) 3 X = x 3 


34. Solve for x exactly. 

(a) ^T= 2 " 

(b) -3 + e x+l = 2 + e x ~ 2 

(c) ln(2x — 2) - ln(x — 1 ) = In x 


/(/) = 1100(1-05)' and g(t) = 1500e° . 

(a) Describe in words the bank account modeled by /. 

(b) Describe the account modeled by g. State the effec¬ 
tive annual rate. 

(c) What continuous interest rate has the same effective 
growth rate as /? 

40. (a) Let B = 5000(1.06/ give the balance of a bank ac¬ 
count after t years. If the formula for B is written 
B = 5000e*', estimate the value of k correct to four 
decimal places. What is the financial meaning of /c? 
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(b) The balance of a bank account alter t years is given 
by the formula B = 7500( j(1,O7: ' . If the formula for B 
is written B — 7500//, find b exactly, and give the 
value of b correct to lour decimal places. What is the 
financial meaning of /;? 

41. The number of bacteria present in a culture after t hours 
is given by the formula N — I000e lw ". 

(a) How many bacteria will there be after 1 /2 hour? 

(b) How long before there are 1,000,000 bacteria? 

(c) What is the doubling time'? 

42. In 2010, the population of the country Erchwon was 50 
million people and increasing by 2.9% every year. The 
population of the country Ecalpon, on other hand, was 45 
million people and increasing by 3.2% every year. 

(a) For each country, write a formula expressing the pop¬ 
ulation as a function of time f, where / is the number 
of years since 2010. 

(b) Find the value(s) off, if any, when the two countries 
have the same population. 

(c) When is the population of Ecalpon double that of 
Erehwon ? 

43. The price P{t) = 5(2)% 7 of a good is rising due to infla¬ 
tion, where t is time in years. 

(a) What is the doubling time? 

(b) What is the annual inflation rate? 

44. Let P ~ 15(1.04)' give the population (in thousands) of 
a town, with r in years. 

(a) Describe the population growth in words. 

(b) If the formula for P is written P = 15(6) i2 \ find b 
exactly. What is the meaning of b in the context of 
the population? 

(c) If the formula for P is written P ~ 15(2)'/% find the 
value of c correct to 2 decimals. What is the meaning 
of c in this context? 

In Problems 45—4-7, use r{t) = 20e i)2 ' and iv(t) = \2e (U2r , 

45. Solve v{t) = 30 exactly. 

46. Solve 3u{2t) = 2w{3t) exactly. 

47. Find the doubling time of w. 

48. A calculator confirms that 5 & 1() 07 . Show how to use 
this fact to approximate the value of log 25. 

49. (a) What are the domain and range of/( a) = l() v 7 What 

is the asymptote of f(x) = 10 v 7 
(b) What does your answer to part (a) tell you about the 
domain, range, and asymptotes of g(x) = log a? 

50. What is the domain of y = ln(x 2 — a - 6)? 


51. (a) Plot the data given by Table 5.24. What kind of func¬ 
tion might lit this data well? 

(b) Using the substitution z = In a, transform the data 
in Table 5.24. and compile your results into a new 
table. Plot the transformed data as y versus In a. 

(c) What kind of function gives a good lit to the plot you 
made in part (b)7 Find a formula for y in terms of z 
that fits the data well. 

(d) Using the formula from part (c), find a formula for 
y in terms of a that gives a good lit to the data in 
Table 5.24. 

(c) What does your formula from part (d) tell you about 
a as a function of y (as opposed to y as a function of 
a)? 


Table 5.24 


X 

0.21 

0.55 

1.31 

3.22 

5.15 

12.48 

y 

-11 

-2 

6.5 

16 

20.5 

29 


52. Radioactive carbon-14 decays according to the function 
Q(t) = Q () e _(t0(1()i:,If where t is lime in years, Q(t) is the 
quantity remaining at time /, and Q {) is the amount of 
present at time t — 0. Estimate the age of a skull if 23% 
of the original quantity of carbon-14 remains. 

53. Suppose 2 mg of a drug is injected into a person's blood¬ 
stream. As the drug is metabolized, the quantity dimin¬ 
ishes at the continuous rate of 4% per hour. 

(a) Find a formula for Q{t ), the quantity of the drug re¬ 
maining in the body after t hours. 

(b) By what percent does the drug level decrease during 
any given hour? 

(e) The person must receive an additional 2 mg of the 
drug whenever its level has diminished to 0.25 mg. 
When must the person receive the second injection? 

(d) When must the person receive the third injection? 

54. A rubber ball is dropped onto a hard surface from a height 
of 6 feet, and it bounces up and down. At each bounce it 
rises to 90% of the height from which it fell. 

(a) Find a formula for /?(/?), the height reached by the 
ball on bounce n. 

(b) How high will the ball bounce on the 12 th bounce? 

(e) How many bounces before the ball rises no higher 
than an inch? 

55. Oil leaks from a tank. At hour t — 0 there are 250 gallons 
of oil in the tank. Each hour after that, 4% of the oil leaks 
out. 

(a) What percent of the original 250 gallons has leaked 
out after 10 hours? Why is it less than 10-4% — 40%? 

(b) If Q(t) = Q 0 e k! is the quantity of oil remaining af¬ 
ter t hours, find the value of k. What does k tell you 
about the leaking oil? 
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56. Before the advent of computers, logarithms were calcu¬ 
lated by hand. Various tricks were used to evaluate differ¬ 
ent logs. One such trick exploits the fact that 2 ,() « 1000. 
(It actually equals 1024.) Using this fact and the log prop¬ 
erties, show that 

(a) log 2 ^0.3 (b) log 7 « 0.85 

57. A googol is the number 1 followed by 100 zeros, or 10 ,uo . 
A googolplex is the number 1 followed by a googol zeros, 
or 10 googo1 . Evaluate: 

(a) V lo § (googol) (b) log Vgoogol 


(c) \/log (googolplex) 

58. Since e = 2.718 ... we know that 2 < e < 3, which means 
that 2 2 < e 2 < 3 2 . Without using a calculator, explain 
why 

(a) 1 < In 3 < 2 (b) 1 < In 4 < 2 


59. Simplify the expression y 100()T3' iog/c . Your answer 
should be exact and should not involve exponents or logs, 
though it may involve radicals. 


STRENGTHEN YOUR UNDERSTANDING 


Are the statements in Problems 1-37 true or false? Give an 
explanation for your answer. 


1 . 


2 . 


3. 

4. 


5. 


6 . 


7. 


8 . 


9. 


10 . 


11 . 


12 . 

13. 

14. 

15. 


16. 


17. 


18. 

19. 


20 . 


21 . 


22 . 


The log of 2000 is less than 3. 

The inverse of y = lnx is y = e x . 

If 2 X — 1024 then x = 10. 

If a quantity grew to 4 times its original amount in 8 hours 
then its doubling time is one-half hour. 

If the function y = ab 1 is converted to the form y — ae ki , 
k is always equal to In b. 

If x is a positive number, logx is the exponent of 10 that 
gives x. 

If 10 y = x then logx — y. 

The quantity 10“* is a negative number when k is posi¬ 
tive. 


For any «, we have log( 10") = n. 
If n > 0, then 10 Iogn = n. 


T ,. , , . . . fa\ log a 

It a and b are positive, log - = -. 

\ b / log b 

If a and b are positive, ln(o + b) = In a + In b. 


For any value a, log a— In a. 

For any value x, ln(e 2x ) = 2x. 

The function y = log x has an asymptote at y ~ 0. 


The graph of the function y = log x is concave down. 

The reflected graph of y = log x across the line y = x is 
the graph of y = 10 r . 

If y = log yfx then y = | log x. 

The function y - log(//) is always equal to y — (log b) 1 . 
The values of In e and log 10 are both 1. 


7 32 

If 7.32 = e l then t = —. 

e 


If 50(0.345)' = 4, then t = 


log(4/50) 
log 0.345 ‘ 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37 . 


If ab { — n, then t - 


log (n/a) 
log b 


The doubling time of a quantity Q = Q 0 e kr is the time it 
takes for any /-value to double. 


The half-life of a quantity is the time it takes for the quan¬ 
tity to be reduced by half. 


If the half-life of a substance is 5 hours then there will be 
- of the substance in 25 hours. 

4 

If y = 6(3y, then y — 6e (ln3) 2 


If a population doubles in size every 20 years, its annua] 
continuous growth rate is 20%. 


If Q — Q 0 e k \ then t — 


ln(Q/Q 0 ) 

k 


Log scales provide a way to graph quantities that have 
vastly different magnitudes. 


An elephant weighs about 8000 pounds. Its weight, plot¬ 
ted on a log scale, would be a little before 4. 


A virus has a cell size of about 0.0000005 cm. On a log 
scale, its size would be plotted at about 7. 

The closest star outside our solar system is about 
26,395,630,000.000 miles away from Earth. This dis¬ 
tance, plotted on a log scale, would occur a little after 
26. 


In a graph made using a log-log scale, consecutive pow¬ 
ers of 10 are equally spaced on the horizontal axis and on 
the vertical axis. 


One million and one billion differ by one order of magni¬ 
tude. 


After fitting a data set with both an exponential function, 
y — Ae kx , and a power function, y = Bx H , wc must have 
B = A. 


Gi ven the points on a cubic curve, (1, 1), (2, 8), (3,27) and 
(4,64) it is not possible to fit an exponential function to 
this data. 
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Properties of Logarithms If M f N > 0: 


• Logarithm of a product: 

log M N = log AT + log N 

\nMN = lnM + lnN 

• Logarithm of a quotient: 

log M/N = logM-log N 

In M/N = In M-In TV 

• Logarithm of a power: 

logM p = PlogM 

In M p = Pin M 

• Logarithm of 1: 

log 1 = 0 

In 1 = 0 

• Logarithm of the base: 

log 10 = 1 

\ne = 1 


Be aware of the following two common errors, 

log(Af + AT) # (log Af)(log N) 


log M 

log(M - N) * r-2—. 

log AT 


Relationships Between Logarithms and Exponents 

• log N = x if and only if 10* = N In AT = x if and only if e* = N 

• log 10* = x \ne x = x 

• 10 l °s* = x, for x > 0 e hyx = x, for x > 0 


Example 1 Evaluate without a calculator: 

(a) log 10,000 (b) In 1 

Solution (a) Common logarithms are powers of 10. The power of 10 needed to get 10,000 is 4, so log 10,000 = 
4. 

(b) Natural logarithms are powers of e. The power of e needed to get 1 is zero, so In 1 = 0. 


Example 2 Write the equation in exponential form: 

(a) log x = -3 (b) lnx = ypL 

Solution (a) By definition log* = -3 means 10 -3 = x. 

(b) By definition In x = 'sjl means e^ = x . 


Example 3 Write the equation in logarithmic form: 

(a) 10* = 1000 (b) 10" 2 = 0.01 (c) e” 1 = 0.368 

Solution (a) By definition 10* = 1000 means log 1000 = x. 

(b) By definition 10~ 2 = 0.01 means log 0.01 = —2. 

(c) By definition e~ l = 0.368 means In 0.368 = — 1. 
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Example 4 


Solution 


Write the expression using sums and/or differences of logarithmic expressions that do not contain 
the logarithms of products, quotients or powers. 


(a) log(10x) 


(b) 


In 



(a) 


(b) 


log( 1 Ox) = log 10 + log X Logarithm of a product 
= 1 + log X. Logarithm of the base 


In 



= In e 2 — In yfx 
= In e 2 — In x^ 2 


Logarithm of a quotient 


= 2 In e — - In x 
2 

= 2 • 1 — - In x 
2 

— 2— - In x. 

2 


Logarithm of a power 


Logarithm of the base 


Example 5 


Solution 


Write the expression as a single logarithm. 

(a) Inx — 2 In y (b) 3(logx+|log y) 

(a) 


In x - 2 In y — In x — In y 2 


Logarithm of a power 


= In 



Logarithm of a quotient 


(b) 


3 (logx + | logy) = 3 log a- + 4 logy 

= log X' + log y Logarithm of a power 
— log(x‘V 4 ). Logarithm of a product 


Example 6 

Solution 


Express in terms of x without logarithms. 

(a) e 3,n * (b) log 10 2x 

(a) 


e 3\nx _ e \nx- 


= x\ 


Logarithm of a power 


(b) log 10 2x — 2x. Logarithm of the base 


Logarithm of the base 
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Example 7 


Solution 


Example 8 


Solution 


Solve the equation for x. 

(a) 1 2e x = 5 (b) 2“ 3x = 17 

(a) 


(b) 


12e x = 5 


e 


X 


_5_ 

12 


Dividing by 12 



Taking In of both sides 
Logarithm of the base 


2 -3x 

lo g 2~ 3x 
—3x log 2 


—3x 


x 


17 

log 17 Taking logs of both sides 
log 17 Logarithm of a power 

log 17 

- Dividing by log 2 

log 2 
log 17 

-. Dividing by -3 

3 log 2 


Solve the equation for x. 

(a) 2(log(2x + 50)) -4 = 0 


(b) ln(x + 2) = 3 


(a) 


2(log(2x + 50)) -4 = 0 
2(log(2x + 50)) = 4 
log(2x + 50) = 2 

JQl o g(2^+50) _ jq2 Converting to exponential form 

2x + 50 = 10 2 
2x + 50 = 100 
2x = 50 
x = 25. 


(b) 


ln(x + 2) = 3 

gln(x+2) _ g3 Raising e to each side 

x + 2 = e 3 


2 . 
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Exercises to Skills for Chapter 5 


For Exercises 1-8, evaluate without a calculator. 

1. log(loglO) 

2. ln(lne) 

3. 2lne 4 

4 - ln (i) 

5. l0gl 5 

6. e 1 " 3 — lne 

log 10 5 


7. V lo 8 '0,000 

8. 10'°s 7 


For Exercises 9-12, rewrite the exponential equation in equiv¬ 
alent logarithmic form. 

9. 10“ 4 = 0.0001 10. 10°- 477 = 3 

11. e~ 2 =0.135 12. e 2x =1 

For Exercises 13-15, rewrite the logarithmic equation in 
equivalent exponential form. 


For Exercises 25-31, rewrite the expression as a single loga¬ 
rithm. 

25. log 12 +log x 26. lnx 2 - ln(x + 10) 

27. ^logx + 41ogy 28. log3 + 2log yfx 

29. 3(log(x+ l)+|log(x + 4)) 

30. lnx + In (^(x+ 4)) + lnz _l 

31. 2 log(9 - x 2 ) - (log(3 + x) + log(3 - x)) 

For Exercises 32-39, simplify the expression if possible. 

32. 2\ne^ 33. lo g(A 2 + B 2 ) 

34. log lOx — logx 35. 21nx -2 + lnx 4 

36. In y/x 2 + 16 37. loglOO 22 


13. log0.01 = -2 14. lnx = -l , 

38. -^4 

15. In4 = x 2 lne 


39. In 


1 

e x + 1 


For Exercises 16-24, if possible, write the expression using 
sums and/or differences of logarithmic expressions that do not 
contain the logarithms of products, quotients, or powers. 


For Exercises 40-45, solve for x using logarithms. 
40. 12* = 7 41. 3-5* = 9 


16. log2x 



42. 4 - 13 3 * = 17 


43. = 9 



19. log 



44. 12 5 * = 3 - 15 2 * 


45. 19 6 * = 77 • 7 4jc 


20. In a/^4 

V x + 1 

22. log(x 2 - r) 

24. 


21. log(x 2 + y 2 ) 
23. (log x)(log y) 


In Exercises 46-49, solve for x. 

46. 3 log(4x + 9) - 6 = 2 47. 41og(9x + 17) - 5 = 1 


ln(x + 2) 


48. ln(3x + 4) = 5 


49. 2ln(6x — l) + 5 = 7 
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234 Chapter Six TRANSFORMATIONS OF FUNCTIONS AND THEIR GRAPHS 


6.1 SHIFTS, REFLECTIONS, AND SYMMETRY 

In Section 2.4 we saw how a function and its graph change under horizontal and vertical shifts. Shifts 
translate the graph of a function without changing its shape or orientation in the xy-plane. 


Example 1 (a) Figure 6.1 shows graphs of /(x) — e x , g(x), and /z(x), where g(x) is /(x) shifted 2 units upward 

and h(x) is /(x) shifted 1 unit downward. Find formulas for g(x) and h(x). 

(b) Figure 6.2 shows graphs of p(x) = lnx, q(x ), and r(x), where q(x) is p(x) shifted 1 to the right 
and r(x) is p(x) shifted 2 to the left. Find formulas for p(x) and r(x). 




Solution (a) In Figure 6. 1 , the graph of g(x) is the graph of /(x) = e x shifted 2 units vertically upward. The 

graph of h(x) is the graph of /(x) = e x shifted 1 unit vertically downward. Thus, the formulas 
are 

g(x) = /(x) + 2 and h(x) = f(x) - 1. 

(b) In Figure 6.2, the graph of q(x) is the graph of p(x) = In x shifted horizontally 1 unit to the right. 
The graph of r(x) is the graph of p(x) = lnx shifted horizontally 2 units to the left. Thus, the 
formulas are 

q(x) = p(x — 1) and r(x) = p(x + 2). 


In Example 1, the graphs of g(x) and h{x) are vertical shifts of the graph of /(x) = e x . Vertical 
shifts involve adding or subtracting a constant to or from a function’s output; they are called outside 
changes. The graphs of q(x) and r(x) are horizontal shifts of the graph of p(x) = lnx. Horizontal 
shifts involve adding or subtracting a constant to a function’s input; they are called inside changes. 

A translation of a function may be a combination of vertical and horizontal shifts. 


Example 2 Figure 6.3 shows a graph of /(x) and a translation g(x). The point (0,0) on the graph of y = f(x) 
moves to the point (5, 1) on the graph of the g(x). Give a formula for g(x) in terms of /(x). 

Solution The point (0,0) on the graph of y—f (x) moves 5 units to the right and 1 unit up to the point (5, 1). 

This means that all points on the graph of / must move 5 units right and 1 unit up to form the graph 
of g. We have 

g(x) = f(x - 5) + 1. 

Notice that g(5) = /(0) + 1 = 1, as expected. 
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g(x) = /(x - 5) + 1 



To summarize, we combine the two formulas introduced in Section 2.4 with the following result: 

Translations of a function /(x) can be expressed in the form 

y = fix - h) + k. 

• Outside change by a constant k shifts the graph up by k units if k > 0 (down if k < 0) 

• Inside change by a constant h shifts the graph right by h units if h > 0 (left if h < 0) 


Reflections 


Now we look at transformations which are not shifts. Reflections are transformations that flip a graph 
in the xy-plane without changing its shape. 


Example 3 


(a) Figure 6.4 shows the graph of j(x ), the reflection of the graph of /(x) = e x about the x-axis. By 
looking at how the y-values change in going from /(x) to j(x), find the formula for j{x ). 

(b) Figure 6.5 shows the graph of k(x), the reflection of the graph of p(x) = In x about the y-axis. 
By looking at how the x~values change in going from p(x) to /c(x), find the formula for k(x). 



Figure 6.4: j(x) is a reflection of f(x ) about 
the x-axis 


y 



Figure 6.5: k(x) is a reflection of p(x) about 
the y-axis 
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Solution (a) The y-intercept of /(x) = e x is (0,1). When the graph of /(x) is reflected about the x-axis, this 

point goes to (0,-1), so the y-intercept of j(x) is (0, -J). In general, each point on /(x) = e x is 
reflected to the point vertically below it having the same x-valuc but a y-value with the opposite 
sign. Thus, the formula for j{x) is 

j(x) = -/(x). 

(b) The x-intercept of p(x) = In x is (1,0). When the graph of p(x) is reflected about the y-axis, this 
point goes to (-1,0), so the x-intercept of k(x) is (-1,0). In general, each point on p(x) = In x 
is reflected to the point on the left of the y-axis having the same y-value but an x-value with the 
opposite sign. Thus, the formula for k(x) is 

k{x) - p(-x). 


As we see in Example 3, a reflection about the x-axis corresponds to an outside change; a re¬ 
flection about the y-axis corresponds to an inside change. 

Combining Shifts and Reflections 

We can combine horizontal and vertical shifts with the horizontal and vertical reflections to make 
more complex transformations of functions. When a function models real-life phenomena, its inter¬ 
cepts and asymptotes often have practical meaning—both before and after transformations. 


Example 4 When a yam is taken from a refrigerator at 0°C and put into an oven at 150°C, the yam’s temperature 
rises toward that of the oven. 1 Let Y(t) be the temperature in °C of the yam t minutes after it is put 
in the oven. Let D(t) = 150 — Y(t) be the temperature difference between the oven and the yam at 
time t . Figure 6.6 gives the graph of D(t). 

(a) From the formula relating Y(t) and D(t ), describe the transformations we apply to the graph of 
D(t) to obtain the graph of Y(t). 

(b) Use the graph of D(t) to sketch a graph of Y(t). 

(c) Explain the significance of the vertical intercept of D, then of Y. 

(d) Explain the significance of the horizontal asymptote of D, then of Y. 


temperature difference (°C) 



Figure 6.6: Temperature difference: Decreasing over 
time 


temperature (°C) 



Figure 6.7: Temperature of the yam, 
Y{t) = -D(t) + 150 


Solution 


(a) Writing Y(t) in the form 


Y(t) = -D(r) + 150 

Reflect Shift 


shows that the graph of Y is obtained by reflecting the graph of D about the f-axis and then 
shifting it vertically up 150 units. 

(b) See Figure 6.7. 


l In practice, refrigerators keep food slightly above 0°C—nt about 2-3°C—to prevent freezing. 
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(c) The vertical intercept D — 150 tells us that the initial temperature difference between the yam 
and the oven is 150°C. The vertical intercept Y = 0 says that the temperature of the yam is 0°C 
when it is first put into the oven. 

(d) The horizontal asymptote, D — 0, tell us that eventually there will be no difference in temperature 
between the yam and the oven. The horizontal asymptote, Y = 150, represents the temperature 
of the oven. As the yam sits in the oven, its temperature approaches the temperature of the 
oven—eventually there will be virtually no temperature difference. 


Symmetry Under Reflection: Even and Odd Functions 

The graphs of some functions remain unchanged under reflection; these graphs have symmetry. This 
property of graphs is important because it often makes calculations with the function easier. We now 
see what functions give rise to graphs with symmetry. 

Even Functions 

The graph of p(x) = x 2 in Figure 6.8 is symmetric about the y-axis. In other words, the part of the 
graph to the left of the y-axis is the mirror image of the part to the right of the y-axis. Reflecting the 
graph of p{x) about the y-axis gives the graph of p(x) again. Functions whose graphs are symmetric 
about the y-axis are called even functions , because power functions with even exponents, such as 
y = x 2 , y = x 4 , y = x 6 , ... have this property. 



Figure 6.8: Reflecting the graph of p(x) = x 2 about the y-axis does not change its appearance 

Since y = p(—x) is a reflection of the graph of p about the y-axis and p(x) is even, we have 

p{-x) - p{x). 


Example 5 For p(x) = x 2 , check that p(— 2) = p( 2). Explain what this tells us about the graph of p. 

Solution Let x — 2. Then p{ 2) = 2 2 = 4, and p(— 2) = (—2) 2 = 4, so p(—2) = p( 2). This means that the point 

(2,4) and its reflection about the y-axis, (—2,4), are both on the graph of p{x). 


Example 6 For the function p(x) = x 2 , check algebraically that p{-x) = p(x) for all x. 
Solution Substitute -x into the formula for p(x), giving 

p(-x) = (-x) 2 = (-x) • (-x) 

= x 2 
= p(x). 


Thus, p(— x) = p(x). 
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Example 7 

Solution 


Example 8 

Solution 


Odd Functions 

Figure 6.9 shows the graph of q(x) — x 3 . Figure 6.10 shows the graph of q reflected first about the 
y-axis and then about the x-axis (or vice versa)—giving the graph of q again. This kind of symmetry 
is called symmetry about the origin . Functions whose graphs are symmetric about the origin are 
called odd functions, because power functions with odd exponents, such as y = x 3 , y = x 5 , y — x 7 , 
... have this property. 

y y 




Figure 6.9: If the graph is reflected about the y-axis and Figure 6.10: If every point on this graph is reflected 

then about the x-axis, it does not change about the origin, the graph is unchanged 

Since y — -q(-x) is a reflection about the y-axis followed by a reflection about the x-axis, and 
q(x) = x 3 is odd, q is the same function as this double reflection. That is, 

q(x) = — q(— x), which means that q(—x) = —q(x). 

For q(x) = x 3 , check that q(— 2) = -q( 2). Explain what this tells us about the graph of q. 

Let x = 2. Then q(2) = 2 3 = 8, and q{- 2) = (-2) 3 = -8, so q{— 2) - -q( 2). This means the point 
(2,8) and its reflection about the origin, (-2, -8), are both on the graph of q. See Figure 6.10. 


For the function q(x) = x 3 , check algebraically that q(-x) = -q{x) for all x. 
We evaluate q(-x), giving 

q(-x) = (-xf = (-x) ■ (-x) ■ (-x) 

= -x 3 
= -q(x). 

Thus, q(-x) = —^(x). 


In summary, we have the following general results: 

If / is a function and x is in its domain, 

• / is called an even function if /(—x) = /(x) for all values of x 

• / is called an odd function if /(-x) = —f(x) for all values of x 
The graph of / is 

• Symmetric about the y-axis if / is an even function 

• Symmetric about the origin if / is an odd function 
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In Example 9, we see how knowing a function is even or odd can be useful. 


Example 9 The equation f(x) ~ x 4 - 24x 2 - 25 = 0 has solution x — 5. Write down another solution to this 
equation. 

Solution We could factor f{x) and find all the solutions. However, the function f(x) — x 4 - 24x 2 — 25 is even 
as it contains only even powers of x. Thus, since /(5) = 0, we know /(—5) = 0 also, so x = -5 is 
another solution. 


Example 10 Determine whether the following functions are even, odd. or neither. 

(a) f(x) = |-v| (b) g{x)-\/x (e) h(x) = -x } - 3x 2 + 2 


Solution The graphs of the functions in Figures 6.11,6.12, and 6.13 are helpful in identifying symmetry. 


y 



Figure 6.11: The graph of 
f(x) — |x| appears to be 
symmetric about the y-axis 



Figure 6.12: The graph of 
g(x) = \/x appears to be 
symmetric about the origin 


>’ 



Figure 6.13: The graph of 
h{x) = —x 3 — 3x 2 4- 2 is 
symmetric neither about the 
y-axis nor about the origin 


It appears that the graph of / is symmetric about the y-axis, the graph of g is symmetric about 
the origin, and the graph of h has neither type of symmetry. This means that / is an even function, 
g is odd function, and h is neither even nor odd. However, to be sure, check algebraically. 

If f(—x) = /(x), then / is an even function. We check by substituting —x in for x: 

/(- x) =\-x\ 

= 1*1 
= fix). 


Thus, / is an even function. 

If g(—x) = — g(x), then g is an odd function. We check by substituting —x for x: 

g(-x) - — 

—x 

_ 

X 

= -g(x). 


Thus, g is an odd function. 

The graph of h does not appear to be symmetric. To confirm, look at an example, say x = 1: 

h{\) = -l 3 -3 ■ l 2 + 2 = -2. 

Now substitute x = — 1, giving 

h{—\) = —(-1) 3 - 3 • (—l) 2 + 2 = 0. 

Thus h( 1) ^ h(— 1), so h is not an even function. Also, h(- 1) ^ —h{ 1), so h is not an odd 
function. 
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Exercises and Problems for Section 6.1 

Skill Refresher 


In Exercises S1-S4, evaluate each function at x = 3. Round 
your answer to 3 decimal places. 


f(x) = e x 

S2. 

*(*) = -«* 

h(x) - e~ x 

S4. 

k(x) = 


Exercises 


In Exercises S5-S10, give a formula for the functions: 


(a) 

f(-x ) 

(b) 

-fix) 

S5. 

f(x) = 2x 2 

S6. 

fix) = - 

X 

S7. 

fix) = 2x 3 - 3 

S8. 

fix) = 4x 3 + 9x 

S9. 

fix) = 3x 4 - 2x 

S10. 

3x 3 

fix) = 

x 2 - 1 


1. The graph of y = /(x) contains the point (2,-3). What 
point must lie on the reflected graph if the graph is re¬ 
flected 

(a) About the y-axis? (b) About the x-axis? 

2. The graph of P = g(t) contains the point (—1, —5). 

(a) If the graph has even symmetry, which other point 
must lie on the graph? 

(b) What point must lie on the graph of -g(t)l 

3. The graph of H(x ) is symmetric about the origin. If 
H(-3) = 7, what is H(3)1 

4. The range of Q(x ) is —2 < <7(x) < 12. What is the range 
of-Q(x)? 

In Exercises 5-8, the function Q{t) has domain t > 0 and range 
—4 < Q(t) < 7. Give the domain and range for the transfor- 


mation of Oil). 


5. y = Qi-t) 

6. y = -<2(0 

7. y = -Q{-t) 

8. y = -Qit - 4) 


9. If the graph of y = e x is reflected about the y-axis, what 
is the formula for the resulting graph? Check by graphing 
both functions together. 

10. Graph y = f(x) = 4 X and y = /(—x) on the same set 
of axes. How are these graphs related? Give an explicit 
formula for y = /(-x). 

11. Graph y = g(x) = Q ^ and y = —g(x) on the same set 
of axes. How are these graphs related? Give an explicit 
formula for y = -g(x). 

Problems 


12. Complete the following tables using fip) = p 2 + 2p - 3, 
and g(p) = and h{p) = -/(p). Graph the three 

functions. Explain how the graphs of g and h are related 
to the graph of /. 


P 

-3 

-2 

-1 

0 

1 

2 

3 

fip) 









P 

-3 

-2 

-1 

0 

1 

2 

3 

g(p) 









P 

-3 

-2 

-1 

0 

1 

2 

3 

h{p) 









Give a formula and graph for each of the transformations of 
m(n) = n 2 — An + 5 in Exercises 13-16. 

13. y = m(—n) 14. y = -m{n) 

15. y = —m(—n) 16. y = m(—n) + 3 

Give a formula and graph for each of the transformations of 
k(u)) = 3 W in Exercises 17-20. 

17. y = k(-w) 18. y = -k(w) 

19. y = -k(-w) 20. y = -k(w — 2) 

In Exercises 21-24, show that the function is even, odd, or nei¬ 
ther. 

21. /(x) = 7x 2 - 2x + 1 22. /(x) = 4x 7 - 3x 5 

23. /(x) = 8x 6 + 12x 2 24. /(x) = x 5 + 3x 3 - 2 


25. (a) Graph the function obtained from /(x) = x 3 by first 
reflecting about the x-axis, then translating up two 
units. Write a formula for the resulting function. 

(b) Graph the function obtained from / by first trans¬ 
lating up two units, then reflecting about the x-axis. 
Write a formula for the resulting function. 


(c) Are the functions in parts (a) and (b) the same? 

26. (a) Graph the function obtained from g(x) = 2 X by 
first reflecting about the y-axis, then translating down 
three units. Write a formula for the resulting func¬ 
tion. 
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(b) Graph the Tune lion obtained from g by first translat¬ 
ing down three units, then reflecting about the y-axis. 
Write a formula for the resulting function. 

(e) Are the functions in parts (a) and (b) the same? 

27. Using Figure 6.14. evaluate 

(a) /(—A") for a' — —4 

(b) —f{x) for x — —6 
(e) —/(—x) for a- = —f 

(d) -/<a-+ 2) for .v = 0 

(e) fi-x) + 4 for x = -6 


y 



28. (a) lfg(x) = y/x, find a formula forg(—x). 

(b) Graph y = g(x) = y/x, y = g(-x), and y - -g(x) 
on the same axes. 

(c) Is g(x) = y/x even, odd, or neither? 

29. If the graph of a line y = /> + mx is reflected about the 
y-axis, what are the slope and intercepts of the resulting 
line? 

30. Graph y = log(I/x) and y = logx on the same axes. 
How are the two graphs related 1 / Use the properties of 
logarithms to explain the relationship algebraically. 

31. Using Figure 6.15, graph the following transformations 
of / on separate axes. 

(a) y = fix ) — 2 (b) y — fix — 2) 

(c) y = -fix) (d) y = f(—x) 


y 



Figure 6.15 


32. Using Figure 6.16, match the functions (i)-(v) with a 
graph (a)-(e). 

(i) y = fi-x) (ii) y = -/(x) 

(iii) y = fi~x) + 3 (iv) y = -/(x-l) 

(v) y = -fi—x) 



33. For t > 0, let Hit) = 20 + 54(0.91)' give the tempera¬ 
ture of a bowl of soup in degrees Celsius t minutes after 

it is taken out of the microwave and let k be a positive 
constant. 

(a) Find a formula for H{t) + k. 

(b) Graph H(t) + k for k = 0, 10 and 20. 

(c) What final temperature does the function H{t) + 10 
approach? What is the practical meaning of this tem¬ 
perature? What about H(t) + /:? 

34. For t > 0, let H{t) = 20 + 40(0.91)' give the tempera¬ 
ture of a bowl of soup in degrees Celsius t minutes after 

it is taken out of the microwave and let h be a positive 
constant. 

(a) Find a formula for H(t - h). 

(b) Graph H(t — h) for h — 0, 10 and 20. 

(c) Describe in practical terms a situation modeled by 
the function H{t - 10). What about Hit — h)l 
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35. A chicken is removed from a freezer and placed in a 
refrigerator to thaw. Let t be time in minutes after the 
chicken was removed. The difference, D(t ), between the 
temperature of the refrigerator, 3°C, and the chicken’s 
temperature, initially — 18°C, decreases exponentially 
over time at a rate of 3 c /c per minute. The chicken’s tem¬ 
perature, Hit), is a transformation of D(t). 

(a) Find a formula for H{t). 

(b) Sketch the graphs of D(t) and H(t). For each graph, 
explain the meaning of the asymptote and the verti¬ 
cal intercept. 

(c) How do the asymptotes and the vertical intercepts of 
the graphs of D{t) and H(t) differ if the refrigerator 
is instead set to 1°C? 

36. In Table 6.1, fill in as many y-values as you can if you 
know that / is 

(a) An even function (b) An odd function. 

Table 6.1 


Comment on the following justification that the func¬ 
tion fix) — x 3 - x 2 + 1 is an even function: Because 
f (0) — 1 / — /(0), we know that /(x) is not odd. If a 
function is not odd, it must be even. 

Let fix) be a function that is always increasing and con¬ 
cave down. Determine whether each function is always 
increasing or always decreasing, and whether each func¬ 
tion is always concave up or always concave down. 

(a) /(-x) (b) -fix) (c) -/(-x) 

Is it possible for an odd function whose domain is all real 
numbers to be strictly concave up? 

Let /(x) — b + mx. 

(a) Can fix) be even? How? 

(b) Can f{x) be odd? How? 

(c) Can f(x) be both odd and even? How? 

If / is an odd function and defined at x = 0. what is 
the value of /(0)? Explain how you can use this result to 
show that c(x) = x + 1 and d{x) = 2 A are not odd. 

In the first quadrant an even function is increasing and 
concave down. What can you say about the function's be¬ 
havior in the second quadrant? 

Show that the power function fix) — x 1 / 3 is odd. Give a 
counterexample to the statement that all power functions 
of the form fix) = x p are odd. 

Graph six) = 2 X + {^)\ c(x) = 2 X - (^)L and nix) = 
2 V — (-) v_l . State whether you think these functions are 
even, odd. or neither. Show that your statements are true 
using algebra. That is, prove or disprove statements such 
as s( —x) = .s(x). 

There are functions that are neither even nor odd. Is there 
a function that is both even and odd? 

Some functions are symmetric about the y-axis. Is it pos¬ 
sible for a function to be symmetric about the x-axis? 


X 

-3 

-2 

-1 

0 

1 

2 

3 

y 

5 


-4 



-8 



43. 


37. Figure 6.17 shows the graph of a function f in the second 
quadrant. In each of the following cases, sketch y — fix), 
given that / is symmetric about 

(a) The y-axis. (b) The origin, (c) The line y = x. 


44. 



38. For each table, decide whether the function could be sym¬ 
metric about the y-axis, about the origin, or neither. 


(a) 


(b) 


(c) 


(d) 


X 

-3 

-2 

-1 

0 

1 

2 

3 

fix) 

6 

1 

-2 

-3 

-2 

1 

6 


X 

-3 

-2 

-1 

0 

1 

2 

3 

g(x) 

- 8.1 

-2.4 

-0.3 

0 

0.3 

2.4 

8.1 


45. 

46. 

47. 

48. 

49. 

50. 


X 

-3 

-2 

-1 

0 

1 

2 

3 

fix) + g(x) 

-2.1 

-1.4 

-2 

-3 

-1 

3.4 

14.1 


X 

-3 

-2 

-1 

0 

1 

2 

3 

/(*+!) 

1 

-2 

-3 

-2 

1 

6 

13 


51. 

52. 


39. Let /(x) be an even function, and let g(x) be an odd func¬ 
tion. If possible, determine whether each function must be 
even or odd. 

(a) h(x) = fix)g(x) (b) k(x) = fix) + g(x) 

(c) mix) = gif(x)) 

40. Let both /(x) and g(x) be odd functions. If possible, de¬ 
termine whether each function must be even or odd. 

(a) hix) = fix)g(x) (b) k(x) = fix) - g(x) 

(c) m (x) = f(g(x)) 

41. A function is called symmetric about the line y — x if 
interchanging x and y gives the same graph. The simplest 
example is the function y — x. Graph another straight 
line that is symmetric about the line y = x and give its 
equation. 

42. Show that the graph of the function h is symmetric about 
the origin, given that 
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6.2 VERTICAL STRETCHES AND COMPRESSIONS 


Wc have studied translations and reflections of graphs. In this section, we consider vertical stretches 
and compressions of graphs. As with a vertical translation, a vertical stretch or compression of a 
function is represented by an outside change to its formula. 

Vertical Stretch: An Amplifier 

An amplifier takes a weak signal from a recording and transforms it into a stronger signal to power 
a set of speakers. 

Figure 6.18 shows a graph of an audio signal (in volts) as a function of lime, t , both before and 
after amplification. Notice that the wave crests of the amplified signal are 3 times as high as those of 
the original signal; similarly, the amplified wave troughs are 3 times deeper than the original wave 
troughs. The amplifier has boosted the strength of the signal by a factor of 3. If / is the original 
signal function and V is the amplified signal function, then 

Amplified signal strength at time t = 3 ■ Original signal strength at time f, 

V -V-' '-V-' 

lAn fit) 


so we have 

V(t) = 3-f(t). 

This formula tells us that the values of the amplified signal are 3 times the values of the original 
signal. The graph of V is the graph of / stretched vertically by a factor of 3. As expected, a vertical 
stretch of the graph of f(t) corresponds to an outside change in the formula. 

Notice that the /-intercepts remain fixed under a vertical stretch, because the /-value of these 
points is 0, which is unchanged when multiplied by 3. 


signal strength (volts) 



Figure 6.18; An amplifier transforms a weak signal into a signal 3 times as strong 

Notice also that if we regard V{t) as the initial function, then /(/) is a compression of V(t) by 
a factor of I /3: 

/(o = |m 


Negative Stretch Factor 

What happens if we multiply a function by a negative stretch factor? Figure 6.19 gives a graph of a 
function y = /(x), together with a graph of y = -2 * f(x). The stretch factor is k = -2. We think 
of y = “2 f(x) as a combination of two separate transformations of y = f(x). First, the graph is 
stretched by a factor of 2, then it is reflected across the x-axis. 
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y 


y = -2 f(x) 
y = fix) 


+- * 

2 

- y=2f(x) 

Figure 6.19: The graph of y = —2 f(x) is a vertically stretched version of the graph of y = f(x) that 

has been reflected across the x-axis 

Formula for Vertical Stretch or Compression 

Generalizing the examples gives the following result: 

If / is a function and k is a constant, then the graph of y = k • /(x) is the graph of y = /(x) 

• Vertically stretched by a factor of k, if k > 1. 

• Vertically compressed by a factor of k, if 0 < k < 1. 

• Vertically stretched or compressed by a factor \k \ and reflected across x-axis, if k < 0. 



Example 1 A yam is placed in a 150°C oven. Table 6.2 gives values of H — r(t ), the yam’s temperature t 
minutes after being placed in the oven. Figure 6.20 shows these data points joined by a curve. 


(a) Describe the function r in words. What do the data tell you about the yam’s temperature? 

(b) Make a table of values for q(t) = 1 .5r(t). Graph the function q. 

(c) How are the functions q and r related? Under what condition might q describe a yam’s temper¬ 
ature? 


Table 6.2 Temperature of a yam 


r, time (min) 

r(/), temperature (°C) 

0 

0 

10 

75 

20 

113 

30 

131 

40 

141 

50 

145 

60 

148 


H, temperature (°C) 



Figure 6.20: The temperature of a yam at time t 


Solution (a) The function r is increasing and concave down. The yam starts out at 0°C and warms up quickly 

at first. Later, the yam heats up more slowly. The temperature levels off at 150°C, the oven’s 
temperature, represented by the horizontal asymptote. 

(b) We calculate values of q(t) from values of r. For example, Table 6.2 gives r(0) — 0 and r( 10) = 
75. Thus, 

g(0) = 1.5r(0)= 1.5 -0 = 0, 

<?(10) = 1.5r(10)= 1.5(75)= 112.5, and so on. 

The values for q(t) are 1.5 times as large as the corresponding values for r(t). See Table 6.3. The 
data are plotted in Figure 6.21. 
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(c) The graph of q is the graph of r stretched vertically by a factor of k = 1.5. The horizontal 
asymptote of/* was H = 150, so the horizontal asymptote of q is H = 1.5 ■ 150 = 225. This 
suggests that the yam has been placed in a 225°C oven instead of a 150°C oven. 


Table 6.3 Values of q{t) = 1.5r(r) 


/, time (min) 

q(t ), temperature (°C) 

0 

0 

10 

112.5 

20 

169.5 

30 

196.5 

40 

211.5 

50 

217.5 

60 

222 


//. temperature (°C) 



Stretch Factors and Average Rates of Change 

Consider again the graph of the audio signal and its amplification in Figure 6.18. Notice that the 
amplified signal, K, is increasing on the same intervals as the original signal, /. Similarly, both 
functions decrease on the same intervals. 

Stretching or compressing a function vertically does not change the intervals on which the func¬ 
tion increases or decreases. However, the average rate of change of a function, visible in the steepness 
of the graph, is altered by a vertical stretch or compression. 


Example 2 In Example 1, the function H — r{t) gives the temperature (in °C) of a yam placed in a 1 50°C oven. 

The function q(t) — 1.5 r(t) gives the temperature of the yam placed in a 225°C oven. In both cases, 
the temperature starts at 0°C. After 10 minutes, r( 10) = 75°C and q(\0) — 112.5°C. 

(a) For each of the two yams, find the rate of change of temperature over ten-minute intervals from 
t ~ 0 to t = 60. 

(b) For each ten-minute interval, what is the relationship between the two values you found in part (a) 
for the yams? 


Solution 


(a) For the yam with temperature r(f), from t — 0 to t = 10, we have 

Average rate of change A H r(10) - r(0) 75—0 _ . 

= —— = ———-— - ——— = 7.5 C/min. 
of temperature, r 10-0 10 

Thus, in the 150°C oven, the yam’s temperature increased at an average rate of 7.5°C per minute. 
For the yam with temperature q(t), from t = 0 to t = 10, 


Average rate of change _ A H _ 112.5 - 0 _ } ^ 25°C/min 
of temperature, q 10 

Thus, in the 225°C oven, the yam’s temperature increased at an average rate of 1 1.25°C per 
minute. Similar calculations for other time intervals give the values in Table 6.4. 

(b) Notice that 11.25 = 1.5(7.5), and each rate of change in the 225°C oven is 1.5 times the corre¬ 
sponding rate of change in the 150°C oven. This reflects the fact that ait) = 1.5r(/). 

Table 6.4 The average rate of change of yams’ temperatures , r(t) and q(t) 


Time interval (min) 

0-10 

10-20 

20-30 

30-40 

40-50 

50-60 

Average rate of change of r (°C/min) 

7.5 

3.8 

1.8 

1 

0.4 

0.3 

Average rate of change of q (°C/min) 

11.25 

5.7 

2.7 

1.5 

0.6 

0.45 
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In the last example, multiplying a function by a factor of 1.5 had the effect of multiplying the 
function’s average rate of change on each interval by the same factor. More generally, if g(x) = 
k • /(x), between x = a and x = b. 

Average rate of change _ Ay _ g(b) - g(a) _ k • f(b) - k ■ f(a) _ f(b) - /(g) 

of g(x) = k • /(x) A* & - a * - a b-a 

= k • (Average rate of change of /). 

In general, we have the following result: 


If g(x) = k • /(x), then on any interval, 

Average rate of change of g = k • (Average rate of change of /). 


Combining Stretches and Shifts 

Stretches and shifts can be combined to give more general transformations of functions. 


Example 3 


The function y = f(x) is graphed in Figure 6.22. Graph the function g(x) = 


-\f{x + 3)-l. 


y 



Figure 6.22: Graph of — /(x) 

Solution To combine the transformations, we work from inside outward in Figure 6.23. The graphs corre¬ 
sponding to each step are shown in Figure 6.24. Note that we did not need a formula for / to graph g. 


Step 1: horizontal 
shift left 3 units 

Step 2: vertical 
compression 


gU) = A/U + 3) - 1 


Step 3: vertical reflection 
across the x-axis 4 . vertical 

shin down 1 unit 


Figure 6.23: Steps in transforming /(x) to 
g{x) = —(l/2)/(x + 3) - 1 



Figure 6.24: The graph of y = f(x) transformed in four steps into 
g(x) = -(1/2)/(x + 3) - 1 
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51. If fix) = a 2 , evaluate at x = 6: 

(a) 2 f(x) (b) --J(x) 

(c) 5f(x) - 3 (d) i/Cx-1) 

52. Evaluate at x = -2 if g(x) — ^: 

(a) -4 g(x) (b) |g(.v) 

(c) 2g(x + 5) (d) -^g(-x) 

Exercises 


53. Write a formula for the transformations of f(x) = \fx\ 

(a) y = -'-f(x) (b) y = 5f(—x) 

(c) y = 6f(x-X) (d) y='-.f( 2-x) 

54. Write a formula for the transformations of p(x) = 3x 2 -6: 

(a) y = 5p(x) (b) y=-^p(-.v) 

(c) y = -2p(x + 3) (d) y= i -p(x - 1) 


1. Let y = f{x). Write a formula for the transformation that 
both increases the y -value by a factor of 10 and shifts the 
graph to the right by 2 units. 

2. Using Figure 6.25. match the functions (i)-(v) with a 
graph (a)-(i). 

(i) y = 2f(x) (ii) y='-/(x) 

(iii) y = - fix + 1) (iv) y ~ fix + 2) + 1 

(v) y = fi-x) 



Figure 6.25 


In Exercises 3-6, graph and label fix). 4/(x), —\f{ a), and 
-5/( a) on the same axes. 

3. fix) - yfx 4. fix) = -a 2 + 7a 

5. /( x) = e x 6 . fix) — In A" 

7. Using Table 6.5, make tables for the following transfor¬ 
mations of / on an appropriate domain. 

(a) ~/( a ) (b) —2/ (a + 1 ) (c) fix) + 5 

(d) /(a -2) (e) fi-x) (f) -fix) 


Table 6.5 


x 

-3 

-2 

-1 

0 

1 

2 

3 

fix) 

2 

3 

7 

-1 

-3 

4 

8 


(a) 


(c) 


(e) 


(g) 



8 . Using Table 6.6, create a table of values for 

(a) f(-x) (b) -fix) (c) 3 fix) 

(d) Which of these tables from parts (a), (b), and (c) rep¬ 
resents an even function? 



Table 6.6 


A 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

fix) 

13 

6 

1 

-2 

-3 

-2 

1 

6 

13 


y (f) 


y 



Without a calculator, graph the transformations in Exercises 9- 
14. Label at least three points. 

9. y = fix + 3) if fix) — |x| 

10. y = fix) + 3 if fix) = |a| 

11. y = -gix) if g{x) - a 2 

12. y = gi-x) ifg(x) = a 2 

13. y = 3hix) if h{x) = 2 X 

14. y — 0.5/i(a) if hi a) = 2 X 
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Problems 


15. Describe the effect of the transformation 2/(x +1) on the 
graph of y = fix). 

16. The function s(t) gives the distance (miles) in terms of 
time (hours). If the average rate of change of s{t) on 
0 < t < 4 is 70 mph, what is the average rate of change 
of ] -s(t) on this interval? 

In Problems 17-21, let fit) = 1/(1 + t 1 ). Graph the function, 
labeling intercepts and asymptotes. 

17. y = f{t) 18. y = -fit) 

19. y = 0.5fit) 20. y = fit- 3) 


30. Let R = Pit) be the number of rabbits living in a national 
park in month t. What do the following expressions rep¬ 
resent? 

(a) Pit+ 1) (b) 2 Pit) 

31. Suppose dt) represents the cost in euros of the first t days 
of a business trip to France from the United States. Find a 
formula for hit), the cost in US dollars for the first t days. 
During the trip, 1 euro was equivalent to 1.3 US dollars. 

32. Suppose that /(x) is the age in years of the ice x cm be¬ 
low the surface of a glacier in Antarctica. Find the age 
g(x) for the same ice in centuries. 


21. y — fit + 5) — 5 

22. The graph of the function g(x) contains the point (5, j). 
What point must be on the graph of y = 3g(x + 1)? 

23. The range of the function C(x) is — 1 < C(x) < 1. What 
is the range of 0,25C(x)? 

Problems 24-27 refer to functions obtained by applying a 
transformation to Pin) whose domain is -3 < n < 8 and range 
is -6 < Pin) < 12. Find a possible formula for the function 
in terms of Pin). 

24. The domain of Qin) is -3 < n < 8 and the range is 
-2 < Qin) < 4. 

25. The domain of R(ri) is -3 < n < 8 and the range is 
-60 < R(n) < 30. 

26. The domain of S(n) is -8 < n < 3 and the range is 
2 < Sin) < 20. 

27. The domain of Tin) is —10 < n < 1 and the range is 
-1.5 < Tin) <3. 

28. The number of gallons of paint, n = /(A), needed to 
cover a house is a function of the surface area A , in ft 2 . 
Match each story to one expression. 

(a) I figured out how many gallons I needed and then 
bought two extra gallons just in case. 

(b) I bought enough paint to cover my house twice. 

(c) I bought enough paint to cover my house and my wel¬ 
come sign, which measures 2 square feet. 

(i) If (A) (ii) fiA + 2) (hi) fiA) + 2 

29. The US population in millions is Pit) today and t is in 
years. Match each statement (I)-(IV) with one of the for¬ 
mulas (a)-(h). 

I. The population 10 years before today. 

II. Today’s population plus 10 million immigrants. 

III. Ten percent of the population we have today. 

IV. The population after 100,000 people have emigrated. 


Graph the transformations of / in Problems 33-36 using Fig¬ 
ure 6.26. Label the points corresponding to A and B. 



33. y = fix-3) 34. y = fix)~ 3 

35. y = /(—x)/3 36. y = -2fix) 

37. Table 6.7 contains values of fix). Each function in parts 
(a)-(c) is obtained by applying a single transformation to 
fix). The transformation may be a stretch, compression, 
shift, or reflection. Find a possible formula for each of 
these functions in terms of /. For example, given the data 
in Table 6.8, we would say that g(x) = 3/(x). 

Table 6.7 


X 

-6 

-4 

-2 

0 

2 

4 

6 

fix) 

12 

4 

-8 

-14 

-2 

0 

10 


Table 6.8 


X 

-6 

-4 

-2 

0 

2 

4 

6 

Six) 

36 

12 

-24 

-42 

-6 

0 

30 


X 

-6 

-4 

-2 

0 

2 

4 

6 

Kx) 

6 

2 

-4 

-7 

-1 

0 

5 


X 

-6 

-4 

-2 

0 

2 

4 

6 

kix) 

10 

0 

-2 

-14 

-8 

4 

12 


(a) P{t) - 10 (b) Pit - 10) (c) O.IP(f) 

(d) Pit) + 10 (e) Pit +10) (f) P(r)/0.1 

(g) P(0 + 0.1 (h) P(0-O.J 


X 

-6 

-4 

-2 

0 

2 

4 

6 

mix) 

8 

0 

-12 

-18 

-6 

-4 

6 
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38. Using Figure 6.27, find formulas, in terms of /, for the 
horizontal and vertical shifts of the graph of / in parts 
(a)-(c). What is the equation of each asymptote? 



39. Using Figure 6.28, find formulas, in terms of /, for the 
transformations of' / in parts (a)-(c). 


40. In Figure 6.29, the point b is labeled on the x-axis. On the 
y-axis, locate and label the output values: 

(a) f{b) (b) -2 f{b) (c) -2 f[-b) 


y 



41. Figure 6.30 gives a graph of y = fix). Consider the trans¬ 
formations y = \f{x) and y = 2/(_v). Which points on 
the graph of y = fix) stay fixed under these transforma- 
t tions? Compare the intervals on which all three functions 
are increasing and decreasing. 


y y = fix) 



-6 



The average rate of change of fix) over the interval a < x < b 
is 28, where a and b denote constants. In Problems 42-44 give 
the average rate of change over the interval a < x < b for each 
transformation of fix). 



(c) 


y 


9 



x 


2 4 
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6.3 HORIZONTAL STRETCHES AND COMBINATIONS OF TRANSFORMATIONS 

In Section 6.2, we observed that a vertical stretch of a function’s graph corresponds to an outside 
change in its formula, specifically, multiplication by a stretch factor. Since horizontal changes gen¬ 
erally correspond to inside changes, we expect that a horizontal stretch will correspond to a constant 
multiple of the inputs. This turns out to be the case. 

Horizontal Stretch: A Lighthouse Beacon 

The beacon in a lighthouse turns once per minute, and its beam sweeps across a beach house. Fig¬ 
ure 6.31 gives a graph of L(r), the intensity, or brightness, of the light striking the beach house as a 
function of time. 


Period of 
brightness 



Figure 6.31: Light intensity or brightness, L(t), as a function of time 


Now suppose the lighthouse beacon turns twice as fast as before, so that its beam sweeps past 
the beach house twice instead of once each minute. The periods of brightness now occur twice as 
often. See Figure 6.32. The graph of /(r), the intensity of light from this faster beacon, is a horizontal 
squeezing or compression of the original graph of L(t). 

If the lighthouse beacon turns at half its original rate, so that its beam sweeps past the beach 
house once every two minutes instead of once every minute, the periods of brightness occur half as 
often as originally. Slowing the beacon’s speed results in a horizontal stretch of the original graph, 
illustrated by the graph of s(r), the light intensity of the slow beacon, in Figure 6.33. 



Graph squeezed 


Figure 6.32: Comparing light intensity from the fast beacon, /(?), to light intensity from the 

original beacon, L{t) 
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Slow beacon: turns once every two minutes, s(t) 



Graph stretched 

Figure 6.33: Comparing light intensity from the slow beacon, j(r), to light intensity from the original beacon, L(f) 

Formula for Horizontal Stretch or Compression 

How are the formulas for the three light functions related? We expect that multiplying the function’s 
input by a constant will horizontally stretch or compress its graph. The fast beacon corresponds to 
speeding up by a factor of 2, or multiplying the input by 2. Thus 

fit) = L(2f). 

Similarly for the slow beacon, the input times are multiplied by 1 /2, so 

s(t) = L{\t). 

Generalizing the lighthouse example gives the following result: 


Example 1 


If / is a function and k is a constant, then the graph of y = /( kx ) is the graph of y = /(x) 

• Horizontally compressed by a factor of \/k if k > L 

• Horizontally stretched by a factor of \/k if 0 < k < L 

• Horizontally stretched or compressed by a factor \/\k\ and reflected across y-axis, if 
k < 0. 


Values of the function /(x) are in Table 6.9 and its graph is in Figure 6.34. Make a table and a graph 
of the function g(x) = /(^x). 

Table 6.9 Values of /(x) y 


X 

fix) 

-3 

0 

-2 

2 

-1 

0 

0 

-1 

1 

0 

2 

-1 

3 

1 



Figure 6.34 


Solution To make a table for g(x) = /(~x), we substitute values for x. For example, if x = 4, then 


Table 6.9 shows that /(2) = — 1, so 


g(4) = /(i-4) = /(2). 


g(4) = /(2) = -l. 
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This result is recorded in Table 6.10. If x = 6, since Table 6.9 gives /(3) = 1, we have 

g(6) = /(5-6) = /(3)= 1. 

In Figure 6.35, we see that the graph of g is the graph of / stretched horizontally away from the 
y-axis. Substituting x = 0 gives 

«(0) = /(f0)-/(0) = -l, 

so the y-intercept remains fixed (at —1) under a horizontal stretch. 


Table 6.10 Values ofg(x) = f(~x) 


X 

g(x) 

-6 

0 

-4 

2 

-2 

0 

0 

-1 

2 

0 

4 

-1 

6 

1 


y 



Figure 6.35: The graph of g(x) = f{~x) is the graph of 
y — f (x) stretched away from the y-axis by a factor of 2 


Example 1 shows the effect of an inside multiple of 1/2. We see that the graph of / is stretched 
by a factor of 2 horizontally from the y-axis. The next example shows the effect on the graph of an 
inside multiple of 2. 


Example 2 Let /(x) be the function in Example 1. Make a table and a graph for the function h(x) = /(2x). 


Solution 


We use Table 6.9 and the formula h(x) = f (2x) to evaluate h(x) at several values of x. For example, 
if x = 1, then 

/i(l) = /(2-l) = /(2). 

Table 6.9 shows that /(2) = -1, so h(\) = -I. These values are recorded in Table 6.11. 
Similarly, substituting x = 1.5 gives 

ML5) = /(2.1.5) = /(3)=1. 


Since /i(0) = /(2*0) = /(0), the y-intercept remains fixed (at -1). In Figure 6.36 we see that the 
graph of h is the graph of / compressed by a factor of 1/2 horizontally toward the y-axis. 


Table 6.11 Values of h(x) = /(2x) 


X 

h(x) 

-1.5 

0 

-1.0 

2 

-0.5 

0 

0.0 

-1 

0.5 

0 

1.0 

-1 

1.5 

1 


y 



Figure 6.36: The graph of h(x) = f (2x) is the graph of 
y = /(x) compressed horizontally by a factor of 1/2 


If t is in years since 2014 and we use the function P — 317c 0 007r to model the US population 
in millions, 2 this function is a transformation of the exponential function /(f) = e\ since 

P = 317e°' 007r = 317/ (0.0070- 

2 www.census.gov/newsroom/releases/archives/population/cbl3-tpsl 12.html. Accessed June 18. 2014. 
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Thus, the US population is /(f) = e* stretched vertically by a factor of 317 and stretched horizontally 
by a factor of 1 /0.007 « 143. 


Example3 Match the functions /( t ) = e', g(r) = e a5f , h(t) = e a8/ , j(t) = e 2t with the graphs in Figure 6.37. 


ABC D 



Figure 6.37: Matching transformations of e x with formulas 

Solution Since the function j(t) — e 2t climbs fastest of the four and g(r) = e°' 5t climbs slowest, graph A must 
be j and graph D must be g. Similarly, graph Bis f and graph C is h. 


Combining Transformations 

Now we have seen several types of transformations, what happens if we combine them? We know 
that if there are several inside changes, the order we do them matters. Similarly, the ordering of the 
outside changes matters. However, it does not actually matter if we do the inside changes or the 
outside changes first. 

Ordering Horizontal and Vertical Transformations 

We can follow the effect of a sequence of transformations on the graph by writing the function in the 
following form: 


For nonzero constants A, B, h and k 9 the graph of the function 

y = Af(B(x -h)) + k 

is obtained by applying the transformations to the graph of / (x) in the following order: 

• Horizontal stretch/compression by a factor of 1 /1 B | 

• Horizontal shift by h units 

• Vertical stretch/compression by a factor of | A\ 

• Vertical shift by k units 

If A < 0, follow the vertical stretch/compression by a reflection about the x-axis. 

If B < 0, follow the horizontal stretch/compression by a reflection about the y-axis. 


Example 4 shows these steps applied to a familiar function, f(x) = x 2 . In Section 3.2 we ex¬ 
pressed a quadratic function in vertex form. We now see the vertex in the context of transformations. 


Example 4 (a) Let y = 5(x -I- 2) 2 -h 7. Determine the values of A , B , h, and k when y is put in the form y = 

Af(B(x - h)) + k with f(x) = x 2 . List the transformations applied to f(x) = x 2 to give 
y = 5(x + 2) 2 -h 7. 

(b) Using your answers in part (a), sketch a graph of y = 5(x -I- 2) 2 + 7, labeling the vertex. 
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Solution (a) If /(x) = x 2 , we see y — 5(x 4- 2) 2 + 7 = 5/(x + 2) + 7, so A = 5, B — 1, h = -2, and k = 7. 
Based on the values of these constants, we carry out these steps: 

• Horizontal shift 2 to the left of the graph of /(x) = x 2 . 

• Vertical stretch of the resulting graph by a factor of 5. 

• Vertical shift of the resulting graph up by 7. 

Since 5=1, there is no horizontal compression, stretch, or reflection. 

(b) Figure 6.38 shows the result of applying this sequence of transformations to the graph of /. 


y 



Figure 6.38: Graphs of y = x 2 and y = 5(x + 2) 2 + 7 


y 



Example 5 illustrates the use of these steps to graph multiple inside and outside changes. 


Examples Figure 6.39 shows the graph of a function /. 

(a) Put the function r(x) = -»(/(2x - 8) + 3) in the form y = Af(B(x — h)) + k and determine the 
values for constants A , 5, h, and k. 

(b) Express r as the result of applying a list of transformations to /, specifying the order in which 
the transformations are applied. Sketch a graph of r using the graph of /. 


Solution 


(a) Expanding on the outside and factoring on the inside, we have 

r{x) = -|/( 2x - 8) - 1 = - X -f (2(x - 4)) - 1, 


so A = -1/3, B = 2, h = 4, and k = —1. 

(b) See Figure 6.40. To find the graph of r, we carry out these steps: 

• Horizontally compress the graph of / by 1/|B| = 1/2. 

• Horizontally shift the resulting graph to the right by h — 4. 

• Vertically compress the resulting graph by | A \ — 1/3 and reflect the graph about the x-axis. 

• Vertically shift the resulting graph by k = — 1. 


y y y y 


6- 

-I 

: /( 2x) 6 

_ 1 _ U _ I- V I_ 

; /(2(x-4)) 6 

1 1 [ -V 1 

2(x-4)) 6 _ 

- ‘ . —2 

i t ■ i v i 

6 

„i /— .i_i 

1 

-2 - 

-6” 

I 1 1 A. —j - 

6 -2 - 

-6- 

- \ — -1 - -"t ■ x ~t- 

6 -2 

-6- 

1 / 1 . 1 x I 

6 

-6- 

: -i/(2(x-4)) 


Figure 6.40: Graph of y = -~(f(2x - 8) + 3) 
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In Exercises S I-S4. write a formula for each of the transfor¬ 
mations of f(.\) = ,v 3 - 5. 

SI. y = f(2x) S2. y = 2fix) 

S3, .v- = ./ (-t-v) S4. y= i/(3.v) 

In Exercises S5-S8, write a formula for each of the transfor¬ 
mations of 0(0 = 4 c (v . 

S5. 3- = C?(^/) S6. y='-Q(t) 

S7. v = Q{2t) +11 S8. y = 1Q{1 - 3) 

Exercises 


In Exercises S9-S12. solve for the constant h. 

S9. 4.v + 12 = 4(.v - /?) S10. -i - 10 = -(f - h) 

S11. -3- + 10 = —3(r - /?) S12. -'-x - 4 =-^ix - h) 

In Exercises S13—S 16. rewrite as y = A f(B(x — h)) + k and 
give values for A , B. h . and k. 

S13. v — /(-2 jc) + 9 S14. v = —f{2x — 6) 4-9 

515. y = 6./(-U-9) 

516. >• = -5(/(-.v-7) + 2) 


1. Using Figure 6.41, graph the following functions. 

(a) y = - fix) + 2 (b) y = 2 fix) 

(c) y = fix - 3) (d) y = ~^f{x + I) - 3 

y 



Figure 6.41 

2. Table 6. 1 2 gives values of function lk Create a table giv¬ 
ing five values of the function wit) = 40 - 2^(—0.50- 


Table 6.12 


t 

0 

1 

2 

3 

4 

Vit) 

20 

17 

16 

19 

23 


3. Graph mix) — < 0 , //( x) = e 2 \ and pix) = 2e x on the 
same axes and describe how the graphs of nix) and pix) 
compare with that of mix). 

4. Graph y = hOx) if h(x) = 2\ 

In Exercises 5-7, graph and label f(x), fi\x), and f(-3x) on 
the same axes between x = -2 and x = 2. 


8. Using Figure 6.42, match each function to a graph (if any) 
that represents it: 

(i) y = f(2x) (ii) y = 2f(2x) (iii) y = f{'-x) 



y 



X 


5. f(x ) = e* + x-' - 4x 2 

6. f(x) = 5e' + x 2 

1. fix) = ln(x 4 + 3x 2 +4) 


(0 
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9. Using Figure 6.43, graph the following functions on sep¬ 
arate sets of axes, together with the graph of the original 
function. Label any intercepts or special points. 

(a) y - /(3x) (b) y =/(-2x) (c) y = fi'-x) 

y 



10. Describe the effect of the transformation 10/Y — x) on the 

./ V ]0 

graph of f(x). 

11. Describe y = /(3x - 2) as the result of first applying a 
stretch or compression and then applying a shift to /. 

12. Describe y = 5(g(x) - 8) as the result of first applying a 
stretch or compression and then applying a shift to g. 

13. Figure 6.44 shows the graph of f x) = |x|. Graph each 
transformation of /(x): 

(a) g(x) = f{x) + 1 (b) h{x) = /(x + 1) 

(c) j(x) = /(2x + 1) - 3 (d) k(x) = ^/(2x-4)+ 1 

(e) m(x) = — i/( 4x+12)—3 



Figure 6.44 


Problems 


19. For the function / (p) an input of 2 yields an output value 
of 4. What value of p would you use to have f{3p) = 4? 

20. The domain of /(x) is -12 < x < 12 and its range is 
0 < /(x) < 3. What are the domain and range of 

(a) /( 2x)? (b) !{~x)l 

21. The point {a, b) lies on the graph of y — /(x). If the graph 
is stretched away from the y-axis by a factor of d (where 
d > I), and then translated upward by c units, what are 
the new coordinates for the point? 

22. Let T(d) be the temperature of the seawater in the Mar¬ 
iana Trench d meters below the surface. Find a formula 
forp(x), the temperature x km below the surface. 


14. The point (2, 3) lies on the graph of g(x). What point must 
lie on the graph of g(2x)? 

15. The graph of g(x) contains the point (6, -9). For each of 
the following functions, find a point on its graph: 

(a) g(2x) - 5 (b) 3g(x) + 1 

(C) -(g(±(x + 4))-8) (d) ±g(-5x-l5)-8 

16. Using Table 6.13, make a table of values for for an 
appropriate domain. 

Table 6.13 


X 

-3 

-2 

-1 

0 

1 

2 

3 

fix) 

2 

3 

7 

-1 

-3 

4 

8 


17. Fill in all the blanks in Table 6.14 for which you have 
sufficient information. 

Table 6.14 


X 

-3 

-2 

-1 

0 

1 

2 

3 

fix) 

-4 

-1 

2 

3 

0 

-3 

-6 

fi\x) 








fax) 









18. Table 6.15 gives values of x and /(x). Supply the values 
of each function shown. In some cases, there may not be 
enough information to fill in a box. 

Table 6.15 


X 

-2 

-1 

0 

1 

2 

fix) 

-3 

-4 

2 

0 

5 

2. fix) + 3 






+ 

1 

>< 






fix + 2 ) — 1 






3/(2x + 2) - 1 







23. Let f(t) be a man's height in meters when he turns t 
months old. Find a formula for his height g(n ) in centime¬ 
ters when he turns n years old. 

24. Let A(t) be the altitude in meters of a balloonist t minutes 
after liftoff. Find a formula for 

(a) /(.?), the altitude s seconds after liftoff. 

(b) g(/i), the altitude h hours after liftoff. 

25. Every day I take the same taxi over the same route from 
home to the train station. The trip is x miles, so the cost 
for the trip is /(x). Match each story in (a)-(d) to a func¬ 
tion in (i)-(iv) representing the amount paid to the driver. 

(a) I received a raise yesterday, so today I gave my driver 
a five-dollar tip. 
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(b) I had a new driver today and he got lost. He drove 
five extra miles and charged me for it. 

(c) I haven't paid my driver alt week. Today is Friday 
and I'll pay what I owe for the week. 

(d) The meter in the taxi went era/y and showed five 
limes the number of miles I actually traveled. 

(i) 5/(x) (ii) /(x) + 5 

(iii) /(5x) (iv) /(x + 5) 

26. A company projects a total profit, Pit) dollars, in year 
/. Explain the economic meaning of r(t) = 0.5P(t) and 
s(D = P{0.5t). 

27. Let A = fir) be the area of a circle of radius /*. 

(a) Write a formula for f(r). 

(b) Which expression represents the area of a circle 
whose radius is increased by 10%? Explain. 

(i) 0.10/(r) (ii) fir + 0.10) (iii) /(0.1 Or) 

(iv) /(Mr) (v) f{r) + 0.10 

(c) By what percent does the area increase if the radius 
is increased by 107/? 

In Problems 28-29, slate which graph represents 

(a) fix) (b) /(-2x) (c) f(~{x) (d) /( 2x) 

28. ii iv III 29. in n i 





32. Shift f up by 2. then reflect it about the x-axis. 

33. Rellect / about the x-axis. then shift it up by 2. 

34. Shift f right by 1, then reflect it about the y-axis. 

35. Reflect / about the y-axis, then shift it right by I. 

36. Stretch / vertically by a factor of 2, then shift down 2. 

37. Shift / down 2, then stretch vertically by a factor of 2. 

38. This problem investigates the effect of a horizontal stretch 
on the zeros of a function. 

(a) Graph fix) = 4 - x : . Mark the zeros of / on the 
graph, 

(b) Graph and find a formula for g(x) = /(0.5x). What 
arc the zeros of g(x)? 

(c) Graph and find a formula for h(x) - /(2x). What 
are the zeros of /?(x)7 

(d) Without graphing, what are the zeros of/(IOx)? 

39. In Figure 6.47, the point c is labeled on the x-axis. On the 
y-axis, locate and label output values: 

(a) g(c) (b) 2g(c) (c) g(2 c) 

y - gW 


In Problems 30-31, graph the transformation of /, the func¬ 
tion in Figure 6.45. 

y 



30. y = —2/(x — 1 ) 31. y = fix/2) — 1 


Figure 6.47 

40. Figure 6.48 shows the graphs of fix) and g(x). It is 
claimed that fix) is a horizontal stretch of g(x). If that 
could be true, find the stretch. If that could not be true, 
explain. 


S(x) fix) 



X 


In Problems 32-37, let / is the function in Figure 6.46. Find a 
formula and sketch the graph of the function obtained by per¬ 
forming the given transformations on /. 


Figure 6.48 
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41. Find a formula for the function in Figure 6.50 as a trans¬ 
formation of the function / in Figure 6.49. 



y 


Figure 6.50 

42. The Heaviside step function, H(x), is defined as follows: 

H(x) = 1 for x > 0 
H(x) = 0 for x < 0. 

Graph the Fleaviside function, then sketch graphs of the 
following transformations of H: 

(a) y=H(x)-2 (b) y=H(x + 2) 

(c) y = -3H(-x) + 4 

The function /(jc) has domain — 6 < x < 2, and the average 
rate of change of f(x) over the interval -6 < x < 2 is —3. For 
each transformation of f(x) in Problems 43^1-6, 

(a) State the domain of the function. 

(b) Give the average rate of change of the function over its 
new domain found in part (a). 

43. g(x) = f(2x) 44. h(x) = f (^xj 

45. k(x) = /(x + 2) 46. m(x) = f(—x) 

47. Use shifts, reflections, and vertical stretches to graph each 
parabola without a calculator. Then write each equation 
in standard form: 

(a) y = (x + 3) 2 - 4 (b) y = -2(x + l) 2 + 3 

48. (a) Graph h(x) = -2x 2 - 8x - 8. 

(b) Compare the graphs of h(x) and f{x) = x 2 . How are 
these two graphs related? Be specific. 

49. The graph of g is found by shifting the graph of / to the 
left by 4 units, then reflecting it vertically across the x- 
axis, then shifting it up by 2 units, then finally stretching 
it vertically by a factor of 3. Find a formula for g in terms 
of /. 

50. The graph of g is the graph of / shifted right by 3 units, 
then reflected vertically across the x-axis, then shifted 
down by 2 units, then stretched vertically by a factor of 
2. Find a formula for g in terms of /. 


51. The graph of g is found by shifting the graph of / up by 
2 units and left by 3 units. The graph of h is found by 
reflecting the graph of g horizontally, then reflecting it 
vertically and stretching it vertically by a factor of 2. Find 
a formula for h in terms of /. 

52. Which (if any) of the following transformations of / is 
not the same as the others? 

(a) Shift / up by 3, then stretch it vertically by a factor 
of 2, then reflect it vertically. 

(b) Reflect / vertically, then shift it down by 3, then 
stretch it vertically by a factor of 2. 

(c) Stretch / vertically by a factor of 2, then shift it up 
by 6, then reflect it vertically. 

(d) Reflect / vertically, then stretch it vertically by a fac¬ 
tor of 2, then shift it down by 6. 

53. The function d(t) graphed in Figure 6.51 gives the winter 
temperature in °F at a high school, t hours after midnight. 

(a) Describe in words the heating schedule for this build¬ 
ing during the winter months. 

(b) Graph c{t) = 142 - d(t). 

(c) Explain why c might describe the cooling schedule 
for summer months. 



1 -— 1 - 1 -—- 1 - 1 -*— t (hours) 

4 8 12 16 20 24 

Figure 6.51 

54. Let D{t) denote the depth, in meters, of the water at a 
fixed location in a bay t hours from noon. Find a formula 
for each function below by applying transformation(s) to 
D(tf 

(a) /(0, the depth of the tide in kilometers. 

(b) g(x), the depth of the tide in kilometers x minutes 
from noon. 

(c) j{x), the depth of the tide in kilometers x minutes 
from 2 pm. 

55. Let f(x) = e x and g(x) = 5e x ~ 2 . If g(x) = kf(x), find k . 

56. The log function has the property that the graph result¬ 
ing from a horizontal stretch can also be obtained by a 
vertical shift. 

(a) Graph /(x) = logx and g(x) = log(10x) and deter¬ 
mine the vertical shift. 

(b) Explain how you could have predicted the answer to 
part (a) from the properties of logarithms. 

(c) If h{x) ~ log(ax), what is the vertical shift k making 
h(x) = Iog(x) + kl 
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CHAPTER SUMMARY 


• Vertical and Horizontal Shifts 

Vertical: y = g(x) + k. 

Upward if A > 0; downward if k < 0. 

Horizontal: y - g{x + *). 

Left if k > 0: right if k < 0. 

• Reflections 

Across x-axis: y = -fix). 

Across y-axis: y — f (—x). 

• Symmetry 

About y-axis: /(-x) = /(x); even function. 

About the origin: /(—x) — —/(x); odd function. 

• Stretches and Compressions 

Vertical: y = kf{x). Stretch if |*| > 0; compress if 


0 < |*| < 1; reflect across x-axis if k < 0. 

Horizontal: y — f{kx ). Compress if |*| > 0; stretch if 
0 < |*| < 1; reflect across y-axis if* <0. 

• Combining Transformations 

Standard form: y = A f(B(x - h)) + k. 

Order of changes to graph of /: 

Horizontal stretch/compression by a factor of 1/| B\ 
Horizontal shift by h units 
Vertical stretch/compression by a factor of \A\ 
Vertical shift by k units 
If A < 0, reflect about the x-axis. 

If B < 0, reflect about the y-axis. 
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Exercises 


1. Suppose x — 2. Determine the value of the input of the 
function / in each of the following expressions: 

(a) /( 2x) (b) f('-x) (c) /(x + 3) (d) f(-x) 

2. Determine the value of x in each of the following expres¬ 
sions that leads to an input of 2 to the function /: 

(a) /( 2x) (b) /(+x) (c) /(x + 3) (d) f(-x) 

3. The point (2,5) is on the graph of y = /(x). Give the 
coordinates of one point on the graph of each of the fol¬ 
lowing functions. 

(a) y = /(x- 4) (b) y = /(x)-4 

(c) y = /(4x) (d) y = 4/(x) 

4. The point (-3,4) is on the graph of y = g(x). Give the 
coordinates of one point on the graph of each of the fol¬ 
lowing functions. 

(a) >' = «(b ) (•>) 

(c) y = g(-3x) (d) y = -g(3x) 

Are the functions in Exercises 5-10 even, odd, or neither? 


11. Let f(x) = 1 - x. Evaluate and simplify: 

(a) /(2x) (b) f{x + 1) (c) /(1-x) 

(d) f(x 2 ) (e) /( \/x) (f) f(yfx) 

12. Fill in all the blanks in Table 6.16 for which you have 
sufficient information. 


Table 6.16 


X 

-3 

-2 

-1 

0 

1 

2 

3 

fix) 

-4 

-1 

2 

3 

0 

-3 

-6 

fi-x) 








-fix) 








fix)-2 








fix-2) 








fix)+ 2 








fix+ 2) 








2 fix) 








-fix)/ 3 









5. a(x) — — 
x 

7. e(x) = x + 3 


6. m(x) = — 

X “ 


9. b(x) = |x| 


8. p(x) = x 2 + 2x 
10 . ^(x) = 2 A+1 
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Problems 


In Problems 13-14, use Figure 6.52 to sketch the function. 19. Without a calculator, match each of the functions (a)—(f) 

with one of the graphs (I)—(VI). 



13. y — f(x + 2) + 2 


14. y=-2/(-x) 


In Problems 15-16, use Figure 6.52 to find a possible formula 
for the transformation of / shown. 

15. v 



16. 



(a) y = e x 
(d) y = e x+5 


(b) y — e 5x 
(e) y = e~- x 




(V) 



(VI) 


(c) y = 5e x 
(f) y = e x + 5 



(IV) 




17. The function f(x) contains the point (—3, 1). The function 
g(x) is obtained by applying a single transformation to the 
graph of f{x) such that g(x) contains the point (3,1). De¬ 
scribe the transformation that is applied to f(x) in order 
to get the function g(x) if 

(a) g(x) is obtained by applying only one reflection to 
the graph of /(x). 

(b) g(x) is obtained by applying only one shift to the 
graph of/(x). 

18. Let D(p) be the number of iced cappuccinos sold each 
week by a coffeehouse when the price is p cents. 

(a) What does the expression D(225) represent? 

(b) Do you think that D{p) is an increasing function or a 
decreasing function? Why? 

(c) What does the following equation tell you about pi 
D(p) = 180 

(d) The coffeehouse sells n iced cappuccinos when they 
charge the average price in their area, t cents. Thus, 
D(t) — n. What is the meaning of the following ex¬ 
pressions: £>(1,5/), 1.5D(/), D(t + 50), D(/) + 50? 


20. The graph in Figure 6.53 gives the number of hours of 
daylight in Charlotte, North Carolina on day d of the year, 
where d = 0 is January 1. Graph the number of hours 
of daylight in Buenos Aires, Argentina, which is as far 
south of the equator as Charlotte is north. [Hint: When it 
is summer in the Northern Hemisphere, it is winter in the 
Southern Hemisphere.] 


h 
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21. During a hurricane, a brick breaks loose from the top of a 
chimney, 38 feel above the ground. As the brick falls, its 
distance from the ground after t seconds is given by: 

d(t) = -16r +38. 

(a) Find formulas for d{t) - 15 and d(t - 1.5). 

(b) On the same axes, graph d{t\ d{t) - 15, d{t - 1.5). 

(c) Suppose d{t) represents the height of a brick which 
began to fall at noon. What might d{t) — 15 represent? 
d(t- 1.5)? 

(d) Using algebra, determine when the brick hits the 
ground: 

(i) If d(t) represents the distance of the brick from 
the ground, 

(ii) If d{t) - 15 represents the distance of the brick 
from the ground. 

(e) Use one of your answers in part (d) to determine 
when the brick hits the ground if d{t ~ 1.5) repre¬ 
sents its distance above the ground at time f. 

The functions graphed in Problems 22-23 are transformations 
of some basic function. Give a possible formula for each one. 


22 . 


23. 


(-2.: 




In Problems 24-25, use Figure 6.54 to tind a formula for the 
transformations of h(x). 




Figure 6.54 


25. 



H-H x 


Problems 26-30 use Table 6.17, which gives the total cost, 
C — f(n), for a carpenter to build n wooden chairs. 

Table 6.17 


n 

0 

10 

20 

30 

40 

50 

fin) 

5000 

6000 

6800 

7450 

8000 

8500 


26. Evaluate the following expressions. Explain in everyday 
terms what they mean. 


(a) /(10) 

(c) z if f{z) : 


8000 


(b) f{x) if x = 30 
(d) /( 0 ) 


27. Find approximate values for p and q if f{p) = 6400 and 
q = / (26). 

28. Let d, = /(30) - /(20), d, = /(40) - /(30), and 
d, = /(50) - /(40). 

(a) Evaluate c/,, d 2 and d y 

(b) What do these numbers tell you about the carpenter’s 
cost of building chairs? 

29. Graph f{n). Label the quantities you found in Prob¬ 
lems 26-28 on your graph. 

30. The carpenter currently builds k chairs per week. 

(a) What do the following expressions represent? 

(i) f(k + 10) (ii) /(*)+ 10 

(iii) f(2k) (iv) 2 f(k) 

(b) If the carpenter sells his chairs at 80% above cost, 
plus an additional 5% sales tax, write an expression 
for his gross income (including sales tax) each week. 

31. In Figure 6.55, the value of d is labeled on the x-axis. 
Locate the following quantities on the y-axis: 


(a) g(d ) 


(b) g(-d) 


(c) -g(-d) 



Figure 6.55 
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In Problems 32-34, use Figure 6.56 to find a formula for the 
graphs in terms of h. 


y 




37. Gwendolyn, a pleasant parabola, was taking a peaceful 
nap when her dream turned into a nightmare: she dreamt 
that a low-flying pterodactyl was swooping toward her. 
Startled, she flipped over the horizontal axis, darted up 
(vertically) by three units, and to the left (horizontally) 
by two units. Finally she woke up and realized that her 
equation was y = (x — I) 2 + 3. What was her equation 
before she had the bad dream? 

38. Suppose w — j(x) is the average daily quantity of water 
(in gallons) required by an oak tree of height x feet. 

(a) What does the expression j(25) represent? What 
about 7* —1 (25)? 

(b) What does the following equation tell you about u: 
j(v) — 50? Rewrite this statement in terms of? -1 , 

(c) Oak trees are on average z feet high and a tree of av¬ 
erage height requires p gallons of water. Represent 
this fact in terms of j and then in terms of j~ [ . 

(d) Using the definitions of z and p from part (c), what 
do the following expressions represent? 

j(2zX 2 j{z), j(z + 10), j(z) + 10, 

r'0-p), j~ ] (p + io), r'(j>)+ io. 

Table 6.18 gives values of T — f (d). the average temperature 
(in °C) at a depth d meters in a borehole in Bellcterre, Que¬ 
bec. The functions in Problems 39—44 describe boreholes near 
Belleterre. Construct a table of values for each function and 
describe in words what it tells you about the borehole. 3 


For Problems 35-36, use the graph of y — f (x) in Figure 6.57. 

y 



35. Graph y — 2 — f{x — 2). 

36. Find a formula in terms of / for the graph in Figure 6.58. 

y 



Table 6.18 


d, depth (m) 

25 

50 

75 

100 

T, temp (°C) 

5.5 

5.2 

5.1 

5.1 

d, depth (m) 

125 

150 

175 

200 

T, temp (°C) 

5.3 

5.5 

5.75 

6 


39. g(d) = f(d)-3 
41. m(d) — f(d — 10) 
43. p(d) = /(0.8c/) 


40. h(d) = f{d + 5) 
42. n{d) = 1 .5f(d) 

44. q{d) - ).5f{d) + 2 


'Hugo Beltrami of St. Francis Xavier University and David Chapman of the University of Utah posted this data at 
http://esrc.stfx.ca/borehole/nocle3.html, accessed December 20, 2005. 
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STRENGTHEN YOUR UNDERSTANDING 


Arc the statements in Problems 1-19 true or false? Give an 

explanation for your answer. 

1. If g(x) = /(x) + k and k is negative, the graph of g(x) is 
the same as the graph of /, but shifted down. 

2. Vertical and horizontal shifts are called translations. 

3. The reflection of y — x 2 across the x-axis is y = —x 2 . 

4. If f{x) is an odd function, then fix) = /(—x). 

5. The graphs of odd functions are symmetric about the y- 
axis. 

6. The graph of y = — f{x) is the reflection of the graph of 
y — fix) across the x-axis. 

7. The graph of y — /(—x) is the reflection of the graph of 
y = fix) across the y-axis. 

8. If the graph of a function / is symmetric about the y-axis 
then f{x) = fi-x). 

9. If g(x) = x 2 + 4 then g(x — 2) = x 2 . 

10. For any function /, we have /(x + k) = fix) + k. 

11. Let f{x) = 3T If the graph of fix) is reflected across the 
x-axis and then shifted up four units, the new graph has 
the equation y = —3* + 4. 

12. If qip) = p 2 + 2p + 4 then —qi—p) — p 1 — 2p + 4. 

13. Multiplying a function by a constant k , with k > I, verti¬ 
cally stretches its graph. 

14. If g(x) = kfix ), then on any interval the average rate of 
change of g is k times the average rate of change of /. 

15. Figure 6.59 suggests that g(x) = —2/(x + 1) + 3. 


y 



16. Using Table 6.19, we can conclude that if g(x) = 
~-J(x + l) - 3, then g(-2) = -10. 


Table 6.19 


X 

-3 

-2 

-1 

0 

1 

2 

3 

fix) 

10 

6 

4 

1 

-2 

-4 

-10 


17. Shifting the graph of a function up by one unit and then 
compressing it vertically by a factor of ^ produces the 
same result as first compressing the graph by a factor of 
- and then shifting it up by one unit. 

18. Figure 6.60 suggests that g(x) = 3/(^x). 



19. For the function given in Table 6.20, for x — —2, we have 
3/(2x)+l =-2f('-x). 


Table 6.20 


X 

-4 

-3 

-2 

-1 

0 

1 

2 

fix) 

1 

4 

0 

-2 

0 

0 

-2 
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7.1 INTRODUCTION TO PERIODIC FUNCTIONS 

The London Eye Ferris Wheel 

To celebrate the millennium, British Airways funded construction of the “London Eye,” at that time 
the world’s largest Ferris wheel. 1 The wheel is located on the south bank of the river Thames, in 
London, England, measures 400 feet in diameter, and carries up to 800 passengers in 32 capsules. 
It turns continuously, completing a single rotation once every 30 minutes. This is slow enough for 
people to hop on and off while it turns. The wheel rests on a boarding platform that is 50 feet above 
the ground. 

Ferris Wheel Height as a Function of Time 

Suppose you hop on this Ferris wheel at time t = 0 and ride it for two full turns. Let f(t) be your 
height above the platform, measured in feet as a function of t, the number of minutes you have been 
riding. We can find some values of f(t). 

Viewed from the boarding platform, the wheel turns in a counterclockwise direction. At time 
t = 0 you have just boarded the wheel, so your height is 0 ft above the platform (not counting the 
height of your seat). Thus, /(0) = 0. Since the wheel turns all the way around once every 30 minutes, 
after 7.5 minutes the wheel has turned one-quarter of the way around. Thinking of the wheel as a 
giant clock, this means you have been carried from the 6 o’clock position to the 3 o’clock position, 
as shown in Figure 7.1. You are now halfway up the wheel, or 200 feet above the platform, so 
/(7.5) = 200. 



(6 o’clock position) 

Figure 7.1: The London Eye Ferris wheel is 400 ft in diameter and turns around once every 30 
minutes. Seats not drawn to scale 

After 15 minutes, the wheel has turned halfway around, so you are now at the top, in the 12 
o’clock position. Thus, /(15) — 400. And after 22.5 minutes, the wheel has turned three quarters 
of the way around, bringing you into the 9 o’clock position. You have descended from the top of 
the wheel halfway down to the platform, and you are once again 200 feet above the platform. Thus, 
/(22.5) = 200. (See Figures 7.2 and 7.3.) Finally, after 30 minutes, the wheel has turned all the way 
around, bringing you back to platform level, so /(30) — 0. 

1 http://en.wikipedia.org/wiki/London_Eye, accessed June 1,2014. 
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Figure 7.2: At time t- 15, the wheel has Figure 7.3: At time / = 22.5. the wheel has turned three 
turned halfway around quarters of the way around 


The Second Time Around on the Wheel and Later 

Since the wheel turns without stopping, at time t = 30 it begins its second turn. Thus, at time 
t — 37.5, the wheel has again turned one quarter of the way around, and /(37.5) = 200. Similarly, 
at time t = 45 the wheel has again turned halfway around, bringing you back to the top. Likewise, 
at time t = 52.5, the wheel has carried you halfway back down to the platform. This means that 
/(45) - 400 and /(52.5) = 200. Finally, at time t = 60, the wheel has completed its second full 
turn and you are back at platform level, so /(60) — 0. 


Table 7.1 Values of f(t), your height above the platform t minutes after boarding the wheel 


t (minutes) 

0 

7.5 

15 

22.5 

30 

37.5 

45 

52.5 


fit) (feet) 

0 

200 

400 

200 

0 

200 

400 

200 


t (minutes) 

60 

67.5 

75 

82.5 

90 

97.5 

105 

112.5 

120 

fit) (feet) 

0 

200 

400 

200 

0 

200 

400 

200 

0 


Repeating Values of the Ferris Wheel Function 

Notice that the values of f(t) in Table 7.1 begin repeating after 30 minutes. This is because the 
second turn is just like the first turn, except that it happens 30 minutes later. If you ride the wheel for 
more full turns, the values of /(/) continue to repeat at 30-minute intervals. 

Graphing the Ferris Wheel Function 

The data from Table 7.1 are plotted in Figure 7.4. The graph begins at y = 0 (platform level), rises 
to y — 200 (halfway up the wheel) and then to y — 400 (the top of the wheel). The graph then falls 
to y = 200 and then down to y = 0. This cycle then repeats itself three more times, once for each 
rotation of the wheel. 

y (feet) 

400 I- • • • • 


200 •-•-*-•-»-•- + -• 


•— 1 - 1 —— 1 - 1 - L -*- J — 1 - 1 —•— 1 — 1 — 1 —•— t (minutes) 

30 60 90 120 

Figure 7.4: Values of f(t), the Ferris wheel height function, at 7.5-minute intervals 
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Filling in the Graph of the Ferris Wheel Function 

It is tempting to connect the points in Figure 7.4 with straight lines, but this does not reflect reality. 
Consider the first 7.5 minutes of your ride, starting at the 6 o’clock position and ending at the 3 
o’clock position. Midway through this part of the ride, the wheel has turned halfway from the 6 
o’clock to the 3 o’clock position. However, as is clear from Figure 7.5, you rise less than half the 
vertical distance from y — 0 to y = 200. At the same time, you glide more than half the horizontal 
distance. If the points in Figure 7.4 were connected with straight lines, /(3.75) would be halfway 
between /(0) and /(7.5), which is incorrect. 



Figure 7.5: As the wheel turns half the way from 6 o’clock to 3 o’clock, 
you rise less than half the vertical distance but glide more than half the 
horizontal distance 


The graph of f(t) in Figure 7.6 is a smooth curve that more accurately reflects how the vertical 
distance changes over time. It looks the same from t = 0 to t = 30 as from t — 30 to t = 60, or from 
t = 60 to t = 90, or from / = 90 to / = 120. 


y (feet) 


400 

200 



30 60 90 120 


t (minutes) 


Figure 7.6: The graph of y = f(t) is a smooth wave-shaped curve 


Average Rate of Change: How Fast We Move Up Depends on Where We Are 

If the dots in Figure 7.4 were joined with straight lines, between two consecutive dots we would 
be moving the same distance upward (or downward) per unit time. But our upward (or downward) 
speed is not constant; it changes depending on where we are on our ride. 


Example 1 Table 7.2 gives your height on the London Eye as you start your second go-around. On average, 
how fast do you move upward as you rise from the 6 o’clock position (at 30 mins) to the 5 o’clock 
position (at 32.5 mins)? How fast do you move upward as you rise from the 5 o’clock position to the 
4 o’clock position (at 35 mins)? 


Table 7.2 Values of f (t), your height above the platform t minutes after boarding the London Eye 


t (minutes) 

30 

32.5 

35 

37.5 

40 

42.5 

45 

47.5 

fit) (feet) 

0 

26.795 

100 

200 

300 

373.205 

400 

373.205 
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Solution 


To figure out how fast we move up over a certain time interval, we calculate the average rate of 
change in height, in feet per minute, over that interval. As we move near the platform, 


Average height increase 
from 6 to 5 o’clock 


/(32.5) - /(30) = 26.795 - 0 
32.5 - 30 2.5 


10.718 ft/min. 


As we move farther up, 


Average height increase 
from 5 to 4 o’clock 


/(35)-/(32.5) 
35 - 32.5 


100-26.795 

2.5 


29.282 ft/min. 


The calculations in Example 1 illustrate that we rise more slowly on the Ferris wheel when we 
are near the platform than when we are slightly higher up. The upward concavity of the lower half 
of the graph in Figure 7.6 confirms this: Our vertical speed is increasing as we first begin to move 
up. 

Periodic Functions: Period, Midline, and Amplitude 

The Ferris wheel function, /, is said to be periodic , because its values repeat on a regular interval 
or period . (Periodic functions are more formally defined in Section 7.5.) In Figure 7.7, the period is 
indicated by the horizontal gap between the first two peaks. The period represents the time elapsed 
in a full revolution of the wheel. 

The dashed horizontal line in Figure 7.7 is the midline of the graph of /. In the context of the 
Ferris wheel, the midline represents the distance from the platform to the hub (the center) of the 
wheel. The vertical distance shown in Figure 7.7 between the first peak and the midline is called the 
amplitude . The amplitude represents the radius of the Ferris wheel. 



Wave-shaped graphs such as Figure 7.7 arise from modeling many natural phenomena such as 
the length of a bobbing spring; see Problem 30. For such functions, we define: 


• The period is the distance between consecutive peaks 

• The midline is the horizontal line midway between the maximum and minimum values 

• The amplitude is the vertical distance from midline to peak 
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Exercises and Problems for Section 7.1 

Exercises 


1 . Which of the graphs in Figure 7.8 might represent peri- 4 . 6 o’clock position 5 . 9 o’clock position 

odic functions? You should list only those functions for 
which more than one full period is shown. 


(I) 


(V) 


y 



-12-8-4 0 4 8 12 

y 



y 



(ii) 


(VI) 




x 


In Exercises 6-9, estimate the period of the periodic functions. 


t 

0 

1 

2 

3 

4 

5 

6 

fit) 

12 

13 

14 

12 

13 

14 

12 



-12-8-4 0 4 8 12 




Figure 7.8 

In Exercises 2-5, state the height above the ground of a person 
in the given position on the Singapore Flyer, until recently the 
world’s largest Ferris wheel. 2 Measuring 150 m in diameter, 
the Flyer is set atop a terminal building, with a total height of 
165 m from the ground to the top of the wheel. 

2* 12 o’clock position 3, 3 o’clock position 

Problems 


10 . The Vegas High Roller in Las Vegas, Nevada, currently 
the world’s largest Ferris wheel, is 520 feet in diameter. 3 
The wheel completes one full revolution every 30 min¬ 
utes and is boarded from a platform at its lowest point, 30 
feet above ground level. Sketch a graph of h — f (f), your 
height above the ground, from the time you board at / — 0 
until you exit after two full revolutions. Show the period, 
midline, and amplitude on your graph. 


Problems 11-14 concern the Singapore Flyer, introduced in 
Exercises 2-5, which completes one rotation every 32 minutes. 
When viewed from Marina Centre, it turns in the clockwise 
direction. State the o’clock position on the wheel and height 
above the ground of a person who has ridden the wheel for the 
given time. 

11 . 8 minutes 12 . 16 minutes 

13 . 24 minutes 14 . 32 minutes 

In Problems 15-17, you board the London Ferris wheel de¬ 
scribed in this section. Graph h = /(?), your height in feet 
above the platform t minutes after the wheel begins to turn. La¬ 
bel the period, the amplitude, and the midline of each graph, as 
well as both axes. In each case, first determine an appropriate 
interval for /, with t > 0. 


15 . The London Ferris wheel has increased its rotation speed. 
The wheel completes one full revolution every ten min¬ 
utes. You get off when you reach the platform after having 
made two complete revolutions. 

16 . The London Ferris wheel is rotating at twice the speed as 
the wheel in Problem 15. 

17 . Everything is the same as Problem 15 (including the ro¬ 
tation speed) except the wheel has a 600-foot diameter. 

In Problems 18-22, the table gives the height above the 
ground, h, of a passenger traveling on the Vegas High Roller, 
currently the largest Ferris wheel in the world with a 520-foot 
diameter. 4 Assume passengers board the wheel at its lowest 


2 http://en.wikipedia.org/wiki/List_of_Ferris_wheels, accessed February 12,2014. 

3 http.V/en.wikipedia.org/wiki/High_Roller_(Ferris_wheel), accessed February 11, 2014. 

4 http://en.wikipedia.org/wiki/High_Roller_(Ferris_wheel), accessed February 11,2014. 
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point (30 feet off the ground), lime is measured in minutes 
since boarding, and a full ride takes 30 minutes. Write a differ¬ 
ence quotient that represents the quantity asked, then calculate 
its value using data from the tabic. (Recall that heights on the 
way down arc equal to heights on the way up.) 


t 

0 

2.5 

5 

7.5 

10 

12.5 

15 

h = fit) 

30 

64.8 

160 

290 

420 

515.2 

550 


18. The passenger's average vertical speed during her trip 
from the bottom to the top of the wheel. 

19. The passenger's average vertical speed during the last 5 
minutes of her trip up to the lop of the wheel. 


the graph shows you riding the wheel. The boarding platform 
is level with the bottom of the wheel. 

26. h (meters) 27. h (meters) 



7 4 8 


20. The passenger's average vertical speed during her trip 
front the lop to the halfway-down point on the wheel. 

21. The passenger’s average vertical speed during the last 5 
minutes of her ride down. 

22. The passenger’s average vertical speed during the last 2.5 
minutes of her ride down. 

Problems 23-25 involve different Ferris wheels. Graph h. = 
f{t) where h is the height above ground (in meters) at time r, 
in minutes. Label the period, the amplitude, and the midline 
for each graph. In each case, first determine an appropriate in¬ 
terval for t, with t > 0. 

23. A Ferris wheel is 20 meters in diameter and boarded front 
a platform that is 4 meters above the ground. The six 
o'clock position on the Ferris wheel is level with the load¬ 
ing platform. The wheel completes one full revolution ev¬ 
ery 2 minutes. At / = 0 you are in the twelve o'clock 
position. You then make two complete revolutions and 
any additional part of a revolution needed to return to the 
boarding platform. 

24. A Ferris wheel is 35 meters in diameter and boarded at 
ground level. The wheel completes one full revolution ev¬ 
ery 5 minutes. At t = 0 you are in the three o’clock posi¬ 
tion and ascending. You then make two complete revolu¬ 
tions and return to the boarding platform. 

25. A Ferris wheel is 50 meters in diameter and boarded from 
a platform that is 5 meters above the ground. The six 
o'clock position on the Ferris wheel is level with the load¬ 
ing platform. The wheel completes one full revolution ev¬ 
ery 8 minutes. You make two complete revolutions on the 
wheel, starting at t = 0. 


Problems 30-33 concern a weight suspended from the ceiling 
by a spring. (See Figure 7.9.) Let d be the distance in cen¬ 
timeters from the ceiling to the weight. When the weight is 
motionless, d = 10. If the weight is disturbed, it begins to bob 
up and down, or oscillate. Then d is a periodic function of r, 
lime in seconds, so d = /(/). 



Figure 7.9 

30. Determine the midline, period, amplitude, and the mini¬ 
mum and maximum values of / from the graph in Fig¬ 
ure 7.10. Interpret these quantities physically; that is, use 
them to describe the motion of the weight. 



The graphs in Problems 26-29 describe your height, h — f{t ), 
above the ground on different Ferris wheels, where /? is in me¬ 
ters and t is time in minutes. You boarded the wheel before 
t — 0. For each graph, determine the following: your position 
and direction at t = 0, how long it takes the wheel to complete 
one full revolution, the diameter of the wheel, at what height 
above the ground you board the wheel, and the length of time 


31. A new experiment with the same weight and spring is 
represented by Figure 7.11. Compare Figure 7.11 to Fig¬ 
ure 7.10. How do the oscillations differ? For both figures, 
the weight was disturbed at time t — —0.25 and then left 
to move naturally; determine the nature of the initial dis¬ 
turbances. 
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Figure 7.11 


32. The weight in Problem 30 is gently pulled down to a dis¬ 
tance of 14 cm from the ceiling and released at time t = 0. 
Sketch its motion for 0 < t < 3. 

33. Figures 7.12 and 7.13 describe the motion of two differ¬ 
ent weights, A and B, attached to two different springs. 
Based on these graphs, which weight: 

(a) Is closest to the ceiling when not in motion? 

(b) Makes the largest oscillations? 

(c) Makes the fastest oscillations? 


d (cm) 



Figure 7.12: Weight A 

d[ cm) 



Figure 7.13: Weight B 


34. The temperature of a chemical reaction oscillates between 
a low of 30°C and a high of 110°C. The temperature is at 
its lowest point when t — 0 and completes one cycle over 
a five-hour period. 

(a) Sketch the temperature, T, against the elapsed time, 
r, over a ten-hour period. 

(b) Find the period, the amplitude, and the midline of the 
graph you drew in part (a). 

35. Table 7.3 gives the number of white blood cells (in 
10,000s) in a patient with chronic myelogenous leukemia 
with nearly periodic relapses. Plot these data and estimate 
the midline, amplitude and period. 


Table 7.3 


Day 

0 

10 

40 

50 

60 

70 

75 

80 

90 

WBC 

0.9 

1.2 

10 

9.2 

7.0 

3.0 

0.9 

0.8 

0.4 

Day 

100 

110 

115 

120 

130 

140 

145 

150 

160 

WBC 

1.5 

2.0 

5.7 

10.7 

9.5 

5.0 

2.7 

0.6 

1.0 

Day 

170 

175 

185 

195 

210 

225 

230 

240 

255 

WBC 

2.0 

6.0 

9.5 

8.2 

4.5 

1.8 

2.5 

6.0 

10.0 


36. Use the height values in Table 7.2 on page 268 to com¬ 
pare each pair of quantities. Explain what each compari¬ 
son tells you about a ride on the London Eye. 


(a) 

(b) 


/(35) - /(32.5) 

35 - 32.5 
/(32.5) - /(30) 

32.5 - 30 


and 

and 


/(37.5) - /(35) 

37.5 - 35 
/(47.5) - /(45) 

47.5 - 45 


7.2 THE SINE AND COSINE FUNCTIONS 


The wave-shaped graph in Figure 7.7 on page 269 arises from the circular motion of the London 
Eye Ferris wheel. Circular or repetitive motion often results in this sort of wavelike behavior. In this 
section we see how to describe this behavior using a new kind of function called a trigonometric 
function. 

Height on the Ferris Wheel as a Function of Position 

The graph of y — f(t) in Figure 7.7 shows your height above the platform as a function of the time 
spent riding the wheel. But we can also think of your height as a function of position on the wheel, 
not of time. For instance, if you are in the 3 o’clock position, we know your height is 200 ft. 

Using Angles to Measure Position on a Circle 

The standard way to describe a position on a circle is to use angles, not clock positions. When working 
with angles, we adopt the following standard conventions: 
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Conventions for Working with Angles 

• We measure angles with respect to the horizontal, not the vertical, so that 0° describes 
the 3 o’clock position (the positive x-axis if the circle is centered at the origin). 

• Positive angles are measured in the counterclockwise direction, negative angles in the 
clockwise direction. 

• Large angles (greater than 360° or less than -360°) wrap around a circle more than once. 


Note also that we often name angles using Greek letters like 6 (“theta”) and <f> (“phi”). 


Example 1 Sketch the following angles on the Ferris wheel: (a) 90° (b) -90° (c) 720° 

What clock position does each represent? 


Solution (a) This is a 90° counterclockwise turn from the 3 o’clock position, so it describes the 12 o’clock 
position. See Figure 7.14. 

(b) This is a 90° clockwise turn from the 3 o’clock position, so it describes the 6 o’clock position. 
See Figure 7.15. 

(c) This is a counterclockwise turn that wraps twice around the circle starting from the 3 o’clock 
position, so it describes the 3 o’clock position. See Figure 7.16. 



Figure 7.14: The angle 
9 = 90° specifies the 
12 o’clock position 


Figure 7.15: The angle 
9 = -90° specifies 
the 6 o’clock position 



Figure 7.16: The angle 
9 — 720° specifies 
the 3 o’clock position 


Height on the Ferris Wheel as a Function of Angle 

Since we can measure position on the Ferris wheel using angles, we see that: 

Height above platform \ ^ function of I P os ^ on 

on Ferris wheel J y on the wheel 

For example, in Table 7.1 on page 267, at time t = 0 you are in the 6 o’clock position, or at 
angle 9 = ~90°. Likewise, after 7.5 minutes you are in the 3 o’clock position, or at angle 0 = 0°. 
Table 7.4 shows the heights in Table 7.1 rewritten as a function of angle, instead of time. 


Table 7.4 Your height above the platform, y, as a function of 0, the angle turned through by the 
wheel 


9 (degrees) 

-90° 

0° 

90° 

oo 

C- 

o 

270° 

360° 

£ 

o 

540° 


y (feet) 

0 

200 

400 

200 

0 

200 

400 

200 


9 (degrees) 

630° 

-j 

o 

o 

810° 

900° 

990° 

1080° 

1170° 

1260° 

1350° 

y (feet) 

0 

200 

400 

200 

0 

200 

400 

200 

0 


In Table 7.1, the y -values repeat every 30 minutes. Similarly, in Table 7.4, the values of y repeat 
every 360°. In both cases, the y -values repeat every time the wheel completes one full revolution. 
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The Unit Circle 


The heights in Table 7.4 depend on the radius of the Ferris wheel, 200 feet. Thus, Ferris wheels of 
different radii give rise to different periodic functions. Trigonometric functions, like the sine and 
cosine functions, are defined using a particular circle called the unit circle. The unit circle is the 
circle of radius one centered at the origin. (See Figure 7.17.) This circle gets its name from the fact 
that its radius measures exactly one unit. 

We measure position on the unit circle just as we do on any other circle. In Figure 7.17, the angle 
0=0° determines the point (1,0), and the angle 9 - 90° determines the point (0,1). The angle 9 
corresponds to the point P with coordinates (x, y). 


y 




: For point P, cos 0 — x-coordinate and 
sin 9 = y-coordinate 


The Sine and Cosine Functions 

On the Ferris wheel the y-coordinate of your position is a function of the angle 6. In general, we can 
think of the x- and y-coordinates of a point on a circle as functions of a corresponding angle 6. With 
this in mind, we define the sine and cosine functions as follows: Given an angle 6 that determines a 
point on the unit circle. 

Sine of 6 = the y-coordinate of the point on the unit circle 
Cosine of 6 — the x-coordinate of the point on the unit circle. 


Suppose P = (x, y) in Figure 7.18 is the point on the unit circle specified by the angle 9. We 
define the functions, cosine of 6 , or cos 0 , and sine of 0 , or sin 6 , by 

cos 0 = x and sin 6 = y. 

In other words, cos 0 is the x-coordinate of the point P and sin 6 is the y-coordinate. 


We sometimes put parentheses around the independent variable: cos(0) or sin(<9 + 1). 


Example2 Find the values of sin 0 and cos 6 for 0 — 0°, 90°, 180°, 270°. 

Solution We know that the angle 0 = 0° specifies the point P — (1,0). Since sin 0° is the y-coordinate of this 

point and cos 0° is the x-coordinate, this means sin 0° = 0 and cos0° = 1. Likewise, we know that 
9 — 90° specifies the point P = (0,1), so sin 90° = 1 and cos 90° = 0. Continuing, we can find the 
values of sin 9 and cos 9 for the other angles as follows: 
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> 

11 

o 

o 

P = ( 1,0) 

SO 

cosO 0 = 1 

and 

sin 0° 

= 0 

At # = 90°, 

p = (0,1) 

SO 

COS 90° = 0 

and 

sin 90° 

= I 

At# = 180°, 

p = (-l,0) 

SO 

cos 180° = -1 

and 

sin 180° 

= 0 

At # = 270°, 

II 

© 

1 

SO 

cos 270° =0 

and 

sin 270° 

- - 


In principle, we can find values of sin# and cos# for any value of #. In practice, we rely on 
tables of values, or on calculators and computers, as in the next example. 


Example 3 (a) In Figure 7.19, find the coordinates of the point Q on the unit circle. 

(b) Find the lengths of the line segments labeled m and n in Figure 7.19. 



Figure 7.19: The point Q designated by 130° on the unit circle 

Solution (a) The coordinates of the point Q are (cos 130°, sin 130°). A calculator 5 gives, approximately, 

cos 130° = -0.643 and sin 130° = 0.766. 

(b) The length of line segment m is the same as the y-coordinate of point Q , so length of m = 
sin 130° = 0.766. The x-coordinate of Q is negative because Q is in the second quadrant. The 
length of line segment n has the same magnitude as the x-coordinate of Q but is positive. Thus, 
the length of n = - cos 130° — 0.643. 

Symmetry and Reference Angles 

In Figure 7.20, point Q is in the second quadrant, so the symmetry of the unit circle gives 
cos 130° = — cos 50° and sin 130° = sin 50°. 

Similarly, in Figure 7.21, where point R is in the third quadrant, 

cos 230° = - cos 50° and sin 230° = - sin 50°. 


y y y 



5 Many calculators can measure angles in more than one way, so be sure your calculator is in ‘‘degree mode.” 
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In Figure 7.22, where point S is in the fourth quadrant, 

cos 310° = cos 50° and sin 310° = —sin 50°. 

The angle 50° is called the reference angle for each of the angles 130°, 230°, 310°. Reference angles 
are measured to the nearest part of the x-axis and are always between 0 and 90 degrees. The sine and 
cosine of the original angle have the same magnitude as the sine or cosine of the reference angle, 
with the sign determined by the quadrant. 

Coordinates of a Point on a Circle of Radius r 

Using the sine and cosine, we can find the coordinates of points on circles of any size. Figure 7.23 

shows two concentric circles: the inner circle has radius 1 and the outer circle has radius r. The angle 

6 designates point P on the unit circle and point Q on the larger circle. We know that the coordinates 

of point P are (cos 0, sin 0), We want to find (x, y), the coordinates of Q. 

The coordinates of P and Q are the lengths of the sides of the two right triangles in Figure 7.23. 

Since both right triangles include the angle 6, they are similar and their sides are proportional. This 

means that the larger triangle is a “magnification” of the smaller triangle. Since the radius of the 

large circle is r times the radius of the small circle, we have 

x r , y r 

-= - and - = 

cos 6 1 sin 9 1 


y 



Figure 7.23: Points P and Q on circles of different radii specify the same angle 6 
Solving for x and y gives us the following result: 


The coordinates (x, y) of the point Q in Figure 7.23 are given by 

x = rcos0 and y = rsin0. 


Example4 Find the coordinates of the points A, £J, and C in Figure 7.24 to three decimal places. 



Figure 7.24: Finding coordinates of points on a circle of radius r — 5 
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Solution Since the circle has radius 5, the coordinates of point A are given by 

x = 5 cos 130° = 5(—0.6427) = -3.214, 

>’ = 5 sin 130° = 5(0.766) = 3.830. 

Point B corresponds to an angle of -70° (because the angle is measured clockwise), so B has coor¬ 
dinates 

x = 5cos(-70°) - 5(0.342) = 1.710, 
y = 5 sin(—70°) = 5(-0.93969) - -4.698. 

For point C, we are given a reference angle, 10°, measured from the negative x-axis. Since the point 
is in the third quadrant, the angle we want is 180° + 10° = 190°, so 

x = 5cos(190°) - 5(-0.9848) = -4.924, 
y = 5 sin(190°) = 5(—0.1736) = -0.868. 


Exercises and Problems for Section 7.2 

Exercises 


1. Mark the following angles on a unit circle and give the 
coordinates of the point determined by each angle. 

(a) 100° (b) 200° (c) -200° 

(d) -45° (e) 1000° (f) -720° 

In Exercises 2-4, what angle (in degrees) corresponds to the 
given number of rotations around the unit circle? 

2. 4 3. -2 4. 16.4 

In Exercises 5-8, find the reference angle for the given angle. 

5. 100° 6. 200° 7. 50° 8. 320° 

9. Sketch the angles 0 = 420° and 9 = —150° as a dis¬ 
placement on a Ferris wheel, starting from the 3 o’clock 
position. What position on the wheel do these angles in¬ 
dicate? 

Problems 


In Problems 21 -22, find four angles in different quadrants with 
the given reference angle. 

21. 70° 22. 15° 

23. Find angles between 0° and 360° (but not 53°) that have 
the same 

(a) Cosine as 53° (b) Sine as 53° 

24. Find angles between 0° and 360° (but not 240°) that have 
the same 


In Exercises 10-18, find the coordinates of the point at the 
given angle on a circle of radius 3.8 centered at the origin. 


10. 

90° 

11. 180° 

12. -90° 

13. 

o 

CM 

I 

14. -540° 

15. 1426 c 

16. 

1786° 

o 

1 

r? 

18. -20° 


In Exercises 19-20, evaluate sin 9 and cos 9 for the angle 9. 

19. v 20. v 



25. (a) Given that P « (0.707,0.707) is a point on the unit 

circle with angle 45°, estimate sin 135° and cos 135° 
without a calculator. 

(b) Given that Q « (0.259,0.966) is a point on the unit 
circle with angle 75°, estimate sin 285° and cos 285° 
without a calculator. 

26. Without using a calculator, rank the following numbers 
in order from smallest to largest. 

cos20°, cos 145°, cos35°, cos70°, cos 150° 


(a) Cosine as 240 ( 


(b) Sine as 240 c 
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27. Without using a calculator, rank the following numbers 
in order from smallest to largest. 

sin20°, sin 145°, sin 35°, sin70°, sin 150° 

28. For the angle </> shown in Figure 7.25, sketch each of the 
following angles. 

(a) 180° + (p (b) 180° - <fi 

(c) 90° - (p (d) 360° - 4> 




32. The revolving door in Figure 7.28 rotates counterclock¬ 
wise and has four equally spaced panels. 

(a) What is the angle between two adjacent panels? 

(b) What is the angle created by a panel rotating from B 
to A1 

(c) When the door is as shown in Figure 7.28, a person 
going outside rotates the door from D to B. What is 
this angle of rotation? 

(d) If the door is initially as shown in Figure 7.28, a 
person coming inside rotates the door from B to D. 
What is this angle of rotation? 

(e) The door starts in the position shown in Figure 7.28. 
Where is the panel at A after three people enter 
and five people exit? Assume that people going in 
and going out do so in the manner described in 
parts (c) and (d), and that each person goes com¬ 
pletely through the door before the next enters. 


Outside 



29. Let 9 be an angle in the first quadrant with sin 9 — a. (See 
Figure 7.26.) Evaluate the following in terms of a. 


(a) sin(# + 360°) (b) sin«9+180°) 

(c) cos(90° - 9) (d) sin(180° - 9) 

(e) sin(360° - 0) (f) cos(270° - 9) 

30. Let 9 be an angle in the first quadrant with cos 9 — a. (See 
Figure 7.27.) Evaluate the following in terms of a. 


(a) 

cos(<9 + 360°) 

(b) 

cos(6» +180°) 

(c) 

sin(90° - 9) 

(d) 

cos(180° — 6) 

(e) 

cos(360° - 9) 

(f) 

sin(270° - 9) 



Figure 7.27 


Figure 7.28 

33. A revolving door (that rotates counterclockwise in Fig¬ 
ure 7.29) was designed with five equally spaced panels 
for the entrance to the Pentagon, The arcs BC and AD 
have equal length. 

(a) What is the angle between two adjacent panels? 

(b) A four-star general enters by pushing on the panel at 
point B , and leaves the panel at point D . What is the 
angle of rotation? 

(c) With the door in the position shown in Figure 7.29, 
an admiral leaves the Pentagon by pushing the panel 
between A and D to point B. What is the angle of 
rotation? 


Outside 



31. Explain in your own words the definition of sin 9 on the 
unit circle (9 in degrees). 


Figure 7.29 
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34. Calculate sin 45° and cos 45° exactly. Use the fact that the 
point P corresponding to 45° on the unit circle. A' 2 + y 2 = 
1, lies on the line y = x. 

35. (a) In Figure 7.30. what can be said about the lengths of 

the three sides of triangle KOL1 

(b) What is the distance from K to PI 

(c) Using the Pythagorean theorem, find the distance 
from O to P. 

(d) What are the coordinates of point K‘l 

(e) Using your results, determine sin 30° and cos 30°. 

(f) Using the three sides in triangle KOP , find sin 60° 
and cos 60°. 



Figure 7.30 


36. A circle of radius 5 is centered at the point (-6, 7). Find a 
formula for /(0), the A-coordinate of the point P in Fig¬ 
ure 7.31. 


y 



37. A DVD is 120 millimeters across with a center hole of 
diameter 15 millimeters. The center of the disc is at the 
origin. What are the coordinates of the points at which the 
inner and outer edge intersect the positive a- axis? What 
are the coordinates of the points at which the inner and 
outer edges cut a line making an angle 6 with the positive 
A-axis? 


7.3 RADIANS AND ARC LENGTH 


In Section 7.2, we measured angles in degrees. Another way to measure angles, which is surprisingly 
helpful in calculus, is called radian measure and uses the arc length of a circle. 

Definition of a Radian 


The arc length spanned , or cut off, by an angle is shown in Figure 7.32. If the radius of a circle is 
fixed (say the radius is 1), the arc length is completely determined by the angle 6 . (The radius and 
arc length must be measured in the same units.) Figure 7.33 illustrates radian measure: 


An angle of 1 radian is defined to be the angle, in the counterclockwise direction, at the 
center of a unit circle, which spans an arc of length 1. 


An angle of 2 radians cuts off an arc of length 2 (in the same units) in a unit circle; an angle 
of -0.6 radians is measured clockwise and cuts off an arc of length 0.6. See Figure 7.34. Note that 
radians are dimensionless units of measurement for angles (radians are not units of length). 



Figure 7.32: Arc length spanned by 
the angle 0 


Figure 7.33: One radian cuts off an 
arc length of one in a unit circle 


Figure 7.34: Angles of 2 radians and 
-0.6 radian 
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Example 1 

Solution 


Example 2 

Solution 


Relationship Between Radians and Degrees 

The circumference, C, of a circle of radius r is given by 

C = 2 nr. 


In a unit circle, r = 1, so C = 2 k. This means that the arc length spanned by a complete revolution 
of 360° is 2 n, so 

360° = 2 n radians. 


Dividing by 2 k gives 

360° 

1 radian = ~ 57.296°. 

2k 

Thus, one radian is approximately 57.296°. One-quarter revolution, or 90°, is equal to |(2 k) or k/2 
radians. Figure 7.35 shows several positions on the unit circle described in radian measure. Since 
n « 3.1416, one complete revolution is about 6.2832 radians and one-quarter revolution is about 
1.5708 radians. 



In which quadrant is an angle of 2 radians? An angle of 5 radians? 

Refer to Figure 7.35. The second quadrant includes angles between nj 2 and k (that is, between 
1.571 and 3.142 radians), so an angle of 2 radians lies in the second quadrant. An angle of 5 radians 
is between 4.71 and 6.283, that is, between 3^/2 and 2k radians, so an angle of 5 radians lies in the 
fourth quadrant. 


The Ferris wheel described in Section 7.1 makes one rotation every 30 minutes. 

(a) If you start at the 3 o’clock position, find the angle in radians that specifies your position after 
10 minutes. 

(b) Find the angle that specifies your position after t minutes. 

(a) After 10 minutes, you have completed 1/3 of a revolution, so 

Angle = ^(2^) = ^ radians. 

(b) After t minutes, you have completed t /30 of a revolution, so 

Angle = ^j( 2 *) = radians. 
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Converting Between Degrees and Radians 

To convert degrees to radians, or vice versa, we use the fact that 2 k radians = 360°. So 

1 radian = « 57.296° and 1 ° = — « 0.01745 radians. 

n 180 

Thus, to convert from radians to degrees, multiply the radian measure by 180 0 jn radians. To convert 
from degrees to radians, multiply the degree measure by n radians/180°. 


Example 3 

Solution 


The word "radians" is often dropped, so if an angle or rotation is referred to without units, it is 
understood to be in radians. When referring to an angle, we may see, for instanee. 00° = ir/2 and 
k = 180°. 


(a) Convert 3 radians to degrees. 

180° 540° 


(b) Convert 3 degrees to radians. 


(a) 3 radians * 


k radians k 


171.887°. 


o k radians ;r radians n .. 

(b) 3 * — 777777 — - -tt; - « 0.052 radians. 


180° 


60 


Example 4 Find the arc length spanned by an angle of 30° in a circle of radius 1 meter. 


Solution 


Converting 30° to radians, we have: 


30° - 30° • 

180° 


K 

6 ' 


The definition of a radian tells us that the arc length spanned by an angle of ;r /6 in a circle of radius 
1 meter is nj 6 « 0.524 meter. See Figure 7.36. 



— « 0.524 meter 
6 




Figure 7.36: Arc length spanned by Figure 7.37: Arc length spanned by angle 6 is proportional to the radius 

30° = ir/6 radian in a unit circle of th e c j rc i e 


Arc Length in Circle of Radius r 

Radians were defined using a unit circle, but they can be used to calculate arc length in circles of 
any radius. Figure 7.37 suggests that the are length spanned by a fixed angle 0 is proportional to the 
radius of the circle. If we go no more than once around the circle, it can be shown that 

The arc length, s , spanned in a circle of radius r by an angle of 0 in radians is 

s = rO. 













282 Chapter Seven TRIGONOMETRY AND PERIODIC FUNCTIONS 


Examples What length of arc is cut off by an angle of 120° on a circle of radius 12 cm? 

y 



Solution 


See Figure 7.38. Converting 120° to radians gives 


Angle = 120° • —— = -x radians, 
S 180° 3 


Arc length = 12 • -n = 8;r cm. 


Example 6 You walk 4 miles around a circular lake. Give an angle in radians which represents your final position 
relative to your starting point if the radius of the lake is: (a) 1 mile (b) 3 miles 


Solution (a) The path around the lake is a unit circle, so you have traversed an angle in radians equal to the 

arc length traveled, 4 miles. An angle of 4 radians is in the middle of the third quadrant relative 
to your starting point. (See Figure 7.39.) 


y 



Figure 7.39: Arc length 4 and 
radius 1, so angle is 4 radians 


y 



Figure 7.40: Arc length 4 and radius 
3, so angle is 4/3 radians 


(b) See Figure 7.40. To find 9 , use s — rO , giving 



The angle you have traversed is 


- = - x 1.33 radians. 
r 3 

One-quarter revolution is k/2 « 1.571 radians, so you are nearly one-quarter of the way around 
the lake. 


Sine and Cosine of a Number 

We have defined the sine and cosine of an angle measured in degrees. For any real number t, we 
define cos t and sin t by interpreting t as an angle of t radians. 


Exampie7 Evaluate: (a) cos 3.14 ( 


(b) cos 3.14 
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Solution (a) Using a calculator in degree mode, we have cos 3.14° = 0.9985. This is reasonable, because a 
3.14° angle is quite close to a 0° angle, so 

cos 3.14° « cos0° = 1. 

(b) Here, 3.14 is not an angle measured in degrees; instead we interpret it as an angle of 3.14 radians. 
Using a calculator in radian mode, we have cos 3.14= -0.99999873. This is reasonable, because 
3.14 radians is extremely close to it radians or 180°, so 

cos 3.14 « cos n — - 1. 


Exact Values of the Sine and Cosine 


In Example 2 on page 274, we found sine and cosine of 90° and 180°. Because 90° 
180° = n we have 




cos k — — 1, 


sin k — 0. 


n/2 and 


Example8 Evaluate sin0 and cos0 for 0 = 0, 3^/2, and 2k. 


Solution Figure 7.41 gives the coordinates of the points on the unit circle specified by 0,3;r/2, and 2k. We 

use these coordinates to evaluate the sines and cosines of these angles. 





Figure 7.41: The coordinates of the points on the unit circle specified by the angles 0, 3x/2, and 2;r 

The definition of the cosine function tells us that cosO is the x-coordinate of the point on the unit 
circle specified by the angle 0. Since the x-coordinate of this point is x = 1, we have 

cosO = 1. 

Similarly, the y-coordinate of the point (1,0) is y = 0, which gives 

sinO = 0. 


From Figure 7.41 we see that the coordinates of the remaining points are (0, -1), and (1,0), so 




and 


cos 2k =1, sin 2k = 0. 


In the skills section at the end of this chapter, triangles are used to compute the exact values of 
the sine and cosine of 30° = /r/6, 45° = nj 4, 60° = k/3. The results are: 
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Exercises and Problems for Section 7.3 

Exercises 


In Exercises 1-8 determine the radian measure of the angles. 


1. 

60° 

2. 45° 

o 

o 

0 

4. 1 7' 

5. 

150° 

6. 120° 

o 

O 

r- 

<N 

1 

r-‘ 

8. it° 


In Exercises 9-13, convert the angle given in radians to de¬ 
grees. 

9. \k 10. 5/r 11. 90 12. 2 13. 45 

14. Convert each of the following angles to radians in two 
forms: as a multiple of n and as a decimal approximation 
rounded to two decimal places. 

(a) 30° (b) 120° (c) 200° (d) 315° 

15. An angle with radian measure /r/4 corresponds to a point 
on the unit circle in quadrant I. Give the quadrants cor¬ 
responding to angles with the following radian measures: 


(a) 

1 radian 

(b) 

2 radians 

(c) 

3 radians 

(d) 

4 radians 

(e) 

5 radians 

(f) 

6 radians 

(g) 

7 radians 

(h) 

8 radians 

(i) 

9 radians 

0) 

10 radians 






In Exercises 16-19, what angle in radians corresponds to the 
given number of rotations around the unit circle? 

16. 1 17. -2 18. 0.75 19. 4.27 


In Exercises 20-23, find the arc length corresponding to the 
given angle on a circle of radius 6.2. 

20. -180° 21. 45° 22. 23. o° 

24. Without a calculator, evaluate sin 0 and cos 6 for 
9 — 0, 3;r/2, and 2 it. 


Problems 


25. Find exact values for the coordinates of point W in Fig- 35. What is the radius of a circle in which an angle of 3 radi- 
ure 7.42. ans cuts off an arc of 30 cm? 



In Problems 26-31, find the exact coordinates of the point at 
the given angle on a circle of radius 5 centered at the origin. 


26. 

0° 

27. -180° 

28. 

45° 

29. 

135° 

30. 225° 

31. 

315‘ 


In Problems 32-34, find exact values without a calculator. 
32. sin ( y ) 33. cos ( y ) 34. cos ( ) 


36. What is the length of an arc that is cut off by an angle of 
225° in a circle of radius 4 feet? 

37. What is the length of an arc cut off by an angle of 2 radians 
on a circle of radius 8 inches? 

38. What is the angle determined by an arc of length 2n me¬ 
ters on a circle of radius 18 meters? 

In Problems 39-44, where possible give the radius r, the mea¬ 
sure of 9 in both degrees and radians, the arc length s, and the 
coordinates of point P. 

39. y 40. y 
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41. 


43. 



y 



42. y 49. For </> in Figure 7.44, sketch the following angles. 



In Problems 50-51, find exact values for the lengths of the 
labeled segments, {s is the arc length.) 


45. A radian can be defined to be the angle, at the center of a 
circle, that cuts off an arc of length equal to the radius of 
the circle. This is because the arc length formula in radi¬ 
ans, 5 = r • 0, becomes just s = r when G — 1. Figure 7.43 
shows circles of radii 2 cm and 3 cm. 



(a) Does the angle 1 radian appear to be the same in both 
circles? 

(b) Estimate the number of arcs of length 2 cm that fit in 
the circumference of the circle of radius 2 cm. 




Figure 7.43 


52. If you have the wrong degree/radian mode set on your 
calculator, you can get unexpected results. 

(a) If you intend to enter an angle of 30 degrees but you 
are in radian mode, the angle value would be con¬ 
sidered 30 radians. How many degrees is a 30 radian 
angle? 

(b) If you intend to enter an angle of n/6 radians but you 
are in degree mode, the angle value would be consid¬ 
ered n /6 degrees. How many radians is a n/6 degree 
angle? 


46. Without using a calculator, give the sign of each of the 
following numbers: 

(a) cos 3 (b) sin 4 (c) sin(-4) (d) cos 7 

47. Without using a calculator, rank the following in order 
from smallest to largest. 

(a) The angles: y, 2.3, |, ~ 

(b) The numbers: 

c °s(y), cos(2.3), cos(|), cos ( _ y) 

48. How many miles on the surface of the earth correspond to 
one degree of latitude? (The earth’s radius is 3960 miles.) 


53. Without a calculator, decide which is bigger, t or sin /, for 
0 < t < n/2. Illustrate your answer with a sketch. 

54. A person on earth is observing the moon, which is 
238,860 miles away. The moon has a diameter of 
2160 miles. What is the angle in degrees spanned by the 
moon in the eye of the beholder? 

55. How far does the tip of the minute hand of a clock move 
in 35 minutes if the hand is 6 inches long? 

56. A weather satellite orbits the earth in a circular orbit 
500 miles above the earth’s surface. What is the radian 
measure of the angle (measured at the center of the earth) 
through which the satellite moves in traveling 600 miles 
along its orbit? (The radius of the earth is 3960 miles.) 
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7.4 GRAPHS OF THE SINE AND COSINE 


To visualize angles we often use degrees, but to model periodic phenomena we usually work in 
radians. Thus, we graph the sine and cosine functions in both radians and degrees. Table 7.5 gives 
values of the functions, using 1/ y/l « 0.7. The graphs are in Figure 7.45. 


Table 7.5 Table of values (rounded) for sin 9 and cos #, with 9 in degrees and radians 


9 (degrees) 

0° 

45° 

O 

o 

135° 

o 

o 

00 

225° 

270° 

315° 

360° 

450° 

540° 

630° 

720° 


9 (radians) 

0 

x/A 

x/2 

3^/4 

X 

5x/A 

3x/2 

In/A 

2x 

5x/2 

3x 

7x/2 

Ax 


sin# 

0 

0.7 

1 

0.7 

0 

-0.7 

-1 

-0.7 

0 

1 

0 

-1 

0 


cos# 

1 

0.7 

0 

-0.7 

-1 

-0.7 

0 

0.7 

1 

0 

-1 

0 

1 





Properties of the sine and cosine functions that are apparent from their graphs include: 

• Domain: All values of 6 , since any angle, positive or negative, specifies a point on the unit 
circle. 

• Range: Since values of the sine and cosine are coordinates of points on the unit circle, they lie 
between —1 and 1. So the ranges of the sine and cosine are 

—l<sin#<l and — 1 <cos#<1. 

• Odd/Even Symmetry: The sine function is odd, since it is symmetric with respect to the origin. 
The cosine function is even, since it is symmetric with respect to the y-axis: 

sin(-#) = - sin# and cos(-#) = cos #. 

• Midline: Both sine and cosine have midline y = 0, because they both have y = 1 and y = — 1 
as their maximum and minimum values. 

• Amplitude: Both sine and cosine have an amplitude of 1, because 1 is the vertical distance from 
the midline to the maximum (or minimum) value of the functions. Note that this distance is also 
the radius of the unit circle. 

• Period: Both sine and cosine are periodic functions with a period of 2 x - 360°, because then- 
values repeat every In units. 
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Amplitude and Midline: Vertical Stretches and Shifts of the Sine and Cosine 

The midline of a function is the horizontal line midway between the function’s maximum and mini¬ 
mum values. The amplitude is the vertical distance between the maximum (or minimum) value and 
the midline. By stretching and shifting the graphs of sine and cosine, which have midlines at y = 0 
and amplitudes of I, we can obtain new periodic functions with different amplitudes and midlines. 

We have seen how to find the coordinates of a point on a circle of radius r. If we let the point 
vary, its x and y coordinates become functions of the angle giving the point’s position on the circle. 
The resulting functions are periodic with amplitude r. 


Example 1 


Using Figure 7.46. write the height of the point P above the x-axis as a function of the angle 0 and 
graph the function. 



Figure 7.46 Height of point P above x~axis 



Solution We want y as a function of the angle 0. Since the radius of the circle is 5, we have 

y = f(0) = 5 sin 0. 

Figure 7.47 shows the graph of this function. Notice that the amplitude. 5, is the radius of the circle 
and the period, 2/r, is the angle of one rotation. 


A periodic function resulting from motion on a circle may be a vertical stretch of the sine or 
cosine, as Example 1 shows. When this is the case, the radius, A, of the circle is the amplitude of the 
function. 


Example 2 In Figure 7.48, the circle from Example 1 has been moved upward so that the center of the circle is 
at the point (0,6). Write the height of the point P above the x-axis as a function of the angle 0 and 
graph the function. 




Solution 


The new function, g, is the function from Example 1 shifted vertically upward by 6 units, so g(G) = 
f(6) + 6. Thus, 

y = g(0) — 5 sin 6 + 6. 

Figure 7.49 shows the graph of this function. Notice that again the amplitude is the radius of the circle 
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Example 3 

Solution 


Example 4 

Solution 


and the period, 2n, is the angle of one rotation. In the graphs of both Example 1 and Example 2 the 
midline corresponds to the ^-coordinate of the center of the circle. 


As Example 2 shows, a periodic function may be both a stretch and a vertical shift of the sine 
or the cosine. The vertical shift depends on the location of the circle's center and determines the 
midline of the periodic function. 

In general, we have: 


The functions y = A sinr + k and y = A cos t + k have amplitude \A\, and their midline is 
the horizontal line y = k. 


Compare the graph of y = sin t to the graphs of y = 2 sin t and y — —0.5 sin t, for 0 < t < 2n. How 
are these graphs similar? How are they different? What are their amplitudes? 


The graphs are in Figure 7.50. The amplitude of y = sin t is 1, the amplitude of y — 2 sinf is 2, 
and the amplitude of y = -0.5 sin t is 0.5. The graph of y = -0.5 sin t is “upside-down” relative to 
y = sin t. These observations are consistent with the fact that the constant A in the equation 

y — A sin t 


stretches or shrinks the graph vertically, and reflects it about the f-axis if A is negative. The amplitude 
of the function is \A\. 



Figure 7.50: The graphs of y = sin y — 2 sin t, and y = -0.5 sin t all have different amplitudes 


Graph y = cos t + 2. How its graph related to the graph of y = cos f? 

Note that the expression cos t + 2 means (cos t) + 2; it is not the same as cos(r + 2). The graph of 
y — cos t + 2 is the graph of y = cos t shifted up by 2 units, as Shown in Figure 7.51. The midline of 
the new graph is the line y = 2; it has been shifted up 2 units from its old position at y — 0. 



Figure 7.51: The graph of y = cos r + 2 and its midline y — 2 
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Example 5 


Solution 


Example 6 


Solution 


Give the midline and amplitude of the following functions and show them on graphs: 

4 — 3 cos t 


(a) y = 3 sin 7 + 5 


(b) y = 


20 


(a) Here, A = 3 and k = 5. so the amplitude is 3 and the midline is y = 5. See Figure 7.52. 

(b) Writing this as 

4-3 cos t 

v = - 

y 20 
t _ 4 3 eos t 

y ~ 20 20 ~ 

v = 0.2 — 0.15 eos r, 

we have A = —0.15 and k = 0.2. Thus, the amplitude is | — 0.15| =0.15 and the midline is 
y = 0.2. See Figure 7.53. 




Figure 7.52: Graph of y = 3 sin 7 + 5 


Figure 7.53: Graph of y = 0.2 - 0.15 cos 7 


The London Eye Ferris wheel has a radius, r, of 200 feet. Find your height above the platform as a 
function of the angle 9 measured from the 3 o’clock position. Graph the height function and find the 
amplitude and midline. 

Position the origin at the center of the Ferris wheel, so that the positive x-axis extends horizontally 
to the right, through the 3 o’clock position (see Figure 7.54). Since r = 200, the ^-coordinate of 
point P is given by 

y = rsmO = 200 sin 6. 

Your height above the platform is given by 200 + y, so the formula for your height in terms of 6 is 

Height = 200 + y = 200 + 200 sin 9. 

y 

P = (x, y) 


x Height = 200 + y = 200 + 200 sin 9 



Figure 7.54: Height above the 3 o’clock position is given by the value of y; height above the 

platform is given by 200 + y 
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Notice that the midline of the height function, y ~ 200, is the height of the center of the Ferris wheel 
above the platform. Also, as in Example 1, the radius, r, of the wheel is the amplitude of the height 
function. The angle of a full revolution, 2 tt, is the period. 


h, height (feet) 


h - Period = 2n -h 



Figure 7.55: On the Ferris wheel: Height, h , above the platform as a function of the angle, 9 


Exercises and Problems for Section 7.4 

Exercises 


In Exercises l^t, find the amplitude and midline. 9. y 10. y 



In Exercises 5-6, find the range of the function. 


In Exercises 11-12, find functions that describe the following. 


5. f(t) = -2 cos t + 4. 6. f(t) — 3 sin t — it. 


In Exercises 7-10, determine the amplitude and midline of the 
periodic function and whether its graph is a vertical stretch 
and/or shift of the graph of y — sin t or y = cos t. 



11. The height of a point P above the x-axis as a function of 
the angle 9 for a circle of radius 3 and center (3,3). 

12. The horizontal distance of a point P from the y-axis as a 
function of the angle 9 for a circle of radius 7 and center 
(-2, -5). 


In Exercises 13-16, find all possible formulas of the form 
A sin t + k or A cos t + k for the periodic functions with the 
given properties (there may be more than one). 

13. Midline y — 3, amplitude 2 with a maximum value at 
t = 0. 

14. Midline y = — 1, amplitude 0.5 with g(^) = — 1. 

15. Minimum value of 2 at t = k/2 and maximum value of 8 
at t = 3tt/2. 

16. Minimum value of -6 and maximum value of 10. 
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Problems 

17. Figure 7.56 shows the graphs of y — (sinx) - 1 and 
y = (sin x) + 1. Identify which is which. 

y 



18. Figure 7.57 shows y — sinx and y = cosx starting at 
x = 0. Which is y = cos x? Find values for a and b. 

y g{x) f(x) 



Figure 7.57 

19. Figure 7.58 shows y = sin x and y — 2 sin x. Which func¬ 
tion is y = 2 sin x? Find values for a and b . 

y Six) 



20. Figure 7.59 is y — sin(x - 90°) and y = sin(x + 90°) 
starting at x = 0. Identify which is which. 

y 



21. Compare the graph of y = sin 9 to the graphs of y = 
0.5 sin0 and y = — 2sin# for 0 < 9 < 360°. How are 
these graphs similar? How are they different? 

22. The graph of y = sin 9 never goes higher than 1 . Explain 
why this is true by using a sketch of the unit circle and the 
definition of the sin 9 function. 

23. (a) Graph the following functions and use the graphs to 

determine which are odd functions. 

(i) f(9) — 2 sin 9 

(ii) g{9) = sin# + 1 

(iii) h{9) — -3 sin# 

(iv) 1(9) = 2 sin 6- 1 

(b) Use your answers to decide on conditions for A and 
k that ensure that f(t) = A sin 6 + k is odd. 

24. (a) Graph the following functions and use the graphs to 

determine which are even functions. 

(i) /(0) = 3 cos 9 

(ii) g(9) — 2cos0 + 1 

(iii) h(9) = -3sin0-4 

(b) Use your answers to decide conditions on A and k 
that ensure that f(t) = A cos 9 + k is even. 

25. Find a possible formula of the form A sin x + k or 
B cosx + k for the trigonometric function whose values 
are in the following table. 


X 

n 

2 

0 

gW 

- 4.8 

- 3.3 


26. Figure 7.60 shows y = ~ sinx and y = sinx + Which 
graph is y — \ sin x? Find values for a, b, c, d. 


y 


g(x) 



Figure 7.59 


Figure 7.60 
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In Problems 27-30, find a formula for the graph in terms of 36, 
f (x) = sin x or g(x) = cos x. 



28. y 


x 


X 



31. A stunt pilot flies her plane in two complete loops. At the 
bottom of the loop (an angle of 9 - -90°) she is s — 300 
meters above the ground; at the top of the loop {9 = 90°) 
she is 5 = 1200 meters above the ground. Find a formula 39. 
for s = f(9). Sketch a graph showing her height 5 above 
ground for -90° < 9 < 630°. 


32. A small frog hops onto the Laxey wheel, a waterwheel in 
the Isle of Man, the largest in the world. Clinging to the 
wheel, the frog rides from its base, at a height of 5 = 0 ft, 
to its top at a height of 72.5 ft, then back down. It rides 
the wheel once more before hopping off. Find a formula 40. 
for s — f{9 ), the frog's height above ground as a function 
of 9, the angle (in degrees), -90° < 9 < 630°, and sketch 
its graph. 


33. A spy pushes a thumbtack into the bicycle tire of his en¬ 
emy. The wheel has diameter 740 mm. When the bike be¬ 
gins to roll, the tack is at an angle of 8 — 0°, at the height 
of the wheel’s hub, or s = 370 mm above the ground. 
Find a formula for 5 = /(#). Sketch a graph showing the 
tack's height above ground for 0° < 9 < 720°. 


34. (a) Use graphs of the following to find the number of 

zeros the function has on the interval 0 < 9 < 4/r. 

(i) f{9) = 2 sin 9 + 1 

(ii) g(9) — 2sin# + 3 

(iii) h{9) - -2 sin 9 + 2 

(b) How must A and k be related so that the function 
f(9) = A sin 9 + k has no zeros on this interval? 

(c) How must A and k be related so that the function 
f(9) — A sin 9 + k has exactly two zeros on the in¬ 
terval 0 < 9 < 4;r? 

35. Figure 7.61 is the graph of a function zoomed in at t = 0. 


(a) You are told that the function is of the form y = 
A sin t + k or y = A cos t + k. Which form is it? 

(b) What, if anything, can you say about the values of A 



Figure 7.62 is the graph of a function zoomed in at / = 0. 

(a) You are told that the function is of the form y = 
A sin t + k or y = A cos t + k. Which form is it? 

(b) What, if anything, can you say about the values of A 
and k‘? 

Do you think there is a value of t for which cos t — ft If 
so, estimate the value of t. If not, explain why not. 

The height (in meters) of a person on a Ferris wheel above 
the ground as a function of the angle from the 3 o’clock 
position is given by 

f(9) = 50 + 45 sin 9. 

(a) What are the highest and lowest points on the ride? 

(b) Describe the dimensions of the Ferris wheel. 

The top of a bucket 0.5 meter high is attached to a water 
wheel of diameter 4.5 meters. The wheel sits above the 
river so that half of the bucket dips below the surface of 
the water at its lowest position. Write a function for the 
height of the center of the bucket (in meters) above the 
river as a function of the angle 9 as measured counter¬ 
clockwise from the 3 o’clock position. 

A wind turbine has a tubular steel tower that is 60 meters 
high. It has three 30-meter-Iong blades attached to the top 
of the tower, as in Figure 7.63. 

(a) Blade 1 starts at the 3 o'clock position and rotates 
counterclockwise. Find a formula for the height h , 
in meters, of the tip of blade 1 as a function of the 
angle 9°. As usual, we measure 9 counterclockwise 
from the 3 o’clock position. 

(b) Two ladybugs land on the blade, the first on the tip 
and the second half way between the tip and the ro¬ 
tor. Find functions describing the height of each bug 
above the ground as a function of the angle 9, 



Figure 7.63 


Figure 7.61 


Figure 7.62 

















7.5 SINUSOIDAL FUNCTIONS 


7.5 SINUSOIDAL FUNCTIONS 293 


Periodic functions, like height on a Ferris wheel, tides, human energy levels, and the motion of a 
spring, have graphs showing regular oscillations. They are called sinusoidal functions, and can be 
represented as shifts and stretches of the sine and cosine functions. 

Period 


The sine and cosine are examples of periodic functions. We now say more precisely what is meant 
by a periodic functions in terms of shifts, as follows: 


A function / is periodic if its values repeat at regular intervals. Then if the graph of / is 
shifted horizontally by c units, for some constant c, the new graph is identical to the original 
graph. In function notation, periodic means that, for all t in the domain of /, 

/(* + c) = /(f). 

The smallest positive constant c for which this relationship holds for all values of t is called 
the period of /. 

Note that, for the sine and cosine functions, we have 

sin(0 + 2k) = sin 0 and cos(0 + 2k) = cos 0. 

The constant 2k , the period of sine and cosine, is the smallest constant for which these relationships 
hold. 

Changing the Period: Horizontal Stretches and Compressions 

We now study functions that are transformation of the sine and cosine and calculate their periods. 

Example 1 Graph y = sin t and y = sin2r for 0 < t < 2k. Describe any similarities and differences. What are 
their periods? 

Solution The graphs are in Figure 7.64. The two functions have the same amplitude and midline, but their 
periods are different. The period of y = sin t is 2k, but the period of y = sin 2 1 is k. This is because 
the factor of 2 causes a horizontal compression, squeezing the graph twice as close to the y-axis. 


y Period = n 



Figure 7.64: The functions y = sin t and y = sin 2f have different periods 


If B > 0 the function y = sin(Br) resembles the function y = sin t except that it is stretched or 
compressed horizontally. The constant B determines how many cycles the function completes on an 
interval of length 2k. For example, we see from Figure 7.64 that the function y — sin 2 1 completes 
two cycles on the interval 0 < t < 2k. 

More generally, for B > 0, the graph of y = sin(Bt) completes B cycles on the interval 0 < t < 
2k, so each cycle has length 2 k/B. The period is thus 2 k/B. In general, for B of any sign, we have: 
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Example 2 


Solution 


Example 3 


Functions y = sin (Bt) and y — cos (Bt) have period P — 2x/\B\. Generally, B is positive. 


The number of cycles in one unit of time is called the frequency, f — 1/period = \B\ j2%. 


Find possible formulas for the functions / and g shown in Figures 7.65 and 7.66. 




Figure 7.65: This function has period An 


Figure 7.66: This function has period 20 


The graph of / resembles the graph of y = sin t except that its period is P = An. Using P = 2ti/B 
gives 



so 



Thus, /(f) = sin ^if). 

The function g resembles the function y 


20 = — 
B 


= cos t except that its period is P = 20. This gives 


Thus, g(f) = cos(y^/). 


Sinusoidal functions of the following form represent oscillating quantities: 

y = A sin (Bt) + k and y = A cos (Bt) + k. 
The amplitude is | A\, the midline is k , and the period is 2n/\B\. 


Plants and animals have natural internal “clocks”, called circadian rhythms, that regulate bio¬ 
logical functions such as sleep, hormone levels, and the movement of flower petals. Normal human 
body temperature fluctuates with a rhythm that varies little from person to person. This rhythm, tied 
to our sleep cycle, may be modeled by a sinusoidal function. 


Figure 7.67 shows the body temperature, H, in degrees Celsius, as a function of time t, in hours 
since 9 am. 6 Find a formula for the function. 


H, temperature in °Q 



Figure 7.67: Human body temperature, FT, as a function of time, t 
6 Model based on data from circadian.org, retrieved January, 2014. 
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Solution 


At 9 am the body temperature is at the midline and rising, so we choose to model the temperature 
with a sine function of the form H = A sm(Bt) + k. 

The temperature cycles between a high of 37.4°C and a low of 36.2°C. At 9 am the body tem¬ 
perature is 36.8°C. Thus, the midline and amplitude are given by 


Midline 


= k = 


(37.4 + 36.2) 
2 


Amplitude = A = 37.4 - 36.8 = 


= 36.8°C. 
0.6°C. 


This tells us that the body temperature varies by 0.6°C above and below the average of 36.8°C, so 
we have 

H = 0.6 sin(Br) + 36.8. 


The temperature repeats every 24 hours, so the period is 24 hours. This is expected, as the word 
circadian refers to internal clocks that reset daily. To find B, we use 



so 



K 

12 ' 


Thus, we have 

H = 0.6sin (y^) +36.8. 

Note that the frequency of this function, 1/period, is 1/24. This makes sense, as in one hour the 
function has completed 1 /24 lh of its cycle. 


Horizontal Shift 

Figure 7.68 shows the graphs of two trigonometric functions, / and g, each with period P — 12. 
The graph of / resembles a sine function, so a possible formula for / is f(t) = sin Bt . Since the 
period of /is 12, we have 12 = 2x/B, so B = 2n/\2, so f(t) = sin(^f/6). 

The graph of g looks like the graph of / shifted to the right by 2 units. Thus, a possible formula 
for g is 

g(0 - fit ~ 2), 

or 

g(t) = sin (^(r — 2)) . 

Notice that we can also write the formula for g(f) as 

g(r) = sin (£,_!), 

but n /3 is not the horizontal shift in the graph! To pick out the horizontal shift from the formula, 
we must write the formula in factored form, that is, as sin(B(f — h)). 



Figure 7.68: The graphs of two trigonometric functions / and g, related by a horizontal shift 


The graphs of y = sin (B(t — h )) and y = cos (B(t - h )) are the graphs of y = sin Bt and 
y = cos Bt shifted horizontally by h units. 


Example 4 Describe in words the graph of the function g(t) = cos (3 1 — x/ 4). 
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Solution Write the formula for g in the form cos (B(t - h)) by factoring 3 out from the expression 3t - n/A to 
get g(r) = cos(3(t - n/\2)). The period of g is 2^/3 and its graph is the graph of / = cos 3f shifted 
7t/\2 units to the right, as shown in Figure 7.69. 


y Period = 2^/3 



Figure 7.69: The graphs of g(t) = cos ^3f - ^ and f(i) = cos 3/ 


Example 5 A rabbit population in a national park rises and falls each year. In January, the population is at 
its minimum of 5000 rabbits. By July, with warm weather and abundant food, the population has 
tripled in size. By the following January, the population has again fallen to 5000 rabbits, completing 
the annual cycle. Use a sinusoidal function to find a possible formula for R , the size of the rabbit 
population, as a function of t, the number of months since January. 


Solution Notice that January is month 0, so July is month 6. The five points in Table 7.6 have been plotted in 
Figure 7.70 and a curve drawn in. This curve has midline k = 10,000, amplitude |A| = 5000, and 
period = 12 so B = 2n/\2 — zzr/6. It resembles a cosine function reflected across its midline. Thus, 
a possible formula for this curve is 

f) 4- 10,000. 

There are other possible formulas. For example, we could use a sine function and write 

R = 5000 sin (f (t - 3)) + 10,000. 


R = -5000 cos 


(- 
V 6 


Table 7.6 Rabbit population 
over time 


t (month) 

R 

0 

5000 

6 

15,000 

12 

5000 

18 

15,000 

24 

5000 


R 



Population 

maximum 


Population 

minimum 

t (months) 


Figure 7.70: The number of rabbits, R , as a function of time 
in months, t, for 0 < t < 24 


Summary of Transformations 


The parameters A, B, h , and k determine the graph of a transformed sine or cosine function. 


For the sinusoidal functions 


y = A sin(B(r - h)) + k 

and y — A cos (B(t - h )) + k, 

• | A\ is the amplitude 

• 2zr/1 B\ is the period 

• h is the horizontal shift 

• y = k is the midline 

• |B|/2;r is the frequency, that is, the number of cycles completed in one unit of time. 
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Optional: Phase Shift 

In Example 4, we factored (3/ - n/4) to rewrite the function as 

g(t) = cos(3f -%! 4) = cos (3(7 - tt/12)). 

This allowed us to recognize the horizontal shift, nj 12. However, in most physical applications, the 
quantity nj 4, known as the phase shift , is more important than the horizontal shift. We define 

Phase shift = Fraction of period shifted X 2k. 


The phase shift enables us to calculate the fraction of a full period that the curve has been shifted. 
For instance, in Example 4, the wave has been shifted 


Phase shift _ k/4 _ \ 
2k 2k 8 


of a full period. 


and the graph of g in Figure 7.71 is the graph of /(f) = cos 3 1 shifted 1 /8 of its period to the right. 



Figure 7.71: The graph of g(t) = cos(3 1 - -) has phase shift j relative to /(f) = cos 3 1 


Phase shift is significant because in many applications, such as optical interference, we want to 
know if two waves reinforce or cancel each other. For two waves of the same period, a phase shift of 
0 or 2k tells us that the two waves reinforce each other; a phase shift of k tells us that the two waves 
cancel. Thus, the phase shift tells us the relative positions of two waves of the same period. 7 


For sinusoidal functions written in the following form, the magnitude of <t> is the phase shift: 

y = A sin(2?f + </>) and y = A cos (Bt + $). 

If B > 0, a positive value of <\> represents a shift to the left; a negative value of <\> represents a 
shift to the right. 


Example 6 


(a) In Figure 7.72, by what fraction of a period is the graph of g(t) shifted from the graph of /(/)? 

(b) What is the phase shift? 



Figure 7.72 

7 The phase shift that tells us that two waves cancel is independent of their period. The horizontal shift that gives the same 
information is not independent of period. 










298 ChapterSeven TRIGONOMETRY AND PERIODIC FUNCTIONS 

Solution (a) The period of f(t) is the length of the interval from A to B. The graph of g(t) appears to be 
shifted 1/4 period to the right. 

(b) The phase shift is ^(2 n) = n/2. 

Example 7 What is the phase shift of the rabbit population function in Example 5 given by 

R = 5000 sin - 3)) + 10,000? 

Solution We can expand the formula for R , giving 

R = 5000 sin {j - |) + 10,000. 

Thus, the phase shift is n/ 2, corresponding to the fact that we reach R = 10,000 after a quarter of a 
cycle {n/2 is a quarter of 2 n). 

Exercises and Problems for Section 7.5 

Exercises 


In Exercises 1-4, state the period, amplitude, and midline. 

1. y = 6 sin(t + 4) 2. y = 1 sin(4(f + 7)) - 8 

3. 2y = cos(8(/ - 6)) + 2 4. y = n cos(2/ + 4) - 1 


12. Which of the following functions are periodic? Justify 
your answers. State the periods of those that are periodic. 

(a) y — sin(-/) (b) y = 4 cos (xt) 

(c) y = (sin 0 + t (d) y = sin(f/2) + I 


In Exercises 5-10. estimate the period, midline, and amplitude 
of the periodic function. 

5. y 


In Exercises 13-20, find a formula for the trigonometric func¬ 
tion. 





(2,-3) 


0.08 

0.05 

0.02 



0.7 1.4 



15. y g(t) 


(3*, 2) 


* 2k 3 k 



10 . 



17. 

8000 r 
4000 




^ ^ 1 x 


2 


0.5 1 


-21 4 29 54 


19. y 


30 60 90 120 


(9,4) 


16. y 

0.8 


18. y 

30 

20 

10 

0 


20 . y 



6 12 18 24 


11. Let f(x) = sin(2^x) and g(x) = cos(2^x). State the pe¬ 
riods, amplitudes, and midlines of / and g. 




2 
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Problems 

In Problems 21-24, graph two periods of the function without 
a calculator. 

21. ,y = 40sin(2£l)+60 

22. y = 3 — 2 cos(50 xt) 

23. y = 0.001 - 0.003 sin(0.002/r t) 

24. y= 12cos(|jf) -24 

25. Figure 7.73 shows y = sin * and y = sin 2x. Which graph 
is y = sin x? Identify the points a to e. 


y 



26. A person’s blood pressure, P (in millimeters of mercury, 
abbreviated mm Hg), is given, for time, f, in seconds, by 

P = 100 - 20cos ("t') ■ 

Graph this function. State the period and amplitude and 
explain the practical significance of these quantities. 

In Problems 27-28, find a formula, using the sine function, for 

your height above ground after t minutes on the Ferris wheel. 

Graph the function to check that it is correct. 

27. A Ferris wheel is 35 meters in diameter and boarded at 
ground level. The wheel completes one full revolution ev¬ 
ery 5 minutes. At t — 0 you are in the three o’clock posi¬ 
tion and ascending. 

28. A Ferris wheel is 20 meters in diameter and boarded in the 
six o’clock position from a platform that is 4 meters above 
the ground. The wheel completes one full revolution ev¬ 
ery 2 minutes. At f = 0 you are in the twelve o'clock 
position. 

29. The following formulas give animal populations as func¬ 
tions of time, f, in years. Describe the growth of each pop¬ 
ulation in words. 


(a) 

P = 1500 + 200r 

(b) 

P = 2700 - 80r 

(c) 

P = 1800(1.03y 

(d) 

P = 800e~ 004 ' 

(e) 

P = 230 sin (y* 

)+3800 



30. A population of animals oscillates between a low of 1300 
on January 1 (t = 0) and a high of 2200 on July 1 (t = 6). 

(a) Find a formula for the population, P, in terms of the 
time, f, in months. 

(b) Interpret the amplitude, period, and midline of the 
function P = f(t). 

(c) Use a graph to estimate when P ~ 1500. 

31. Household electrical power in the US is provided in the 
form of alternating current. Typically the voltage cy¬ 
cles smoothly between +155.6 volts and —155.6 volts 60 
times per second. Use a sinusoidal function to model volt¬ 
age, K, as a function of time, f, in seconds since the volt¬ 
age was at its peak. 

32. Find a possible formula for the trigonometric function 
whose values are in the following table. 


X 

0 

.1 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 

1 

8(x) 

2 

2.6 

3 

3 

2.6 

2 

1.4 

1 

1 

1.4 

2 


In Problems 33-36, find a formula for the graph in terms of 
f(x ) = sin(2/rx) and g(x) = cos(2/rx). 


33. y 34. y 



37. A company sells S(t) thousand electric blankets in month 
t (with t - 0 being January), where 

5(0 a 72.25 + 41.5 sin ( — + - ) . 

Graph this function over one year. Find its period and am¬ 
plitude and explain their practical significance. 

38. The pressure, P (in lbs/ft 2 ), in a pipe varies over time. 
Five times an hour, the pressure oscillates from a low of 
90 to a high of 230 and then back to a low 90. The pressure 
at t = 0 is 90. 

(a) Graph P = f{t), where t is time in minutes. Label 
your axes. 

(b) Find a possible formula for P = f{t). 

(c) By graphing P = f(t) forO < t < 2, estimate when 
the pressure first equals 115 lbs/ft 2 . 
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39. A flight from La Guardi a Airport in New York City to Lo¬ 
gan Airport in Boston has to circle Boston several times 
before landing. Figure 7.74 shows the graph of the dis¬ 
tance, d , of the plane from La Guardia as a function of 
time, t. Construct a function /(/) whose graph approxi¬ 
mates this one. Do this by using different formulas on the 
intervals 0 < t < 1 and ] < / < 2. 

d (miles) 



42. Table 7.9 gives US petroleum imports, P, in quadrillion 
BTUs, for / in years since 1900. Plot the data on 73 < t < 
92 and Hnd a trigonometric function /(/) that approxi¬ 
mates US petroleum imports as a function of t. 


Table 7.9 


/ 

73 

74 

75 

76 

77 

78 

79 

80 

81 

82 

p 

14.2 

14.5 

14 

16.5 

18 

17 

17 

16 

15 

14 

t 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

p 

13 

15 

12 

14 

16 

17 

18 

17 

16 

16 


43. Let / be a function defined for all real numbers. 

(a) Is /(sin /) a periodic function? Justify your answer, 

(b) Is sin(/(/)) a periodic function? Justify your answer. 

In Exercises 44-45, what arc the horizontal and phase shifts? 


40. (a) Graph the data in Table 7.7, which gives the popula¬ 
tion, P, in thousands, of Somerville, MA, with t in 
years since 1920. 8 

(b) Based on the data, a researcher decides the popula¬ 
tion varies in an approximately periodic way with 
time. Do you agree? 

(c) On your graph, sketch in a sine curve that fits your 
data as closely as possible. Your sketch should cap¬ 
ture the overall trend of the data but need not pass 
through all the data points. [Hint: Start by choosing 
a midline.] 

(d) Find a formula for the curve you drew in part (c). 

(e) According to the US census, the population of 
Somerville in 1910 was 77,236. How well does this 
agree with the value given by your formula? 

Table 7.7 


/ 

0 

10 

20 

30 

40 

50 

60 

70 

80 

P 

93 

104 

102 

102 

95 

89 

77 

76 

77 


41. Table 7.8 shows the average daily maximum temperature 

in degrees Fahrenheit in Boston each month. 9 

(a) Plot the average daily maximum temperature as a 
function of the number of months past January. 

(b) What are the amplitude and period of the function? 

(c) Find a trigonometric approximation of this function. 

(d) Use your formula to estimate the daily maximum 
temperature for October. How well does this estimate 
agree with the data? 

Table 7.8 


Month 

Jan 

Feb 

Mar 

Apr 

May 

Jun 

Temperature 

36.4 

37.7 

45.0 

56.6 

67.0 

76.6 

Month 

Jul 

Aug 

Sep 

Oct 

Nov 

Dec 

Temperature 

81.8 

79.8 

72.3 

62.5 

47.6 

35.4 


44. y = 2 cos(3/ -I- 4) — 5 45. y = —4 cos(7/ -I- 13) — 5 

For Problems 46—47, you are given a formula for a sinusoidal 
function /, and graphs of / and a second sinusoidal function 
g. Find the phase shift; that is find by what fraction of a period 
/ must be shifted to obtain g. Using this, find a formula for g. 

46. f(x) = 3 sin((^/4).v) 



47. f{x) = 10sin(0r/5)x) 



Problems 48-49 show your height h meters above ground af¬ 
ter t minutes on a Ferris wheel. Using h = A sin (Bt + /) + /c, 
find a formula for h as a function of t. 

48. /i (meters) 



5 10 


50. Describe in words how you can obtain the graph of y = 
cos ^5/ + ^ from the graph of y = cos(5/). 



8 hltp://cn.wikipedia.org/wiki/Somerville,-Massachusetts. accessed June 24, 2014. 
Statistical Abstract of the United States. 

















































7.6 THE TANGENT FUNCTION 


7.6 THE TANGENT FUNCTION 


Example 1 
Solution 


The Tangent Function in the Unit Circle 


Another trigonometric function, the tangent function, is defined in terms of the coordinates (x, y) of 
the point P on the unit circle in Figure 7.75 as follows: 

tan# = - for x # 0. 
x 



Figure 7.75: Point P on unit circle 


Since x = cos # and y — sin #, we see that 

sin 0 ~ 

tan 9 =- tor cos 6 =£ 0. 

cos 6 


Interpreting the Tangent Function as a Slope 


The graphical interpretation of tan# is as the slope of a line 
line passing through (0,0) and another point (x, y) has 

Ay y — 0 


Slope = 


Ax 


0 


through the origin. In Figure 7.76, the 

y 

X 


Choosing (x, y) = (cos #, sin #) we see that 

oi y sin# „ 

Slope — - =-— tan#. 

x cos # 

In words, tan # is the slope of the line passing through the origin and a point (x, y). 



X -N 


Figure 7.76: The slope of the line passing through the origin and a point (x, y) is tan # 


Find the slope of the line passing through the origin at an angle of (a) 30° (b) k/A 

(a) A calculator set in degree mode gives 

tan 30° =0.577. 


Thus, the slope of the line is about 0.577. 
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(b) A calculator set in radian mode gives tan(;r/4) — 1. This makes sense because an angle of n /4 
describes a ray halfway between the x- and y-axes, or the line y = x, which has slope of 1. 

Graph of the Tangent Function 

Figure 7.77 illustrates the connection between an angle # on the unit circle and the graph of the 
tangent function. 




Figure 7.77: The connection between the unit circle and the graph of the tangent function 

• As the angle # increases from 0 to k/2, the line passing through P and the origin gets steeper, 
so the slope increases from 0 to +oo. 

• At ;r/2, the line is vertical, and its slope is undefined. Thus, tan(;r/2) is undefined and the 
tangent function has a vertical asymptote there. 

• For # between k/2 and n, the slopes are negative. The line is very steep near n/2, but becomes 
less steep as 6 approaches n , where it is horizontal. Thus, tan# becomes less negative as 6 
increases in the second quadrant and reaches 0 at 6 — k. 

Figure 7.78 shows the graph of the tangent function on a larger interval, —2;r <6 < 2n. 



Figure 7.78: Graph of the tangent function 


• Notice that the graph repeats every k, so y — tan# is periodic with period n. This happens 
because the angles 6 and 9 4- n determine the same line through the origin. Therefore 

tan# = tan(# 4- tt). 

• The tangent does not have an amplitude or midline because it does not have a maximum or 
minimum value. 

• Figure 7.78 shows that the tangent is not defined at # = ±x/2,±3x/2 ,...; the graph has vertical 
asymptotes there. These are points where the x-coordinate of P in Figure 7.77 is zero; that is, 
where cos # = 0. 
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Example 2 Give a possible formula for the function / in Figure 7.79. 



Figure 7.79: Graph of y = /(#) 

Solution This looks like a transformation of the tangent function. The function is increasing and the zeros 

are halfway between the asymptotes, so there is no reflection and no vertical shift. The vertical 
asymptotes are a distance k apart, so the function has period k and is a horizontal shift of tan#. 
Thus, for some positive constant h , the function graphed is of the form 

/(#) = tan(# - /?), 

Since the smallest positive zero is at 0 = n/4 , a possible formula is 

/(#) = tan«9 - */4). 


Exercises and Problems for Section 7.6 

Exercises 


1. Find exact values for sin 0°, cos()° and tan 0°. 

In Exercises 2-7, evaluate without using a calculator. 

2. cos 90° 3. tan 90° 4. cos 540° 

5. tan540° 6. tan 120° 7. tan(-30°) 

In Exercises 8-10, lind exact values without a calculator. 

8. tan — 9. tan — 10. tan — ) 

4 3 V 4 / 

In Exercises I 1-14, find the vertical asymptotes of the func¬ 
tion in the interval 0 < 9 < 2k. 


11 . /(#) = 2tan# 
13. h{0) = tan# + 2 


12. g{9) = tan(2#) 
14. r{6) — tan(# + 2) 


In Exercises 15-20, graph the function for — n < 9 < 2 k. How 
is the graph related to the graph of y = tan 91 


15. f{6) m - tan# 
17. h(9) = 1 -Man# 
19. k{9) = tan 2# 


16. g{9) = 2tan# 

18. j{9) = tan(—#) 

20. m(9) = tan(#-^/2) 


Problems 


In Exercises 21-23, find the slope of the line passing through through the origin at an angle of 5^/8. 

the origin which satisfies the given additional condition. 

21. The line forms an angle of 6/r/7 with the positive x-axis. 

23. The line is perpendicular to a second line, /, passing 

22. The line is perpendicular to a second line. /. passing through the origin at an angle of 35°. 
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In Problems 24—26, give a possible formula for the function. 



30. Vertical asymptotes at every odd integer multiple of | 
and passing through the points (0,1) and (-£, 2). 

31. (a) At what values of t does the graph of y = tan(//2) 

have vertical asymptotes? Say how you know. 

(b) At what values of i does the graph of y — tan(//2) 
have /-intercepts? Say how you know. 

(c) What is the period of tan(//2)? How do you know? 

32. Use the fact that sine is an odd function and cosine is an 
even function to show that tangent is an odd function. 



33. A friend tells you that a periodic function that increases 
on one interval must decrease on another interval, else 
it cannot possibly repeat. Is your friend correct? Explain 
your answer. 

34. Use Figure 7.80 to find an equation for the line / in terms 
of x 0 , y 0 , and 6. 


y 



(a) Sketch the graph of a transformed tangent function with 
the given properties. 

(b) Use your graph to find a possible formula of the form 
f(t) = A tan(U0 + C. 

27. Vertical asymptotes at every odd integer multiple of it and 
passing through the points (0,0) and (it/ 2,1) 



28. Vertical asymptotes at every odd integer multiple of ^ 
and passing through the points (0,0) and 1). 

29. A vertical asymptote at every odd integer and passing 36. Graph y = cos x * tan x. Is this function exactly the same 

through the points (0,0) and (0.5,1). as y = sin x? Why or why not? 


7.7 TRIGONOMETRIC RELATIONSHIPS AND IDENTITIES 

ithpwiib i —MWninr i r \ r tr w "mi | i wn i iMi i r ' r ~ii |iBim w i ii m i v ~ v (t i n ' 


In this section we identify relationships among the sine, cosine, and tangent functions. Many of these 
relationships can be used to solve equations, model phenomena, and explain the shapes of graphs. 
We also define three new functions: the secant, cosecant, and cotangent. 

The Pythagorean Identity 

We now see a central relationship between sine and cosine, the Pythagorean identity . Figure 7.82 
suggests that no matter what the value of 0 , the coordinates of the corresponding point P satisfy the 
following condition: 
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But since x = cos 0 and y = sin 0, this means 

(cos 0) 2 + (sin 0) 2 = 1. 


To spare parentheses, we usually write cos 2 0 and sin 2 0 instead of (cos G) 2 and (sin 0) 2 , This gives 
the Pythagorean identity: 


cos 2 6 + sin 2 0=1. 


In Problems 33 and 34 we consider two other Pythagorean identities relating trigonometric functions. 



Example 1 

Solution 


Check the Pythagorean identity for 0 = 40°. 


To three decimal places, a calculator (in degree mode) gives sin40° — 0.643 and cos40° = 0.766. 
We find that 


(0.643 ) 2 + (0.766) 2 = 1, 

confirming, to the accuracy with which we are working, that 

sin 2 40° + cos 2 40° = 1. 


Example2 Represent the Pythagorean identity graphically. 


Solution 


The dashed curves in Figure 7.83 show graphs of y = sin 2 0 and y = cos 2 6. Notice that where the 
first graph is near y = 0, the second graph is near y = 1, and vice versa. The graphs cross at y = 0.5. 
The solid line in the figure shows the graph of y = sin 2 0 + cos 2 0, which appears to be the horizontal 
line y= 1. This is what we should expect, since according to the Pythagorean identity, the values of 
sin 2 0 and cos 2 0 add to 1 for all 0. 

I y = sim 9 + cos- 0 


cos 2 0 " ~ 
sin 2 9 I , 



\ /\ /\ ^ / 


7 \ 


i A 



rr 

\' 

A 
' \ 


In 


9 


Figure 7.83: Graphing the Pythagorean identity 


Relationships Between the Graphs of the Sine, Cosine, and Tangent 


As we saw in Section 7.6, if P — (x, y) is the point on the unit circle corresponding to an angle 0, 
then 

y 

cos 6 — x sin 0 = y tan 0 = — 

x 


so 


tan 0 = 


sin 0 
cos 0 
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Many of the properties of the tangent function are explained by this relationship to the sine and the 
cosine. In Figure 7.84, we see that the zeros of the tangent function are the zeros of its numerator, 
sin #, and the asymptotes of the tangent are the zeros of its denominator, cos 0. Also, tan 9 — 1 when 
its numerator and denominator are equal, that is, when cos 9 = sin 9. 




Figure 7.84: Relationships among the sine, cosine and tangent functions can be understood graphically. 


Relationships Involving Reciprocals of the Trigonometric Functions 

The reciprocals of the trigonometric functions are given special names. Where the denominators are 
not equal to zero, we define 


secant 9 = sec 9 
cosecant 9 = esc 9 
cotangent 9 = cot 9 


1 

cos#* 

1 

sin#* 

1 _ COS# 

tan# sin#* 


Example 3 Use a graph of g(#) = cos # to explain the shape of the graph of /(#) = sec #. 


Solution Figure 7.85 shows the graphs of cos# and sec#. In the first quadrant cos # decreases from 1 to 0, 
so sec# increases from 1 toward +oo. The values of cos# are negative in the second quadrant and 
decrease from 0 to — 1, so the values of sec# increase from — oo to —1. The graph of y — cos# is 
symmetric about the vertical line # — k, so the graph of /(#) = sec # is symmetric about the same 
line. Since sec # is undefined wherever cos # = 0, the graph of /(#) = sec # has vertical asymptotes 
at # = k/2 and # = 3 jt/2. 
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y 



The graphs of y = esc 6 and y — cot 0 are obtained in a similar fashion from the graphs of 
y = sin 0 and y = tan 0 , respectively. See Figure 7.86 and 7.87. 




Relationships Between the Graphs of Sine and Cosine 

You may have noticed that the graphs of sine and cosine are the same shape; this realization leads to 
other identities relating the two functions. 


Example 4 Use the fact that the graphs of sine and cosine are horizontal shifts of each other to find relationships 
between the sine and cosine functions. 

Solution Figure 7.88 suggests that the graph of y = sin t is the graph of y = cos t shifted right by n /2 radians 
(or 90°). Likewise, the graph of y — cos t is the graph of y = sin t shifted left by nj2 radians. Thus, 

because sin t is cos t shifted right by ~ 

because cos t is sin t shifted left by |. 


sin t = cos 


cos t 


= sin ^ 


('-§)• 
!)• 
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Figure 7.88: The graph of y = sin t can be obtained by shifting the graph of y — cos t to the right by x/2 


Example 4 tells us that we can replace any sine function with a shifted cosine function, and vice 
versa. Example 5 shows how we can use known relationships between the graphs of sine and cosine 
to obtain new relationships. 


Example 5 


Use the symmetry of the graph of cosine to obtain the following relationships, 
(a) sin t — cos ^ ~ f ^ (b) cosr = sin^— 


Solution 


The cosine graph is symmetric about the y-axis, so the cosine function is even: cos(-r) = cos t. 
(a) First we factor out —1 on the right side; then we use the fact that cosine is an even function: 


c ° s (f-')= c ° s (-('-f))= cos ('-f)- 


We know from Example 4 that cos (t — tt/2) = sin t. Putting these two facts together gives us 
what we want to show: 


sin t = cos 



(b) Again from Example 4, we know cos t = sin (t + k/2). But since cosine is an even function, we 
can replace t with — f, giving us what we want to show: 


cost = cos(-r) = sin -f ^^ = sin - t J . 


We used the symmetry of the graph of cosine to obtain the results of Example 5. We can interpret 
these results graphically as well. Starting with the graph of y = cos t, we see that: 

f(t) = cos (r + — J Graph of f(t) is graph of y = cos t 
^ shifted left by 7r/2 

f(—t) = cos Graph of f(-t) is graph of y = f{t) 

flipped about y-axis 

From Figure 7.88, we see that by carrying out this procedure—shifting cosine left by tt/2, then 
flipping it about the y-axis—we obtain the graph of sine, as required. 
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Summarizing the Trigonometric Relationships 


Pythagorean Identities 


Tangent and Cotangent 


• Secant and Cosecant 


cos 2 ? + sin 2 ? = 1 
1 + tan 2 ? = sec 2 ? 
1 + cot 2 ? = esc 2 ? 


tan? = 


cot ? = 


sin? _ 1 

cos ? cot ? 
cost _ 1 

sin? tan? 


sec? = 


esc? = 


cos? 

_ 1 _ 

sin? 


• Sine and Cosine Functions 

sin ? = cos ^? - ~ ^ = cos ^ - ?^ = - sin(-?) 
cos ? = sin ^? 4- ^ = sin ^ = cos(-?) 


Exercises and Problems for Section 7.7 

Exercises 


In Exercises 1-7, find exact values without a calculator. 

i * 2 n 

1. tan — 

3 

2. cot — 

4 

3. tan 

6 

4. esc — 

4 

_ . 5x 

5. cot T 

JC 11* 

6. sec —- 
6 

1 

o 

8 




In Exercises 8-15, simplify the expression (for values of the 
variable for which it is defined). 

8. tan x cos x 9. cos 2 (20) + sin 2 (20) 

10 . 3sin?-2(1 — 2sin?) 11 . sec?cost 


12 . 


sin0 


13. 


1 - sin 2 ? 


tan 6 

14. 5cos?-(2cos?-3sin?) 

15. (sin x - cos x) 2 + 2 sin x cos x 


cos t 
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Problems 


Problems 16-18 refer to the unit circle in Figure 7.89. The 
point P corresponds to an angle of t radians. 



16. (a) What are the coordinates of the point Q correspond¬ 

ing to angle r + 2k2 

(b) Show that cos(/ + 2k) — cos t. 

(c) Show that sin(r + 2k) — sin/. 

17. (a) What are the coordinates of the point Q correspond¬ 

ing to angle t + k2 

(b) Show that cos(/ + n) = - cos/. 

(c) Show that sin(r + k) —— sin r. 

(d) Show that tan(/ + k) ^ tan/. 

18. (a) What are the coordinates of the point Q correspond¬ 

ing to angle — /? 

(b) Show that cos(—/) = cos /. 

(c) Show that sin(—/) = — sin / 

(d) Show that tan(“/) = —tan/. 

In Problems 19-22, give exact answers for 0 < 6 < k/2. 

19. If cos 6 = what is sec 0? tan 0? 

20. If cos 6 — what is esc 62 cot 62 

21. If sin 6 = l ~, what is sec 62 tan 62 

22. If sec 6 = 17, what is sin 62 tan 62 


23. If y — sin 6 for 0° < 6 < 90°, find cos 6 in terms of y. 

24. (a) If cos a — - \f3/5 and a is in the third quadrant, find 

exact values for sin or and tan a. 

(b) If tan/? = 4/3 and p is in the third quadrant, find 
exact values for sin p and cos p. 

25. (a) If cos 0 = 0.4626 and 3k/2 < cp < 2k , find decimal 

approximations for sin 0 and tan 0. 

(b) If sin 6 = -0.5917 and n < 6 < 3k /2, find decimal 
approximations for cos 6 and tan 6. 

Problems 26-29 give an expression for one of the three func¬ 
tions sin#, cos#. or tan#, with 6 in the lirst quadrant. Find 
expressions for the other two functions. Your answers will be 
algebraic expressions in terms of x. 

26. sin 0 = x/3 27. cos 6 = 4/x 

28. x — 2 cos 6 29. .v = 9 tan 6 

30. (a) Use graphs to decide if each of the following is an 

identity: 

(i) cos ^/ - ^ = sin t 

(ii) sin 2/ = 2 sin t 

(b) For each equation that is not an identity, say how 
many solutions it has on the interval 0 < r < 2k. 

31. (a) Graph y = 2 sin / and y - sin / + sin(1.01/) on the 

interval —2 k < t <2 k. Compare the graphs. 

(b) Is sin t + sin(l.Olr) = 2sin/ an identity? Explain. 

32. Using their graphs, explain the behavior of each the func¬ 
tions y = sec x and y = esc x and y = cot x. 

33. Show how to obtain the identity 1 + tan 2 6 — sec 2 6 from 
the identity cos 2 6 + sin 2 6 = 1. 

34. Show how to obtain the identity cot 2 6 + 1 = esc 2 6 from 
the identity cos 2 6 + sin“ 0=1. 


7.8 INVERSE TRIGONOMETRIC FUNCTIONS 


What angle has a cosine of -0.4? What angle does a line of slope 2 make with the x-axis? Since the 
slope of the line is the tangent of the angle, we need to find an angle 9 such that tan 0 = 2. These 
and similar questions involving sine, cosine and tangent ask for an input value of a trig function 
corresponding to a given output value. They can be answered using an inverse trig function. 


The Inverse Cosine Function 


The inverse cosine function, labeled |cos~ * on a calculator, finds one of many possible angles whose 
cosine is a given value. Consider, for example, the equation, cos 0 = —0.4, which has many solutions. 
Using the inverse cosine key, on the other hand, gives only one solution: 


e = cos -1 (-0.4)= 1.982. 
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How docs the calculator select this particular solution? 

In Fig ure 7.90, notice that, on the part of the graph where 0 < 0 < n (shaded blue), all possible 
cosine values from — I to 1 occur once and once only. Therefore, we can define a new function that 
assigns just one input value between 0 and n to each possible output value of the cosine. 10 


y 



y — cos 0 




2k 


0 


Figure 7.90: The solid portion of this graph, for 0 < 0 < k, represents a function that has only one 

input value for each output value 


Example 1 

Solution 


The calculator uses the following rule: 

cos -1 y is the angle between 0 and n whose cosine is y. 

Because an angle in radians determines an arc of the same measure on a unit circle, the inverse cosine 
of v is sometimes called the arccosine of y. 

We summarize: 


The inverse cosine function, also called the arccosine function, is written cos -1 y or arccos y. 
We define 

cos -1 y is the angle between 0 and n whose cosine is y. 

More formally, we say that 

0 = cos -1 y provided that y = cos# and 0 < 6 < jt. 

Note that the domain of the inverse cosine is -1 < y < 1 and its range is 0 < 0 < n. 


Warning! It is important to realize that the inverse function notation cos 1 y does not indicate the 
reciprocal of cos y. In other words, cos -1 y is not the same as (cos y )~ ] . For example, 

co.s(!)=0. 


cos ] (—I) (d) (cos(—1)) 1 

(a) The expression cos -1 (0) means the angle between 0 and k whose cosine is 0. Since cos(;r/2) = 0, 
we have cos -1 (0) = x/2. 

(b) The expression arccos( I) means the angle between 0 and k whose cosine is 1. Since cos(0) = 1, 
we have arccos(l) = 0. 

(c) The expression cos -1 (-1) means the angle between 0 and k whose cosine is — 1. Since cos(^) = 
-1, we have cos -1 (-l) = x. 

(d) This expression, (cos(-l)) -1 , refers to the reciprocal of the cosine of -1. Since (using a calcu¬ 
lator) cos(-l) = 0.5403, we have (cos(-l)) -1 = (0.5403)“ 1 = 1.8508. 


cos 1 (0) = — because 


but the value of the reciprocal is 


(cosO) 


cos 0 


Evaluate (a) cos J (0) (b) arccos(l) (c) 


Other intervals, such as -k < 6 < 0. could also be used. The interval 0 < 6 < n has become the agreed-upon choice. 
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The Inverse Sine and Inverse Tangent Functions 

To solve equations involving sine or tangent, we need an inverse sine and an inverse tangent function. 
For example, suppose we want to solve the equation 

sin# = 0.8, 0 < # < 2it. 

The inverse sine of 0.8, or sin -1 (0.8), gives an angle whose sine is 0.8. But there are many angles 
with a given sine and the inverse sine function specifies only one of them. Just as we did with the 
inverse cosine, we choose an interval on the #-axis that produces all values in the range of the sine 
function once and once only. 





# 



Figure 7.92: The graph of y — tan#, — ~ < 6 < ^ 


Example 2 

Solution 


Figure 7.91 shows that values of the sine function repeat on the interval 0 < # < n that we chose 
for cos#. However, the interval —k/2 < # < k/2 includes a unique input for each value of sin#. 
This interval is chosen because it is the smallest interval around # = 0 that includes all values of 
sin #. This same interval, except for the endpoints, is also used to define the inverse tangent function; 
see Figure 7.92. 


The inverse sine function, also called the arcsine, is denoted by sin 1 y or arcsin y: 

0 = sin -1 y provided that y = sin # and — — < # < — . 

The domain of the inverse sine is -1 < y < 1 and the range is —it/2 <6 <jt/ 2. 

The inverse tangent function, also called the arctangent, is denoted by tan -1 y or arctany: 

# = tan -1 y provided that y = tan# and - ^ < # < ^. 

The domain of the inverse tangent is -oo < y < oo and the range is -k/2 < 6 < nj2. 


Evaluate (a) sin L (l) (b) arcsin(-l) (c) tan *(0) (d) arctan(l). 

(a) The expression sin” 1 (1) means the angle between —nj2 and nj2 whose sine is 1. Since sin(;r/2) = 
1, we have sin _1 (l) = nj2. 

(b) We have, arcsin(-l) = — nj2 because sin(— n/2) = -1. 

(c) We have, tan _1 (0) = 0 because tanO = 0. 

(d) We have, arctan(l) — k)4 since tan(?r/4) = 1. 


Solving Trigonometric Equations Using Reference Angles and the Unit Circle 

Because of the symmetry of the unit circle, acute angles (angles in the first quadrant) can be used 
to find angles with known sine, cosine, or tangent in any quadrant. Acute angles used this way are 
reference angles, introduced on page 275. 
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For an angle # with point P on the unit circle, the reference angle, a , is the angle between 
the line joining P to the origin and the nearest part of the x-axis. See Figure 7.93. A reference 
angle is between 0 and ;r/2. 






Figure 7.93: An angle # in each quadrant whose reference angle is a 
Reference angles are useful when solving trigonometric equations using the unit circle. 


Example 3 Solve sin # = 0.9063 for 0 ° <0 < 360°. 

Solution Using our calculator, we see that one solution is given by # = siiT 1 2 3 (0.9063) = 65°. Referring to 
the unit circle in Figure 7.94, we see that another angle on the interval 0° < 9 < 360° with sine of 
0.9063 is the angle in the second quadrant with a reference angle of 65°. By symmetry, we see that 
this second angle is 180° - 65° = 115°. 



Figure 7.94: Two different angles on the interval 0° < 6 < 360° have sines equaling 0.9063 

Exercises and Problems for Section 7.8 

Exercises 


1. Evaluate each expression. 

(a) sin x if x = (b) sin -1 x if x = ~ 

(c) (sinx)" 1 if X = (i) 

2. Evaluate each expression. 

(a) tan x if x = 10° (b) tan -1 x if x = 10 

(c) (tan x) _1 if x = 10° 

3. Evaluate each expression. 

(a) sinx + cosx + tanxifx = 45° 

(b) (sin x)“ l + (cos x)" 1 + (tan x)’ 1 if x = 45° 

(c) sin -1 x + cos -1 x + tan -1 x if x = 0.45 


In Exercises 4-7, solve the equation for a value of 6 in the first 
quadrant. Give your answer in radians and degrees. 

4. 4 sin 6 — 1 5. 6 cos 0 - 2 = 3 

6. 10tan 0 — S = 15 7. cos# + 4 = 5cos 6 + 1 

In Exercises 8-11, find a solution with 6 in radians (if possi¬ 
ble). 

8. tan 0 = 947 9. sin 6 = 4/7 

10. 2cos# + 6 = 9 11. 3cos# = 0.714 
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12, Find the reference angles for 

(a) 170° (b) lx/6 

13. Find two angles in different quadrants with a negative co- 

Problems 


sine value and whose reference angle is x/3. 

14. Evaluate cos (cos -1 (1/2)) and cos" 1 (cos (5^/3)) ex¬ 
actly. 


In Problems 15-22, solve the equation exactly forO < t < 2n. 


15. sin t — — 1 
17. cos t = — 1 
19. tan t ~ 1 


16. sin t — 1 /2 
18. cost = 1/2 
20 . tan t = -1 


33. State the domain and range of the following functions and 
explain what your answers mean in terms of evaluating 
the functions. 

(a) /(x) = sin _1 x (b) g(x) = cos -1 x 

(c) h(x ) = tan -1 x 


21. tan/=\/3 22. tan/ = 0 

23. Find the angle 9, in radians, in the second quadrant whose 
tangent is -3. 

In Problems 24-29, give expressions for the angle and the 
value of the trigonometric function. 


34. Without a calculator, evaluate the following exactly. 

(a) cos _3 (l/2) (b) cos -1 (-1/2) 

(c) cos(cos _l (l/2)) (d) cos" 1 (cos(5^/3)) 

35. One of the following statements is always true; the other 
is true for some values of x and not for others. Which is 
which? Justify your answer with an example. 


24. sin k = o 


25. cos ! a = z 


I. arcsin(sin x) = x II. sin(arcsin x) = x 


26. (tan c) 1 = d 
28. p — cos n 


27. m = sin 1 y 
29. * = tan-'(i) 


36. Let €, and € 2 be non-parallel lines of slope m j and m 2 , 
respectively, where m, > m 2 > 0. Find a formula for 9, 
the angle formed by the intersection of these two lines, in 
terms of m i and m 2 . See Figure 7.95. 


30. A Ferris wheel is 20 meters in diameter and makes one 
revolution every 4 minutes. For how many minutes of any 
revolution is your seat above 15 meters? 

31. In your own words, explain what each of the following ex¬ 
pressions means. Evaluate each expression for x = 0.5. 
Give an exact answer if possible. 

(a) sin^ 1 x (b) sin(x _1 ) (c) (sinx) -1 . 

32. Evaluate the following expressions in radians. Give an ex¬ 
act answer if possible. 

(a) arccos(0.5) (b) arccos(-l) (c) arcsin(0. 1) 


y € x 



CHAPTER SUMMARY 


• Periodic Functions 

Values repeat on a regular interval or period . 

Circular motion often results in wavelike behavior. 

• Sine and Cosine Functions 

Unit circle: circle of radius one centered at the origin. 
For P — (x, y) a point on unit circle specified by 9: 

cos 9 = x and sin 9 = y 

Coordinates of P — (x, y), a point specified by 9 on a 
circle of radius r, are 

x = rcos0 and y = rsin0. 


• Radians and Arc Length 

Definition. Relationship to degrees: 2 k radians = 360°. 
Arc length: s = r9 . 

• Graphs of Sine and Cosine 

Domain is all values of 9 . Range is — I < y < 1. 

Both functions have a period of 360° or 2 n\ 

sin(0 + 2x) — sin 9 and cos(0 + 2 n) = cos 9. 

Amplitude of y — A sin t or y = A cos / is \A\. 

Midline of y = sin t + k or y = cos t + k is y — k. 
Exact values of Sine and Cosine for special angles. 





Sinusoidal Functions 

General formulas: 
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y = A sin(£(r - h )) + k , 
y = A cos (B{t - h )) + k. 

Amplitude = \A\: period = 2x/\B\\ midline y = k. 

Phase shift is \<p\ for: 

y — A sin (Bt + <p) + k 
or y = A cos(Bt + $) + k. 

• Tangent Function 

For P = (x, y) a point on the unit circle specified by #: 

tan # — —. 
x 

Has period 180° or k. 

Graph has vertical asymptotes at 

_ ~Sk k k 3;r 
~ ’ ~~ 2 ' ~ 2 ’ 2 ’ ~ 2 ~’ ' 

Interpretation of tan# is the slope of line intersecting x- 
axis at angle #. 

• Trigonometric Functions and Relationships 

Tangent, secant, cosecant, and cotangent. 

• Identities: 

Relating sine and cosine: 

sin t = cos ^ = cos (/ - ~ ) = - sin(—f) 


cosf = sin^-f^ = sin ^ ^ = cos(-f) 

Pythagorean identity: 


cos 2 9 + sin 2 0 = 1 

1 + tan 2 0 = sec 2 9 
1 4- cot 2 9 = esc 2 9 


Tangent and cotangent: 


tan 9 — 


Secant and cosecant: 


sin# _ 1 

cos # cot # 


sec # : 


esc # = 


cos # 
sin# 


Inverse Trigonometric Functions 

Inverse cosine: 

cos~ ] y = t means y = cos i for 0 < t < k. 
Inverse sine: 

sin -1 y — t means y = sin / for - njl <i<n/2. 
Inverse tangent: 

tan~‘ y = i means y = tan / for - k/2 < t < k/2. 
Reference angles; solving equations. 
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Exercises 


In Exercises 1-8, do the functions appear to be periodic with 
period less than 4? 



5. z 


6. y 



t 

0 

1 

2 

3 

4 

5 

6 

fit) 

1 

5 

7 

1 

5 

7 

1 


r 

O 

O 

90° 

o 

O 

oc 

270° 

q(r) 

0 

1 

0 

-1 

r 

360° 

450° 

o 

o 

630° 

q(r) 

1 

0 

1 

0 
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For Exercises 9-10, sketch and find the coordinates of the point 35. If you start at the point (1,0) on the unit circle and travel 


corresponding to each angle on the unit circle. 

9 . S is at 225°, T is at 270°, and U is at 330° 

10 . A is at 390°, B is at 495°, and C is at 690° 

11 . The angles in Exercise 9 are on a circle of radius 5. Eval¬ 
uate the coordinates of S, T and U . 

12 . The angles in Exercise 10 are on a circle of radius 3. Eval¬ 
uate the coordinates of 4, B and C. 

13 . Find approximations to two decimal places for the coor¬ 
dinates of point Z in Figure 7.96. 



Figure 7.96 

14 . In which quadrants do the following statements hold? 


(a) 

sin 0 

> 

0 and cos 

0 

> 

0 

(b) 

tan 6 

> 

0 




(c) 

tan 6 

< 

0 




(d) 

sin 6 

< 

0 and cos 

0 

> 

0 

(e) 

cos 6 

< 

0 and tan 

0 

> 

0 


15 . cos 1 x = y 
17 . tan -1 l 


= d 


16 . g = (sin w) 1 
18 . (cos /)"' = p~ [ 


In Exercises 19-24, find exact values without a calculator. 

19 . cos 90° 20 . sin 90° 21 . sin 270° 

22 . tan 225° 23 . tan 135° 24 . tan 540° 

In Exercises 25-28, convert the angle to radians. 

25 . 330° 26 . 315° 27 . -225° 28 . 6 n° 


counterclockwise through the given angle (in radians), in 
which quadrant will you be? 

(a) 2 (b) 4 (c) 6 (d) 1.5 (e) 3.2 


In Exercises 36-38, find the arc length corresponding to the 
given angle on a circle of radius 6.2. 


36 . 17 ° 


37. -585° 


38 . - 


360° 


39 . Without a calculator, match the graphs in Figure 7.97 to 
the following functions: 

(a) y — sin(2f) (b) y = (sinf) + 2 

(c) y = 2 sin t (d) y — sin(/ + 2) 


B(t) 




2k 


-3 -- 


In Exercises 15-18, give expressions for the angle and the 
value of the trigonometric function. 



In Exercises 40-^12, state the period, amplitude, and midline. 

40 . y = cos t + 3 

41 . y — sin(/ + 3) + 7 

42 . 6y = 12 sin(;rr — 7) + 42 


In Exercises 29-31, convert the angle from radians to degrees. 

29 . | n 30 . 180 31 . 5x/n 


In Exercises 32-34, what angle in radians corresponds to the 
given number of rotations around the unit circle? 


32 . 4 


33. -6 


34 . 16.4 
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Problems 


43 . Give an angle that specifies the following positions on the 
Ferris wheel: 

(a) two o’clock (b) four o’clock 

(c) ten o’clock 

44 . Use the values of the sine and cosine of 65° to find the 
sine and cosine of —65°, 245°, and 785°. 

In Problems 45-49, use Figure 7.98 to find an interval with 
-2 < t < b where Ay/At has the given value. If it is not 
possible to find such an interval, say why. 


53. Table 7.10 gives data from a vibrating spring experiment, 
with time, + in seconds, and height, h — /(f), in centime¬ 
ters. Find the midline, amplitude, and period of /. 


Table 7.10 


t 

0 

.1 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 

1 

h 

2 

2.6 

3 

3 

2.6 

2 

1.4 

1 

1 

1.4 

2 


y 



Figure 7.98 

45 . Positive 46 . Zero 

47 . Negative 48 . Between 0 and 1 

49 . Equal to 2 


54. Table 7.11 gives the height h — f(t) in feet of a weight 
on a spring where t is time in seconds. Find the midline, 
amplitude, and period of the function /. 


Table 7.11 


t 

0 

1 

2 

3 

4 

5 

6 

7 

h 

4.0 

5.2 

6.2 

6.5 

6.2 

5.2 

4.0 

2.8 

t 

8 

9 

10 

11 

12 

13 

14 

15 

h 

1.8 

1.5 

1.8 

2.8 

4.0 

5.2 

6.2 

6.5 


50 . The sinusoidal curves in Figure 7.99 model three differ¬ 
ent traffic patterns: (i) moderately heavy traffic with some 
slowdowns; (ii) stop-and-go rush-hour traffic; and (iii) 
light, fast-moving traffic. Which is which? 


average 
speed of cars 



towvwwwv L 


Figure 7.99 


In Problems 51-52, estimate the period, amplitude, and mid¬ 
line. 


51 . y 


52 . y 


4 


-5 



-6 + 



F t 


Simplify the expressions in Exercises 55-56. 


55 . 


cos 2 A 

1 + sin A 


56. 


sin 2 A 
tan 2A 


+ 2 cos 2 A 


57 . You have been riding on the London Eye Ferris wheel 
(see Section 7.1) for 17 minutes and 30 seconds. What is 
your height above the platform? 

58 . In the US, household electricity is in the form of alternat¬ 
ing current (AC) at 155.6 volts and 60 hertz. This means 
that the voltage cycles from -155.6 volts to + 155.6 volts 
and back to -155.6 volts, and that 60 cycles occur each 
second. Suppose that at t = 0 the voltage at a given outlet 
is at 0 volts. 

(a) Sketch V = f(t ), the voltage as a function of time, 
for the first 0.1 seconds. 

(b) State the period, the amplitude, and the midline of 
the graph you made in part (a). Describe the physi¬ 
cal significance of these quantities. 
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In Problems 59-62, estimate the amplitude, midline, and pe¬ 
riod of the sinusoidal functions* 


59. 


60 



4 8 12 16 20 


60. 


fix) 


g(x) 



4 8 12 16 20 


61. 



h{ x) 


4 8 12 16 20 


62. y 


50 



4 8 12 16 20 


63. Using only vertical shifts, stretches, and flips, and hori¬ 
zontal stretches (but no horizontal shifts or flips), would 
we start with y — sin x or y — cos x if we wanted to find 
a formula for the functions shown in Problems 59-62? 


For the functions graphed in Problems 75-78, find four possi¬ 
ble formulas for the function: f x {x) ~ Acos(B(x - h)) + k, 
where A > 0, f 2 (x) = A cos (B(x - h)) + k , where A < 0, 
/ 3 (x) = A sin(B(x - h)) + k , where A > 0, and / 4 (x) — 
A sin(B(x — h )) + k , where A < 0. 



Without a calculator, graph two periods of the functions in 
Problems 64-67. 

64. y = sin(^r) 65. y = 4cos(f+^) 

66. y = 5-sinf 67. y = cos(2f) + 4 

68. Suppose sin 8 — 1/7 for /r/2 < 6 < k. 

(a) Use the Pythagorean identity to find cos 8. 

(b) What is Q1 

In Problems 69-71, find exact values without a calculator. 

69. cos 540* 70. sin 71. tan 

In Problems 72-73, find a solution with 8 in radians* 

72 . sin 8 = 2/5 73 . tan(0 - 1) = 0.17 

74. (a) Find a sinusoidal formula for f in Figure 7.100. 

(b) Find the x-coordinates of the three indicated points. 


y 



79. (a) What is the length, *s\ of the arc on a circle of diam¬ 

eter 38 cm cut off by an angle of 8 — 3.83 radians? 
(b) Find the angle, in radians which cuts off an arc of 
length 3.83 cm on the circumference of a circle of 
diameter 38 cm. 

80. Using a weight on a string called a plumb bob, it is pos¬ 
sible to erect a pole that is exactly vertical, which means 
that the pole points directly toward the center of the earth. 
Two such poles are erected one hundred miles apart. If the 
poles were extended they would meet at the center of the 
earth at an angle of 1.4333°. Compute the radius of the 
earth. 

81. Flow far does the tip of the minute hand of a clock move 
in 1 hour and 27 minutes if the hand is 2 inches long? 

82. If a weight hanging on a string of length 3 feet swings 
through 5° on either side of the vertical, how long is the 
arc through which the weight moves from one high point 
to the next high point? 

83. An ant starts at the point (1,0) on the unit circle and 
walks counterclockwise a distance of 3 units around the 
circle. Find the x and y coordinates (accurate to 2 decimal 
places) of the final location of the ant. 




























STRENGTHEN YOUR UNDERSTANDING 319 


84 . A compact disk is 12 cm in diameter and rotates at 
100 rpm (revolutions per minute) when being played. The 
hole in the center is 1.5 cm in diameter. Find the speed in 
cm/min of a point on the outer edge of the disk and the 
speed of a point on the inner edge. 

85 . An animal population increases from a low of 1200 in 
year / = 0, to a high of 3000 four years later and then de¬ 
creases back to 1200 over the next four years. Model this 
behavior by a sinusoidal function. 

Slate the amplitude, period, phase shift, and horizontal shifts 

for the function in Problems 86-89. Without a calculator, 

graph the function on the given interval. 

86. y = — 4 sin /. —2/r < / < 2/r 

87. y = —20cos(4/r/), < i < 1 

88. y = cos ^ It + ^ j, —n < t < 2 k 

89 . y = 3 sin(4zrr + 6/r), —~<t<\ 

90 . The data in Table 7.12 gives the height above the floor of 
a weight bobbing on a spring attached to the ceiling. Fit 
a function of the form y — A sin( Bt + 0) + k to this data. 


Table 7.12 


/, sec 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

y , cm 

120 

136 

165 

180 

166 

133 

/, sec 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

y, cm 

120 

135 

164 

179 

165 

133 


91. The London Ferris wheel has diameter 400 feet and one 
complete revolution lakes 30 minutes. 

(a) Find the rate (in degrees per minute) that the London 
Ferris wheel is rotating. 


(h) Let /, the time in minutes, be 0 when you are in 
the 6 o'clock position. Write 0, measured from the 
3 o'clock position, as a function of/. 

(c) Find a formula for the Ferris wheel function, h - 
/(/), giving your height in feet above the platform. 

(d) Graph h = /(/). What are the period, midline, and 
amplitude? 

92 . The website arXiv.org is used by scientists to share re¬ 
search papers. Figure 7.101 shows usage 11 of this site, 
a = fit ), the number of new connections on day /. where 
/ = 0 is Monday. August 5, 2002. 

(a) The graph suggests that / is approximately periodic 
with a period of 7 days. However, / is not exactly 
periodic. How can you tell? 

(b) Why might the usage of the arXiv.org website lend 
itself to being modeled by a periodic function? 

(c) Find a trigonometric function that gives a reasonable 
approximation for /. Explain what the period, ampli¬ 
tude, and midline of your function tell you about the 
usage of the arXiv.org website. 


200000 

160000 

120000 

80000 

40000 


• • * •- • 
M •** /• > ,l-r 




S/5 


8/19 9/2 

Figure 7.101 


9/ 16 


STRENGTHEN YOUR UNDERSTANDING 


Are the statements in Problems true or false for all values 
of a? Give an explanation for your answer. 

1. sin(-.v) = — sin x 

2. cos(—x) = — cos .v 

3. sin(—x) = sin x 

4. cos(-x) = cos x 

Are the statements in Problems 5-72 true or false? Give an 
explanation for your answer. 


6. The function sin x has period 2/r. 

7. The point (1,0) on the unit circle corresponds to 0 — 0°. 

8. If P — (a*, y) is a point on the unit circle and 0 is the 
corresponding angle, then sin 6 — y. 

9. A unit circle may have a radius of 3. 

10. If a point (x, y) is on the circumference of a circle of ra¬ 
dius r and the corresponding angle is 0, then x = rcos 0. 

11. An angle of one radian is about equal to an angle of one 
degree. 


5. The tangent function has a period otAr. 

11 Data obtained from usage statistics available at the arXiv.org site, accessed September, 2002. Usage statistics for August 
28, 2002, are unavailable and have been estimated. 
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12 . In a unit circle, one complete revolution about the circum¬ 
ference is about 6.28 radians. 

13 . The radian measure of an angle is the length of the arc 
spanned by the angle in a unit circle. 

14 . An angle of three radians corresponds to a point in the 
third quadrant. 

15 . The coordinates of the point of intersection of the ter¬ 
minal ray of a 240° angle with a circle of radius 2 are 

(-V3.-1). 

16 . In Figure 7.102, the points P and Q on the unit circle cor¬ 
respond to angles with the same cosine values. 



Figure 7.102 


17. In Figure 7. 102, the points P and R on the unit circle cor¬ 
respond to angles with the same sine values. 

18. The point on the unit circle whose coordinates are 
(cos 200°, sin 200°) is in the third quadrant. 

19. The point on the unit circle whose coordinates are 
(cos(-200°), sin(-200°)) is in the third quadrant. 

20. To convert an angle from degrees to radians you multiply 

i k 180 ° 

the angle by-. 

K 

21. The length of an arc s spanned in a circle of radius 3 by 
an angle of ~ is 180. 

22. An angle of 2^/3 radians corresponds to a point in the 
second quadrant. 

23. The value of cos 315° is —y/l/2. 

24. The smallest positive constant c for which f(x + c) = 
f (x) is called the period of /. 

25. The amplitude of a periodic function is the difference be¬ 
tween its maximum and minimum values. 

26. The midline of a periodic function is the horizontal line 

Maximum + Minimum 
y= - 2 -‘ 

27. A parabola could represent a periodic function. 

28. If / is a periodic function, then there exists a constant c 
such that f{x + c) = f (x) for all x in the domain of /. 

29. If fit) and g(t) are periodic functions with period A and 
/(0 = g(0 for 0 < t < A, then fit) — g(t) for all t. 


30 . The cosine of 30° is the same as sin(;r/3). 

31 . — sin(^/3) = sin(-;r/3). 

32 . In Figure 7.103, the function graphed appears to be peri¬ 
odic with period less than 5. 



33. In Figure 7.103, the amplitude of the function is 6. 

34 . In Figure 7.103, the period of the function is 4. 

35 . In Figure 7.103, the midline has equation y = 4. 

36 . The amplitude of y — — 3 sin(2x) + 4 is —3. 

37. The amplitude of y = 25 + 10 cos x is 25. 

38 . The period of y — 25 + 10 cos x is 2k. 

39. The maximum y-value of y = 25 + 10 cos x is 10. 

40 . The minimum y-value of y = 25 -I-10cos x is 15. 

41 . The midline equation for y = 25 + 10 cos x is y — 35. 

42. The function cos x is a sinusoidal function. 

43 . The function sin(^x) has period n. 

44 . The function y - -2 sin x + k has amplitude -2. 

45 . The graph of the function y — 3 cos x - 4 is the graph of 
the function y — cos x reflected across the x-axis. 

46 . The function fit) - sin(2f) has period k. 

47 . The function /(x) = cos(3x) has a period three times as 
large as the function g(x) — cos x. 

48 . Changing the value of B in the function y — A sin {Bx)+k 
changes the period of the function. 

49 . A sinusoidal function that has a midline of y — 5, an 
amplitude of 3, and completes 4 cycles in the interval 
0 < x < 2 k could have the equation y = -3 cos(4x) + 5. 

50 . In Figure 7.104, the function graphed could have the 
equation y = sin(2x) + 1. 

y 



Figure 7.104 
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51. In Figure 7.104, the function graphed could have the 
equation y = —0.5 cos(2x + ^) + 1. 

52. For all values of 0 where cos0 # 0, we have lan0 = 
sin 0 

eos 0 

53. The tangent function is defined everywhere on the inter¬ 
val 0 < x < 2k. 

54. The tangent of n/2 is iniinilc. 

55. For any value a\ wc have siir 5x + eos 2 5x — I. 

56. If0 is in the second quadrant, then tan 0 could equal -J. 

57. The value of sec n — — 1. 

58. Since the value of sin^ = 0. the value of esc n is unde¬ 
fined. 

59. The reciprocal of the sine function is the cosine function. 

60. The reference angle for 120° is 30°. 

61. The reference angle for 300° is 60°. 

62. cost cos '(2/3» = 2/3. 

63. If v = sin 1 x then y = —-—. 

sin x 

64. The domain of the inverse cosine is all real numbers. 

65. If eos t = 1, then tanr = 0. 

66. The identity Hint — cos(/ — signifies that the graph of 

y = sin t is the graph of y = eos /, but shifted ^ units to 
the right. 


67. For all angles 0 in radians, arccos(cos 0) — 0. 

68. For all values of x between -1 and 1, 
eos(arecos x) = x. 

A ~ B 

69. If tan A = tan /?, then - is an integer. 

K 

70. If cos A = eos B , then sin A — sin B . 

71. If eos A = eos /?, then B = A + 2nn: for some integer n. 

72. The graph of y = A sin(2x + h) + k is the graph of 
y = A sin(2x) + k shifted to the left by h units. 

Are the statements in Problems 73-79 true or false? Give an 
explanation for your answer. 

73. sin(^/6) = \/3/2. 

74. sin(;r/4) = cos(*r/4). 

75. If >’ = arecos 0.5, then y = 

76. If y — arctan(— 1), then sin y — 

77. sin -, < vT/2) = jt/3. 

78. If arcs in * = 0.5 then x = nf 6. 

rz 

79. If cos 0 = -then 0 must be —. 

2 4 
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SKILLS REFRESHER FOR CHAPTER 7: SPECIAL ANGLES 


As we saw in Example 3 on page 275, we must sometimes use a calculator to evaluate the sine 
and cosine functions. However, we can find exact values of these functions for certain special angles, 
namely, 30°, 45°, and 60°. In radians, the special angles are n/6, n /4, and nf 3. 


Example 1 


Figure 7.105 shows the point P ~ (x, y) corresponding to the angle 45° on the unit circle. A right 
triangle has been drawn in. The triangle is isosceles; it has two equal angles (both 45°) and two equal 
sides, so x = y. Therefore, the Pythagorean theorem x 2 + y 2 = 1 gives 


x 2 + x 2 


2x z 


= 1 
= 1 


X = 



0.7071. 



Figure 7.105: This triangle has two equal angles and two equal sides, so x = y 

We know that x is positive because P is in the first quadrant. Since x = y, we see that y = yf\/2 
as well. Thus, since x and y are the coordinates of P, we have cos 45° = -y/1/2 and sin 45° = yf\/2. 


Note that because 45° angles are so common, the number yj 1/2 we found in Example 1 shows 
up a lot, though it is often written in several different ways: 


We can rewrite 




V? 
2 ' 


Having found values of sine and cosine for 45°, we next find values for 30° and 60°. 


Example 2 Figure 7.106 shows the point Q — (x, y) corresponding to the angle 30° on the unit circle. A right 
triangle has been drawn in, and a mirror image of this triangle is shown below the x-axis. Together 
these two triangles form the triangle A OQA. This triangle has three equal 60° angles and so has 
three equal sides, each side of length 1. The length of side Q A can also be written as 2 y, so we have 
2y = 1, or y = 1 /2. By the Pythagorean theorem. 
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Note that x is positive because Q is in the first quadrant. Since x and y are the coordinates of Q, this 
means that cos 30° = y/3/2 and sin 30° = 1 /2. 



Figure 7.106: The triangle AOQA has three equal angles and three equal sides, so 2y — 1 


A similar argument shows that cos 60° = 1 /2 and sin 60° = y/3/2. 


It is worth memorizing 12 the values of sine and cosine for these special angles as well as for the 
angles 9 = 0° and 9 = 90°, which we found in Example 2 on page 274. See Table 7.13. 


Table 7.13 Trigonometric functions of special angles 


6 (degrees) 

6 (radians) 

cos 9 

sin# 

0° 

0 

1 

0 

30° 

k/ 6 

V3/2 

1/2 

45° 

nl 4 

\/2/2 

V 2/2 

60° 

*/3 

1/2 

73/2 

90° 

k/2 

0 

1 


Other Values of the Sine and Cosine Functions 

We can use the symmetry of the unit circle to find other values of the sine and cosine functions, as 
illustrated by Examples 3 and 4. 


Example3 Find sin315° and cos315°. 


Solution 


Figure 7.107 shows the angle 9 = 315° on the unit circle, together with a reference angle of 45°. 
From the figure, we see that point P has coordinates P = (cos 315°, sin 315°). But from the triangle 
in the figure, we see that P = We conclude that 


cos 315° 


V2 

2 


and 


sin 315° 



i2 A useful trick is to notice that for 9 — 0°, 30°, 45°, 60°, 90°, the value of sine follows the pattern \fo/2, yf\/ 2, y/2/2 , 
\/3/2, yfi/2. The value of cosine reverses this pattern. 
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Figure 7.107: A 315° angle on the unit Figure 7.108: An angle of 5 tt/ 6 on the unit 

circle, together with a 45° angle circle, together with an angle of k/6 


Example 4 Find sin 5n/6 and cos 5n /6. 


Solution 


Figure 7.108 shows the angle of 5tz/6 on the unit circle, together with a reference angle of k/6. The 
coordinates of P are (\/3/2,1 /2) so 


cos5;r/6 = 



and 


sin 5tz/6 ~ 


l 

2 ' 


Exercises to Skills for Special Angles 


Exercises 


Find exact values for the expressions in Exercises 1-17, 


1 . 

sin 30° 

2. sin 150° 

3 . 

sin 300' 

4 . 

sin(—60°) 

5 . cos(-60°) 

6 . 

sin 120' 

7 . 

cos(-30°) 

8 . sin 210° 

9 . 

sin 135' 


10 . 

cos 300° 

11 . cos 210° 

12 . 

sin 330 c 

13 . 

sin 405° 

14 . cos 120° 

15 . 

cos 135' 


16 . cos 225° 

17 . sin 300° 


Problems 


18 . Compare the values of yj 1/2 and yfl/ 2 using a calcula- 21 . 
tor. Explain your observations. 

19 . Compare the values of ^/3/4 and \/3/2 using your cal¬ 
culator. Explain your observations. 

In Exercises 20-24, use a trigonometric function to find the 
exact value of x. 



45 ' 


30 * 
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x 


In Exercises 25-28, find exact values for the missing lengths in 
the triangle. Use the relationships between the sides in a right 
triangle with special angles. 

25. 



26. 




28. 



29. A right triangle has two sides of length 4. What are the 
angles? What is the exact length of the third side? 

30. A right triangle has one side of length 7 and hypotenuse 
of 14. What are its angles? What is the exact length of the 
third side? 

31. Find the exact coordinates of a point B designated by 315° 
on a circle of radius 6. 

32. A revolving door is shown in Figure 7.109. Each of the 
four panels is one meter wide. What is d, the width of the 
opening from B to C? 



7 


Figure 7.109 
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8.1 TRIG FUNCTIONS AND RIGHT TRIANGLES 

The Sine and Cosine Functions in Right Triangles 

The sine and cosine functions from Section 7.2 are called trigonometric functions because they can 
be defined in terms of triangles. Relationships between the sides and angles in a right triangle are 
used to calculate unknown lengths or angles. 

When the cloud ceiling is too low, for example, it can be dangerous for planes to fly. To determine 
how low it is, a scientist shines a laser vertically upward from the ground, making a white spot on 
a cloud. A second scientist at a different location measures the angle above the horizon where she 
sees the spot. The second scientist is 2 km away from the first on level ground and sees the white 
spot 35° above the horizon. See Figure 8.1. Can a pilot who needs the cloud ceiling to be above 800 
meters fly safely? 



Figure 8.1: How high is the cloud ceiling? 


Notice that the triangle in Figure 8.1 is a right triangle. Before finding the height of the cloud 
ceiling in Example 4, we look at the relationship between the sides and angles in right triangles. 
See Figure 8.2. 



Figure 8.2: Similar triangles: Corresponding sides 
have equal ratios 


Figure 8.3: Adjacent and 
opposite sides to 6 


Both right triangles in Figure 8.2 have an angle 0 , so they have all the same angles; that is, they are 
similar. Thus the ratios of the lengths of corresponding sides of these triangles are equal: 


ay , b x 

- = - and - = —. 

cl cl 

Since these equal ratios depend only on the angle 0, we can define: 


If 6 is an angle in a right triangle (other than the right angle), 

Opposite Adjacent 

sin 6 =-, cos# =-. 

Hypotenuse Hypotenuse 


Note that the term opposite refers to the side of a right triangle directly across from the angle 0, and 
the term adjacent refers to the other side (that is not the hypotenuse). See Figure 8.3. For 0 between 
0° and 90°, these definitions of sin 0 and cos 0 agree with our earlier definitions using the circle. See 
Problem 23. 
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Example 1 


Solution 


Example 2 


Solution 


Using Figure 8.4, find sin 9 and cos 9. 



Figure 8.4: Find sin 9 and cos 9 


The hypotenuse of the triangle is c = 

sin 9 = 

cos 9 = 


Vs 2 + 15 2 = V289 = 17. We have: 


= - = — = 0.4706 
c 17 


Opposite 
Hypotenuse 

AdJaCen ‘ . = * = 15 = 0.8824. 
Hypotenuse c 17 


Solving for Angles Using the Inverse Sine and Cosine 

Now we see how to find angles in a right triangle when we know the sides. We use the inverse 
trigonometric functions introduced in Section 7,8 which tell us a value 1 of 9 corresponding to a 
value of sin 9 or cos 9. Recall that if 9 is an angle in a right triangle (other than the right angle): 

• Inverse cosine: 0 = cos -1 x is an angle 6 whose cosine is x 

• Inverse sine: 6 — sin -1 x is an angle 6 whose sine is x 
Using the cos -1 and sin -1 keys on a calculator gives these angles. 


The triangle in Figure 8.5, called a 3-4-5 right triangle, is special because its sides are whole num¬ 
bers. 2 Find the angles 9 and <p . 



Figure 8.5: A 3-4-5 triangle 

From Figure 8.5, we see that 

sing — ° PPOSi ' e =3=0.6. 

Hypotenuse 5 

Using our calculator’s inverse sine function: 

sin 9 - - = 0.6 

5 

so 9 — sin _1 (0.6) = 36.87° using a calculator 
sin (p = ^ — 0.8 

so (p ~ sin -1 (0.8) = 53.13°. using a calculator 
Notice that we could have found <p from 9 using the relation <p — 90° - 9. 


'Calculators can measure angles in more than one way, so if you are working in degrees, be sure your calculator is in 
“degree mode." 

: The numbers 3,4,5 are an example of a Pythagorean triple , because 3 2 + 4 2 = 5 2 . Other Pythagorean triples include 
5,12,13 and 8,15,17. 
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The Tangent 




Figure 8.6: tan # = a/b Figure 8.7: Find tan # 

Problem 24 asks you to explain why the definition of tan# in terms of sides of a right triangle 
agrees with our earlier definition of the tangent function. 


Function in Right Triangles 

Just as with sine and cosine, we can define the tangent function in terms of side lengths in a right 
triangle. See Figure 8.6. 

If # is an angle in a right triangle (other than the right angle), 

„ a Opposite 

tan# = 7 = —-. 

b Adjacent 


Example3 Find tan # using Figure 8.7. 

Solution We have 


tan6> = - = — =0.533. 
b 15 


Example 4 Calculate the height of the cloud ceiling described in Figure 8.1 at the beginning of this section. Can 

a pilot who needs at least 800 meters of cloud ceiling safely fly? 

Solution Looking at Figure 8.8, we see that the height of the cloud ceiling is equal to the length of the opposite 
side of # = 35°. 



Figure 8.8: Height of the cloud ceiling 


Since we know the adjacent side of the triangle but not its hypotenuse, we use the formula for tan #: 

, Opposite Opposite 

(35 ] Adjacent 2 ' 


We have: 

Height of cloud ceiling = Opposite = 2tan(35°) = 1.4004 km. 
Thus, the lowest clouds are 1400 meters high, so the pilot can safely fly. 
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Example 5 


Solution 


The grade of a road is calculated from its vertical rise per 100 feet. For instance, a road that rises 8 
ft in every one hundred feet has a grade of 

Grade = = 8%. 

100ft 

Suppose a road climbs at an angle of 6° to the horizontal. What is its grade? 


From Figure 8.9, we see that 
tan 
so 

Thus, the road rises 10.51 ft 


100 

x = 100 tan 6° 

= 10.510. using a calculator 
every 100 feet, so its grade is 10.51/100 = 10.51%. 



Solving for Angles Using the Inverse Tangent 

To find an angle, 6 , corresponding to a given value of tan 6 we use the inverse tangent function 
introduced in Section 7.8. Recall that if 0 is an angle in a right triangle (other than the right angle), 
• Inverse tangent: 0 = tan -1 x is an angle 0 whose tangent is x 
The tan” 1 key on a calculator gives this angle. 

Example 6 The grade of a road is 5.8%. What angle does the road make with the horizontal? (See Example 5.) 

Solution Since the grade is 5.8%, the road climbs 5.8 feet for 100 feet; see Figure 8.10. We see that 

tan 6>= — =0.058 
100 

so 0 = tan -1 (0.058) 

= 3.319°. using a calculator 

5.8 ft 


100 ft 

Figure 8.10 A road of 5.8% grade (not to scale) 



Example 7 A hiker heads across a plain in a direction she believes to be due east, but, her compass being faulty, 
her course is off by an angle 6 to the north. She reaches a north-south road after traveling 12 miles. 
Had she been heading due east the hike would have taken only 11 miles. (See Figure 8.11.) Find the 
value of 6. 
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Solution 



Road | 
North 


Figure 8.11: A hiker’s path 


From Figure 8.11, we see that 

11 

C0S 6 = 12 


SO 0 : 


cos_l (ti) 

23.5565°. 


using a calculator 


Exercises and Problems for Section 8.1 

Exercises 


1. Use Figure 8.12 to find the following exactly: 

(a) tan0 (b) sin0 (c) cos0 





Figure 8.12 

2. Using Figure 8.13, find exactly: 

(a) sin0 (b) sin <p (c) cos 9 

(d) cos (j) (e) tan 0 (f) tan cj) 



Figure 8.13 

In Exercises 3-6, find (a) sin 0 (b) cos 0 




0.1 12 


In Exercises 7-12, one of the sides x, y and r of the triangle in 
Figure 8.14 is given. Find exact values of the other two sides. 



7. A = 17°, B = 73°, r ~1 

8. A = 12°, B = 78°, y = 4 

9. A = 37°, B = 53°, x = 6 

10 . A = 40°, r = 15 

11 . B^IT, x = 9 

12 . B = 22°, x = A 

For Exercises 13-18, find 6 , an angle in a right triangle. 

13 . sin 0 = 0.876 14 . cos 0 = 0.016 

15 . tan0 = 0.123 16 . tan0 = 54.169 


10 


17 . sin 0 = 0.999 


18 . cos 0 = 0.999 
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In Exercises 19-22, find the missing sides and angles in the 19. a — 20, b = 28 

right triangle, where a is the side across from angle A, b across 

from B, and c across from the right angle. 21. c = 20, A — 28 


Problems 


20 . a = 20, c = 28 
22. a = 20, B = 28° 


23. Use Figure 8.15 to explain why, lor 9 between 0° and 90°, 
the unit circle definition of sin 9 and cos 6 in Section 7.2 
agree with the right triangle definitions in this section. 



24. Using the definition of the trigonometric functions in 
terms of the lengths of the sides of a right triangle, ex¬ 
plain why 


25. Figure 8.16 shows a 45-45-90 right triangle with side a 
and hypotenuse c = \fa 2 + a 2 . Find exact values for 

(a) sin 45° (b) cos 45° (c) tan 45° 



Figure 8.16 

26. Figure 8.17 shows an equilateral triangle PQR with side 
2 and altitude a . Use right triangle PQS to find exact val¬ 
ues for 

(a) sin 60° (b) cos 60° (c) tan 60° 


Q 



27. The top of a 200-foot vertical tower is to be anchored by 
cables that make an angle of 30° with the ground. How 
long must the cables be? How far from the base of the 
tower should anchors be placed? 

28. A surveyor must measure the distance between the two 
banks of a straight river. (See Figure 8.18.) She sights a 
tree at point T on the opposite bank of the river and drives 
a stake into the ground (at point P) directly across from 
the tree. Then she walks 50 meters upstream and places a 
stake at point Q. She measures angle PQT and finds that 
it is 58°. Find the width of the river. 



29. A search and rescue volunteer leaves a rendezvous point 
in the Arizona desert walking 75 degrees north of east. 
She reaches a river that runs east-west and is located 1.3 
miles directly north of the rendezvous point. See Fig¬ 
ure 8.19. How far east of the rendezvous point is the vol¬ 
unteer when she reaches the river? 


River 



In Problems 30-33, a line passing through the origin and the 
given point P forms the given angle 6 with the x-axis. Find 
the missing coordinate of P. 

30. P = (16,«,0 = 5O°. 31. P = (p, 5), 9 — 15°. 

32. P — (—3, q), 9 = 3zr/8. 33. P = (p,-1), 9 = 5tt/6. 
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34. A 240-ft tree casts a 130-foot shadow on horizontal 
ground. A girl lying on the grass at the tip of the shadow 
is looking at a bird nesting at the top of the tree. At what 
angle is the girl looking up? 

35. A plane is flying at an elevation of 35,000 feet when the 
Gateway Arch in St. Louis, Missouri comes into view. 

The pilot wants to estimate her horizontal distance from 

the arch, so she notes the angle of depression, 0 , between 41 t 
the horizontal and a line joining her eye to a point on the 
ground directly below the arch. Make a sketch. Express 
her horizontal distance to that point as a function of 9. 

36. A bridge over a river was damaged in an earthquake and 
you are called in to determine the length, d, of the steel 
beam needed to fill the gap. (See Figure 8.20.) You cannot 
be on the bridge, but you are able to drop a line from T, 
the beginning of the bridge, and measure a distance of 50 
ft to the point P. From P you find the angles of elevation 
to the two ends of the gap to be 42° and 35°. How wide 
is the gap? 



Knowing the height of the Columbia Tower in Seattle, de¬ 
termine the height of the Seafirst Tower and the distance 
between the towers. See Figure 8.22. 


Columbia Tower 
954 ft 



Figure 8.22 





Figure 8.20: Gap in damaged bridge 


42. A tree 50 feet tall casts a shadow 60 feet long. Find the 
angle of elevation 9 of the sun. 

43. A staircase is to rise 17.3 feet over a horizontal distance 
of 10 feet. At approximately what angle with respect to 
the floor should it be built? 

44. (a) In the right triangle in Figure 8.23, angle A = 30° 

and b — 2\/3. Find the lengths of the other sides and 
the other angles. 

(b) Repeat part (a), this time assuming only that a = 25 
and c = 24. 


37. You want to build a wheelchair ramp leading up to your 
house. Your front door is 2 feet higher than the driveway 
and you would like the grade of the ramp to be 7%. 

(a) What is the angle, 0, that the ramp forms with the 
driveway? 

(b) How long does the driveway have to be to build this 
ramp? 

(c) How long will the ramp be? 

38. The pitch of a roof is the slope of a roof expressed as the 
ratio of the rise over the run. The run is usually expressed 
as 12. A roof has slope “10 in 12,” which means that the 
slope of the roof is 10/12. What is the angle between the 
roof and the horizontal? 

39. Find approximately the acute angle formed by the line 
y = —2x + 5 and the x-axis. 

40. (a) Find expressions in terms of a , b, and c for the sine, 

cosine, and tangent of the angle <f> in Figure 8.21. 

(b) Using your answers in part (a), show that sin cp = 
cos 9 and cos <b = sin 9. 



Figure 8.23 

45. To check the calibration of their transit (an instrument to 
measure angles), two student surveyors used the setup in 
Figure 8.24. What angles in degrees for a and p should 
they get if their transit is accurate? 


1 meter 


2 meters 



10 meters 


Figure 8.24 
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46. A ladder 3 meters long leans against a house, making an 
angle a with the ground. How far is the base of the ladder 
from the base of the wall, in terms of a'! 

47. You are parasailing on a rope that is 125 feet long behind 
a boat. (Disregard sag in the rope.) See Figure S.25. 

(a) At first, you stabilize at a height that forms a 45° an¬ 
gle with the water. What is that height ? 

(h) After enjoying the seenery. you encounter a strong 
wind that blows you down to a height that forms a 30* 
angle with the water. At what height are you now ? 

(c) land c and d, that is, the horizontal distances between 
you and the boat, in parts (a) and (b). 

8.2 NON-RIGHT TRIANGLES 

Sines and cosines relate the angles of a right triangle to its sides. Similar, although more complicated, 
relationships exist for all triangles, not just right triangles. 

The Law of Cosines 

The Pythagorean theorem relates the three sides of a right triangle. The Law of Cosines relates the 
three sides of any triangle. 


Law of Cosines: For a triangle with sides a , b , c, and angle C opposite side c, we have 

c 2 = a 2 + b 2 — lab cos C 


We use Figure 8.26 to derive the Law of Cosines. The dashed line of length h is at right angles 
to side a and it divides this side into two pieces, one of length x and one of length a — x. 



Figure 8.26: Triangle used to derive the Law of Cosines 
Applying the Pythagorean theorem to the right-hand right triangle, we get 

(a - x) 2 + hr — c 2 
rr - lax + x“ + hr = c^. 

Applying the Pythagorean theorem to the left-hand triangle, we get x 2 + h 2 = b 2 . Substituting 
into the previous equation gives 

2 o . 2 , / 2 2 

a — lax + x + ri = c 
b 2 

a 2 + b 2 — lax — c 2 . 

But cos C = x/b , so x = b cos C. This gives the Law of Cosines: 

a 2 + b 2 — lab cos C — c 2 . 

Notice that if C happens to be a right angle, that is, if C — 90°, then cos C = 0. In this case, the Law 
of Cosines reduces to the Pythagorean theorem: 


You 
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Example 1 


Solution 


Example 2 

Solution 


a 2 + b 2 — 2ab • 0 = c 2 
a 2 + b 2 — c 2 . 

Therefore, the Law of Cosines is a generalization of the Pythagorean theorem that works for any 
triangle. Notice also that in Figure 8.26 we assumed that angle C is acute, that is, less than 90°. 
However, the result holds for the case where 90° < C < 180°. (See Problem 40 for the derivation.) 


A person leaves her home and walks 5 miles due east and then 3 miles northeast. How far has she 
walked? How far away from home is she? 



Figure 8.27: A person walks 5 miles east and then 3 miles northeast 


She has walked 5 + 3 = 8 miles in total. One side of the triangle in Figure 8.27 is 5 miles long, while 
the second side is 3 miles long and forms an angle of 135° with the first. This is because when the 
person turns northeast, she turns through an angle of 45°. Thus, we know two sides of this triangle, 
5 and 3, and the angle between them, which is 135°. To find her distance from home, we find the 
third side x , using the Law of Cosines: 

x 2 = 5 2 + 3 2 — 2 • 5 • 3 cos 135° 


= 34-30 



= 55.213. 


This gives x = 55.213 = 7.431 miles. Notice that this is less than 8 miles, the total distance she 

walked. 


In the previous example, two sides of a triangle and the angle between them were known. The Law 
of Cosines is also useful if all three sides of a triangle are known. 


At what angle must the person from Example 1 walk to go directly home? 

According to Figure 8.28, if the person faces due west and then turns south through an angle of 0 , 
she heads directly home. This same angle 6 is opposite the side of length 3 in the triangle. The Law 
of Cosines tells us that 

5 2 + 7.431 2 - 2 • 5 • 7.431 cos 0 = 3 2 


-74.31 cosfl = -71.220 
cos0 = 0.958 

0 — cos _1 (0.958) = 16.582°. 

Destination 



Figure 8.28: The person faces at an angle 9 south of west to head home 
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In Examples 1 and 2, notice that we used the Law of Cosines in two different ways for the same 
triangle. 

The Law of Sines 

The Law of Sines relates the sides and angles of any triangle. 

Law of Sines: For a triangle with sides a, b , c opposite angles A, B , C, respectively: 

sin A sin B sin C 

a b c 

We derive the Law of Sines using Figure 8.29, which shows the same triangle as in Figure 8.26. 
Since sin C = h/b and sin B = h/c , we have h = 6 sin C and h = c sin B. This means that 

b sin C = c sin B 


sin B _ sinC 
b c 



Figure 8.29: Triangle used to derive the Law of Sines 

A similar argument (see Problem 41) shows that 

sin A _ sin B 
a b 

The Law of Sines is useful when we know a side and the angle opposite it. 


Example 3 An aerial tram starts at a point one half mile from the base of a mountain whose face has a 60° angle 

of elevation. (See Figure 8.30.) The tram ascends at an angle of 20°. What is the length of the cable 
from T to A? 



Solution The Law of Cosines does not help us here because we only know the length of one side of the triangle. 

We do, however, know two angles in this diagram. Thus, we can use the Law of Sines: 

sin A _ sin C 

a c 

sin 40° _ sin 120° 

0.5 " c 

so 

c = 0.5( Sinl20 ° ) =0.674. 

V sin 40° / 

Therefore, the cable from T to A is 0.674 miles. 
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Example 4 


Solution 


The Ambiguous Case 

There is a drawback to using the Law of Sines for finding angles. The problem is that the Law of 
Sines does not tell us the angle, but only its sine, and there are two angles between 0° and 180° with 
a given sine. For example, if the sine of an angle is 1 /2, the angle may be either 30° or 150°. 


Solve the following triangles for 9 and 0, using radians. 




(a) Using the Law of Sines in Figure 8.31 and a calculator set in radian mode, we have 

sin# _ sin0.5 
~9~ ~ 5 

sin 9 = - sin 0.5 = 0.863 
9 = sin' 1 (0.863)= 1.041. 

Note that 1.041 is the radian measure of an angle whose sine is 0.863. An angle of 1.041 radians 
measures approximately 59.6°. 

(b) From Figure 8.32, we get 

sin (f) _ sin 0.5 
9 “ 5 

sin 4> = ^ sin 0.5 = 0.863. 

This is the same equation we had for 9 in part (a). However, judging from the figures, </> is 
not equal to 9. Knowing the sine of an angle is not enough to tell us the angle. In fact, there 
are two angles between 0 and n (between 0° and 180°) whose sine is 0.863. One of them is 
9 = sin” 1 (0.863) = 1.041. Figure 8.33 shows that the other is </> = n — 9 = 2.100, or <fi = 120.4°. 



Figure 8.33: Two angles, 0 = 1.041 and <p — 2.100, whose sine is 0.863 
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Exercises 
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In Exercises 1-2, solve for x. 

1 . 




Find all sides and angles of the triangles in Problems 3-8. 
(Sides and angles are not necessarily to scale.) 



In Exercises 9-27, use Figure 8.34 to find the missing sides, 
a, 6, e, and angles, 4, £, C (if possible). If there are two solu¬ 
tions, find both. 



Figure 8.34 


9. a = 20, 6 = 28, c = 41 

10. a = 14,6= 12, C = 23° 

11. a = 20, £ = 81 °, c = 28 

12. a = 20, 6 = 28, C= 12° 

13. a = 9, b = 8, C = 80° 

14. a = 8, 6 = 11,C= 114° 

15. a = 5, 6= 11, and C = 32° 

16. A = 13°, B = 25°, c = 4 

17. a = 8, and C = 98°, c = 17 

18. A = 12°, C = 150°, c = 5 

19. A = 92°, C = 35°, c = 9 

20. A = 5°, C = 9°, c = 3 

21. B = 95°, 6 = 5, c= 10 

22. B — 72°, 6= 13, c = 4 

23. £ = 75°, 6 = 7, c = 2 

24. £ = 17°, 6 = 5, c = 8 

25. A = 3jt/5, B = */20, c = 15 

26. 4 = 2/r/3, £ = jt/9, c-1 

27. 4 = 3/r/8, B = tt/ 4, c = 9 

Find all sides and angles of the triangles in Exercises 28-31. 
Sketch each triangle. If there is more than one possible trian¬ 
gle, solve and sketch both. Note that a is the angle opposite 
side a , and p is the angle opposite side 6, and y is the angle 
opposite side c. 

28. a — 18.7 cm, c = 21.0 cm, p — 22° 

29. a = 2.00 m, a = 25.80°, p = 10.50° 

30. 6 = 510.0 ft, c = 259.0 ft, y = 30.0° 

31. a — 16.0 m, 6 = 24.0 m, c = 20.0 m 


6 


10 
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Problems 


32. (a) Find an expression for sin 6 in Figure 8.35 and sin cp 
in Figure 8.36. 

(b) Explain how you can find 6 and (p by using the in¬ 
verse sine function. In what way does the method 
used for 0 differ from the method used for (pi 




33. In Figure 8.37: (a) Find sin 0 (b) Solve for 6 

(c) Find the area of the triangle. 



34. Two fire stations are located 56.7 miles apart, at points A 
and B. There is a forest fire at point C. If z CAB = 54° 
and zC BA — 58°, which fire station is closer? Flow much 
closer? 

35. To measure the height of the Eiffel Tower in Paris, a per¬ 
son stands away from the base and measures the angle of 
elevation to the top of the tower to be 60°. Moving 210 
feet closer, the angle of elevation to the top of the tower 
is 70°. How tall is the Eiffel Tower? 

36. Two airplanes leave Kennedy airport in New York at 11 
am. The air traffic controller reports that they are travel¬ 
ing away from each other at an angle of 103°. The A380 
travels 509 mph and the 787 travels at 503 mph. How far 
apart are they at 11:30 am? 

37. A parcel of land is in the shape of an isosceles triangle. 
The base has length 425 feet; the other sides, which are of 
equal length, meet at an angle of 39°. How long are they? 


*www.majorleaguebaseball.com, accessed June 2‘ 


38. In video games, images are drawn on the screen using 
xy-coordinates. The origin. (0,0), is the lower-left corner 
of the screen. An image of an animated character moves 
from its position at (8,5) through a distance of 12 units 
along a line at an angle of 25°to the horizontal. What are 
its new coordinates? 

39. A computer-generated image begins at screen coordinates 
(5. 3). The image is rotated counterclockwise about the 
origin through an angle of 42°. Find the new coordinates 
of the image. 

40. Derive the Law of Cosines assuming the angle C is ob¬ 
tuse, as in Figure 8.38. 



., T t . . sin A sin B 

41. Use Figure 8.39 to show that- = - 

a b 



42. In baseball, the four bases form a square. The pitcher 
stands near the center on the pitcher’s rubber. See Fig¬ 
ure 8.40. 3 

(a) The pitcher fields a ground ball without leaving the 
pitcher’s rubber, and runners are coming to both first 
and second bases. Which is the shorter throw: From 
the pitcher’s rubber to first base or to second base? 
How much shorter? 

(b) A ball is hit from home plate to a point 30 feet past 
second base. An outfielder comes in to catch the ball. 
How far is the throw to home plate? To third base? 

2014. 
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Third base 



Ball in part (b) 


45. 


46. 


Figure 8.40 

43. A park director wants to build a bridge across a river to 
a bird sanctuary. He hires a surveyor to determine the 
length of the bridge, represented by AB in Figure 8.41. 
The surveyor places a transit (an instrument for measur¬ 
ing vertical and horizontal angles) at point A and mea¬ 
sures angle BAC to be 93°. The surveyor then moves the 
transit 102 feet to point C and measures angle BCA to be 
49°. How long should the bridge be? 


Bridge 



47. 


Figure 8.41 

44. To estimate the width of an archaeological mound, ar¬ 
chaeologists place two stakes on opposite ends of the 4 g 
widest point. See Figure 8.42. They set a third stake 82 
feet from one stake and 97 feet from the other stake. The 
angle formed is 125°. Find the width of the mound. 


Stake 



Stake 


49. 


Figure 8.42 


Every triangle has three sides and three angles. Make a 
chart showing the set of all possible triangle configura¬ 
tions where three of these six measures are known, and 
the other three measures can be deduced (or partially de¬ 
duced) from the three known measures. 

The telephone company needs to run a wire from the tele¬ 
phone pole across a street to a new house. See Figure 8.43. 
Since they cannot measure across the busy street, they 
hire a surveyor to determine the amount of wire needed. 
The surveyor measures a distance of 23.5 feet from the 
telephone pole to a stake, D, which she sets in the ground. 
She measures 145.3 feet from the house to a second 
stake, E. She sets a third stake, Z 7 , at a distance of 105.2 
feet from the second stake. The surveyor measures angle 
DEF to be 83° and angle EFD to be 68°. A total of 20 
feel of wire is needed to make connections at the house 
and pole, and wire is sold in 100-foot rolls. How many 
rolls of wire are needed? 



House E D Telephone 

pole 

Figure 8.43 

A buyer is interested in purchasing the triangular lot 
with vertices LOT in Figure 8.44, but unfortunately, the 
marker at point L has been lost. The deed indicates that 
side TO is 435 ft and side LO is 112 ft and that the angle 
at L is 82.6°. 

(a) What is the distance from L to T? 

(b) What is the area of the lot? 


G 



Solve the following triangles for 6 and (p. 




A triangle has angles 2;r/3, ;r/5, and 2n/\5. The length 
of the side opposite the 2/r/3 angle is 8. 

(a) Find the lengths of the two remaining sides. 

(b) Calculate the area of the triangle. 
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8.3 POLAR COORDINATES 

A point, P, in the plane is often identified by its Cartesian * * * 4 coordinates (x, y). In some contexts, it 
is more natural to identify a point P by specifying two other numbers: a distance and an angle. 

A hiker in Arizona can reach a campsite by walking 3 miles heading 45° east of north. Notice 
that the location of the campsite is completely determined by the distance from the starting point, 3 
miles, and the angle, 45°. 


y 



P = (x. y) 
= (r,0) 


x 


Figure 8.47: Cartesian and polar coordinates for the point P 


This example suggests we can identify any point P in the plane by specifying the following: 


• Distance, /*, from the origin, and 

• Angle, 0, shown in Figure 8.47. The angle 9 is measured counterclockwise from the pos¬ 
itive x-axis to the line joining the origin to P. 

We call (r, 6) the polar coordinates of point P. 


Relation Between Cartesian and Polar Coordinates 

From the right triangle in Figure 8.47, we see that 

• x = rcos£ and y = rsin9 

• r = \/x 2 + y 2 and tan 9 — —, x^O 

x 

The angle 0 is determined by the equations cos 9 = x/sjx 2 + y 2 and sin 9 = y/\Jx 2 + y 2 . 

Warning: In general 9 ^ tan -1 (y/x). It is not possible to determine which quadrant 9 is in from 
the value of tan 9 alone. 


Example 1 (a) Give Cartesian coordinates for the points with polar coordinates (r, 9) given by P = (7, ;r/3), 

Q = (5,0), R — (5, n), 

(b) Give polar coordinates for the points with Cartesian coordinates (x, y) given by U — (3,4) and 
V = (0, —5). 


4 Cartesian coordinates can also be called rectangular coordinates. 
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Solution 


Example 2 


(a) See Figure 8.48. Point P is a distance of 7 from the origin. The angle 6 = nj 3 radians (60°). 

.v 

61 

I 

4 

I I 

-5 

Figure 8.4 8: Points in the 
Cartesian plane 

The Cartesian coordinates of P are 

x = r cos 6 — 1 cos — = - and v = r sin 6 = 7 sin — = 

3 2 3 

Point Q is located a distance of 5 units along the positive x-axis with Cartesian coordinates 
x — r cos 6 = 5 cos 0 = 5 and y = r sin 0 = 5 sin 0 = 0. 

For point R , which is on the negative x-axis, 

x = r cos 0 = 5 cos jz = -5 and y = r sin 6 = 5 sin n — 0. 

(b) For U = (3,4), we have r = a/ 3 2 + 4 2 = 5 and tan# = 4/3. A possible value for 6 is 6 = 
arctan4/3 = 0.927 radians, or about 53°. The polar coordinates of U are (5,0.927). The point 
V falls on the j^-axis, so we can choose r = 5, 6 = 3^/2 for its polar coordinates. In this case, 
we cannot use tan 6 = y/x to find 0, because tan 0 = y/x = -5/0 is undefined. 


7 v^3 


•U 

Q 

-F-H i x 

3 

V 


R 

F - 

-5 


The hiker looking for the campsite never reached it. She had walked 3 miles at 45° east of north 
using a compass. However, the campsite was actually at a heading of 45° east of true north. The 
hiker had not realized that compass north (magnetic north) is not the same as true north. In this part 
of Arizona, compass north is 12° east of true north. We choose the coordinate axes as in the figure, 
with east corresponding to the positive x-axis. Find polar and Cartesian coordinates for the hiker and 
campsite in Figure 8.49. 



Figure 8.49: Locations of hiker and campsite 
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Solution We find the polar coordinates first. The hiker and the campsite are both 3 miles from the origin, 
so both have r = 3. The coordinate 9 is the angle measured counterclockwise from the horizontal 
x-axis, that is from the east, so for the hiker we have 6 = 90° — 45° - 12° = 33° and for the campsite, 
9 = 45°. Thus, the polar coordinates are 

Hiker: (3,33°) Campsite: (3,45°). 

The Cartesian coordinates for the hiker are (2.516,1.634) since 

x = r cos 9 — 3 cos 33° — 2.516 and y — r sin# = 3 sin 33° = 1.634. 

The Cartesian coordinates for the campsite are (2.121,2.121) since 

x — rcos9 = 3 cos45° = 2.121 and y = r sin# = 3 sin45° — 2.121. 


Because the angle 9 can be allowed to wrap around the origin more than once, there are many 
possibilities for the polar coordinates of a point. For the point V in Example 1, we can also choose 
9 = —nj 2 or 9 = 1k/2 , so that (5, -k/2), (5,7^/2), and (5,3^/2) are all polar coordinates for V. 
However, we usually choose 9 between 0 and 

In some situations, negative values of r are used, but we shall not do so. 


Example3 Give three possible sets of polar coordinates for the point P in Figure 8.50. 



Solution Because r = 3 and 9 = k/A, one set of polar coordinates for P is (3, n/A), We can also use 9 — 
k/A + 2k = 9k /A and 9 = n/A — 2 k — —In/A, to get (3, 9k /A) and (3, —Ik /A). 


Graphing Equations in Polar Coordinates 

The equations for certain graphs are much simpler when expressed in polar coordinates than in Carte¬ 
sian coordinates. On the other hand, some graphs that have simple equations in Cartesian coordinates 
have complicated equations in polar coordinates. 


Example 4 (a) Describe in words the graphs of the equation y — 1 (in Cartesian coordinates) and the equation 

r = 1 (in polar coordinates). 

(b) Write the equation r = 1 using Cartesian coordinates. Write the equation y = 1 using polar 
coordinates. 
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Solution (a) The equation y = 1 describes a horizontal line. Since the equation y = I places no restrictions 

on the value of x, it describes every point having a y-value of 1, no matter what the value of 
its x-coordinate. Similarly, the equation r — 1 places no restrictions on the value of 0. Thus, it 
describes every point having an r-value of 1, that is, having a distance of 1 from the origin. This 
set of points is the unit circle. See Figure 8.5 1. 



Figure 8.51: The graph of the equation r = 1 is the unit circle because 
r — 1 for every point regardless of the value of 0. The graph of y = 1 
is a horizontal line since y = 1 for any .v 


y 



Archimedean spiral r = 0 


(b) Since r = Vx 2 + y 2 , we rewrite the equation r = I using Cartesian coordinates as yf x 2 + y 2 — 
1, or, squaring both sides, as x 2 + y 2 = 1. We see that the equation for the unit circle is simpler 
in polar coordinates than it is in Cartesian coordinates. 

On the other hand, since y = r sin 0 , we can rewrite the equation y = 1 in polar coordinates 
as r sin 6 = 1, or, dividing both sides by sin #, as r — 1 / sin 0. We see that the equation for this 
horizontal line is simpler in Cartesian coordinates than in polar coordinates. 


Example 5 Graph the equation r = 0. The graph is called an Archimedean spiral after the Greek mathematician 
Archimedes who described its properties (although not using polar coordinates). 

Solution To construct this graph, use the values in Table 8.1. To help us visualize the shape of the spiral, we 

convert the angles in Table 8.1 to degrees and the r-values to decimals. See Table 8.2. 

Table 8.1 Points on the Archimedean spiral r = 6, with 0 in radians 


0 

0 

jt 

6 

jc 

3 

jt 

2 

2 jt 

3 

5* 

6 

K 

Ijt 

6 

4 Jt 

3 

3 jt 
~2 


r\ 

jt 

JT 

jt 

2 Jt 

5 Jt 


Ijt 

4 jt 

3 jt 

r 

U 






K 






f> 

3 


3 

_ 


6 

3 

_ 


Table 8.2 Points on the Archimedean spiral r = 0, with 0 in degrees and a decimal approximation to r 


0 

0 

u> 

o 

o 

60° 

90° 

o 

O 

n 

150° 

o 

O 

00 

210° 

240° 

270° 

r 

0.00 

0.52 

1.05 

1.57 

2.09 

2.62 

3.14 

3.67 

4.19 

4.71 


Notice that as the angle 6 increases, points on the curve move farther from the origin. At 0°, the 
point is at the origin. At 30°, it is 0.52 units away from the origin, at 60° it is 1.05 units away, and 
at 90° it is 1.57 units away. As the angle winds around, the point traces out a curve that moves away 
from the origin, giving a spiral. (See Figure 8.52.) 
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Example 6 For an integer n , curves of the form r = a sin nO or r = a cos nO are called roses. Graph the roses 
(a) r = 3 sin 20 (b) r = 4 cos 30 


Solution 


(a) Using a calculator or making a table of values, we see that the graph is a rose with four petals, 
each of length 3. See Figure 8.53. 

(b) The graph is a rose with three petals, each of length 4. See Figure 8,54. 


y y 



Example 7 Curves of the form r = a + n sin 6 or r = a + b cos 0 are called limasons. Graph r = 1+2 cos 6 and 
r — 3 + 2 cos 6. 

Solution See Figures 8.55 and 8.56. 



Graphing Inequalities in Polar Coordinates 

Polar coordinates can be used with inequalities to describe regions that are obtained from circles. 
Such regions are often much harder to represent in Cartesian coordinates. 
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Example 8 Using inequalities, describe a Blu-ray disk with outer diameter 120 mm and inner diameter 15 mm. 

Solution The disk lies between two circles of radius 7.5 mm and 60 mm. See Figure 8.57. Thus, if the origin 

is at the center, the disk is represented by 

7.5 < r < 60 and 0 < 6 < 2k. 



Figure 8.57: Compact disk 


y 


x 


Figure 8.58: Pizza slice 



Example 9 An 18-inch pizza is cut into 12 slices. Use inequalities to describe one of the slices. 

Solution The pizza has radius 9 inches; the angle at the center is 2n/\2 — nj 6. See Figure 8.58. Thus, if the 

origin is at the center of the original pizza, the slice is represented by 

0 < r <9 and O<0<^. 

6 


Exercises and Problems for Section 8.3 

Exercises 


In Exercises 1-9, in which quadrant is a point with the polar 
coordinate 0? 

1. 0 = 315° 2. 9 = —290° 3. 0 = 470° 

4. 0 = 2.4*: 5. 0 = 3.2*: 6. 0 = -2.9*: 

7. 0 = 10.3*: 8. 0 = -13.4*: 9. 0 = -7 

In Exercises 10-13 mark the point on the xy-plane. In which 
range, 0° to 90°, 90° to 180°, 180° to 270°, or 270° to 360°, is 
its polar coordinate 0? 

11. (-1,7) 

13. (-1.1,-3.2) 


Convert the Cartesian coordinates in Problems 14-18 to polar 
coordinates. 

14. (1,1) 15. (-1,0) 

16. (V6.-V2) 17. (-\/3,1) 

18. (-3,10) 

Convert the polar coordinates in Exercises 19-22 to Cartesian 
coordinates. Give exact answers. 

19. (l,2*:/3) 

21. (2\/3,-*/6) 


10. (2,3) 
12. (2,-3) 


20. (\/3,—3*74) 
22. (2,5;r/6) 
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Problems 


Convert the equations in Problems 23-26 to rectangular coor- 41. 
dinates. 


23. r = 2 
25. 0 = k/4 


24. r — 6 cos 0 

26. tan 0 = r cos 9-2 


Convert the equations in Problems 27-30 to polar coordinates. 
Express your answer as r = f(0). 


27. 3x — 4y = 2 

29. y = x 2 


28. x 2 + y 2 = 5 
30. 2xy = 1 


40. 




For Problems 31-38, the origin is at the center of a clock, with 
the positive x-axis going through 3 and the positive y-axis go¬ 
ing through 12. The hour hand is 3 cm long and the minute 
hand is 4 cm long. What are the Cartesian coordinates and po¬ 
lar coordinates of the tips of the hour hand and minute hand, 
H and M, respectively, at the following limes? 

31. 12 noon 32. 3 pm 33. 9 am 34. 1 pm 

35. 1:30 pm 36. 7 am 37. 3:30 pm 38. 9:15 am 


In Problems 39-41, give inequalities for r and 9 that describe 
the following regions in polar coordinates. 

39. v 


Note: Region extends indefinitely 
in the y-cti recti on. 


42. (a) Make a table of values for the equation r — 1 — sin 9. 

Include 0 = 0, /r/3, */2. 2*/3, •». 

(b) Use the table to graph the equation r = 1 — sin 9 in 
the xy-plane. This curve is called a cardioid. 

(c) At what point(s) does the cardioid r — 1 — sin 9 in¬ 
tersect a circle of radius 1/2 centered at the origin? 

(d) Graph the curve r — 1 — sin 29 in the xy-plane. Com¬ 
pare this graph to the cardioid r — \ - sin 9. 

43. Graph the equation r - 1 — sin(/i#), for n = 1, 2, 3, 4. 
What is the relationship between the value of n and the 
shape of the graph? 

44. Graph the equation r — 1 — sin 0, with 0 < 0 < n/r, for 
n = 2, 3, 4. What is the relationship between the value of 
n and the shape of the graph? 

45. Graph the equation r = 1 — n sin 9 , for n = 2, 3, 4. What 
is the relationship between the value of n and the shape 
of the graph? 

46. Graph the equation r - 1 -cos 9. Describe its relationship 
to r — 1 — sin 9. 

47. Give inequalities that describe the flat surface of a washer 
that is one inch in diameter and has an inner hole with a 
diameter of 3/8 inch. 

48. Graph the equation r — 1 — sin(2#) for 0 < 9 < 2 n. There 
are two loops. For each loop, give a restriction on 9 that 
shows all of that loop and none of the other loop. 

49. A slice of pizza is one eighth of a circle of radius 1 foot. 
The slice is in the first quadrant, with one edge along the 
x-axis, and the center of the pizza at the origin. Give in¬ 
equalities describing this region using: 

(a) Polar coordinates (b) Rectangular coordinates 

50. A radio tower located on the coast can be configured to 
transmit mostly over land and not over the ocean. This 
way, the available energy is more efficiently used to reach 
farther inland. The coverage area of such a tower is de¬ 
scribed by a polar curve called a cardioid 5 : r = 15(1 -F 
cos#). (Distances are given in miles.) The coverage area 


5 www.ictreguIationloolkit.org/Documents/Document/Doaiment/3643, accessed May 23, 2014, or 
"The Electronics Handbook", Jerry C. Whitaker, CRC Press, 1996. 
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of the signal is shown in Figure 8.59, where the radio 
tower is located at the origin. 


north (miles) 



(a) How far does the signal reach directly north of the 
tower? 

(b) Find the polar coordinates of the point directly east 
of the tower where you lose the signal. 

(c) A house is located 25 miles east and 14 miles north 
of the radio tower. Does the signal reach the house? 

51. A super-directional microphone, also called shotgun mi¬ 
crophone, 6 is designed to pick up sound from directly in 


front of it. The pickup area of such a microphone can be 
described using the polar curve r = 9 2 for — n < 9 < n, 
where the microphone is located at the origin and dis¬ 
tances are given in feet. See Figure 8.60. 

Several guests on a radio show that uses a shotgun 
microphone are seated at positions described by the polar 
coordinates (6, n), (6,3;r/4), (6, —3^/4). Can all of them 
be picked up by the microphone? If not, suggest a place 
where they should move. 

distance (ft) 



CHAPTER SUMMARY 


Right Triangle Trigonometry 

For an angle 9 in a right triangle (not the right angle): 

. Opposite Adjacent 

sin 6 — -, cos 9 = -. 

Hypotenuse Hypotenuse 

For 9 an angle in a right triangle (not the right angle): 

Opposite 

tan 0 — -. 

Adjacent 

Non-right Triangles 

Law of Cosines: For a triangle with sides a, b, c, and 
angle C opposite side c, we have 

c 2 — a 2 + b 2 — lab cos C. 


Law of Sines: For a triangle with sides a, b , c opposite 
angles A, B , C respectively: 

sin A sin B _ sin C 

a b c 

• Polar Coordinates 

x = rcos0 y = rsin0 

r — \! x 2 + y 2 tan 9 = —. 

x 

Graphing with polar coordinates. 


6 http://www.intmath.com/blog/polar-coordinates-and-cardioid-microphones/2496, accessed May 23, 2014. 
















Chapter Eight TRIANGLE TRIGONOMETRY AND POLAR COORDINATES 

REVIEW EXERCISES AND PROBLEMS FOR CHAPTER EIGHT 


Exercises 


In Exercises 1-6, use Figure 8.61 to find exactly 
(a) sin# (b) cos# (c) tan# 



Figure 8.61 


For Exercises 11-14, find #, an angle in a right triangle, with¬ 
out using a calculator. 


11. cos # = 


13. cos # — 


V5 

2 

Vi 


12. sin# = 


14. sin # = cos # 


In Exercises 15-18, in which quadrant is a point with the polar 
coordinate #? 


15. # = -299° 

L x - 2, z = 7, A = 0 2. x = 9, y = 5, A = # 

3. y = 8, z = 12, A = # 4. z = 17, A = #, B = 9 17. # = - 11k 

5. y = 2, z = 11, B = 0 6 . x — a, y = b, B ~ 9 


16. # = 730° 
18. # = 14.4* 


For Exercises 7-10, find #, an angle in a right triangle. 


7. tan # = 0.999 
9. tan# = - 

3 


8 . sin0 = | 

10. cos 


Convert each of the polar coordinates in Exercises 19-22 to 
Cartesian coordinates. Use decimal approximations where ap¬ 
propriate. 

19. Or/2,0) 20. (2,2) 21. (0,*/2) 22. (3,40°) 


Problems 


Find all sides and angles of the triangles in Exercises 23-26. 
(Not necessarily drawn to scale.) 



27. You have been asked to build a ramp for Dan’s Daredevil 
Motorcycle Jump. The dimensions you are given are in¬ 
dicated in Figure 8.62. Find all the other dimensions. 



Figure 8.62 

28. Find the value of the angle # in Figure 8.63. 



Figure 8.63 
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29. A ship spots a second ship to its cast at a distance of four 
miles. A third ship is at an unknown distance to the north 
of the second ship and at an angle of 28° to the first ship. 
See Figure 8.64. Find x, the distance between the second 
and third ships. 



Figure 8.64 


30. The ground crew for a hot air balloon is positioned 200 
meters from the point of liftoff and monitors the ascent of 
the balloon. Express the height of the balloon as a func¬ 
tion of the ground crew's angle of observation. 



32. A kite flier wondered how high her kite was Hying. She 
used a protractor to measure an angle of 38° from level 
ground to the kite string. If she used a full 100-yard spool 
of string, how high, in feet, was the kite? (Disregard the 
string sag and the height of the string reel above the 
ground.) 

33. Hampton is a small town on a straight stretch of coast¬ 
line running north and south. A lighthouse is located 3 
miles offshore directly cast of Hampton. The light house 
has a revolving searchlight that makes two revolutions per 
minute. The angle that the beam makes with the east-west 
line through Hampton is called 0. Find the distance from 
Hampton to the point where the beam strikes the shore, 
as a function of 0. Include a sketch. 

34. For each of the following expressions, find a line segment 
in Figure 8.67 with length equal to the value of the expres- 


Figure 8.65 


31. A UFO is first sighted at a point P, due east from an ob¬ 
server at an angle of 25° from the ground and at an alti¬ 
tude (vertical distance above ground) of 200 m. (See Fig¬ 
ure 8.66.) The UFO is next sighted at a point P 2 due east 
at an angle of 50° and an altitude of 400 m. What is the 
distance from P , to iV? 


35. 


sion. 


(a) 

sin 6 

(d) 

1 

sin 6 


(b) 

(e) 


cos 0 

1 

cos 0 


(c) tan# 
1 


(f) 


tan 0 


P 



B(l.O) 


Find tan 0 exactly if sin 6 = —3/5, and 0 is in the fourth 
quadrant. 


36. Find the radian value of x in Figure 8.68. 


* P 2 

400 m 


K 25 ! 


? Pi 


200 m 


Figure 8.66 



0.83 


Figure 8.68 


37. (a) Explain why r — 2 cos 6 and (x - l) 2 + y 1 — 1 are 
equations for the same circle. 

(b) Give Cartesian and polar coordinates for the 12, 3, 6, 
and 9 o'clock positions on the circle in part (a). 
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STRENGTHEN YOUR UNDERSTANDING 

Are the statements in Problems 1-12 true or false? Give an 
explanation for your answer. 

1. If A ABC is an isosceles right triangle with angle BAC = 
90°, then sin B = \/3/2. 

2. A 16-foot ladder leans against a wall. The angle formed by 
the ladder and the ground is 60°. Then the top of the lad¬ 
der meets the wall at a height of 8 feet above the ground. 

3. The Law of Cosines may be applied only to right trian¬ 
gles. 

4. If the lengths of three sides of a triangle are known, the 
Law of Cosines may be used to determine any of the an¬ 
gles. 

5. In A NPR, the lengths of the sides opposite angles N, 
P and R are p and r respectively. Angle P is given by 


6. When used to find the length of the side of a triangle op¬ 
posite a right angle, the Law of Cosines reduces to the 
Pythagorean Theorem, 

7. If two angles and the length of one side of a triangle are 
known, the Law of Cosines may be used to find the length 
of another side. 

8. In A QXR, the lengths of the sides opposite angles Q, X 
and R are q, x and r respectively. Then r sin Q — q sin R. 

9. In A LAB, the ratio of the length of side LA to the length 

r • A a - sin B 

of side BA is-. 

sin L 


10. If the lengths of two sides of a triangle and the angle in¬ 
cluded between them are known, the Law of Cosines may 
be used to determine the length of the third side of the tri¬ 
angle. 

11. If two angles and the length of one side of a triangle are 
known, the Law of Sines may be used to determine the 
length of another side. 

12. It is possible for triangle A M AT to have the following 
dimensions: MA — 8, MT = 12 and angle T — 60°. 

Are the statements in Problems 13-18 true or false? Give an 

explanation for your answer. 

13. The graph of r = 1 is a straight line. 

14. The graph of 0 = 1 is the unit circle. 

15. The polar coordinates (3,;r) correspond to (—3,;r) in 
Cartesian coordinates. 

16. In both polar and Cartesian coordinate systems, each 
point in the xy-plane has a set of unique coordinate val¬ 
ues. 

17. The point (0, —3) in Cartesian coordinates is represented 
by (3, 3^/2) in polar coordinates. 

18. The region defined in polar coordinates by 0 < r < 2 and 
0 < B < 2 looks like a two-by-two square. 
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9.1 TRIGONOMETRIC EQUATIONS 


A trigonometric equation is an equation involving trigonometric functions such as the sine and cosine 
functions. Solving a trigonometric equation means finding values that satisfy it. 

Finding Solutions Graphically 

Consider the rabbit population, R , of Example 5 on page 296, given as a function of time, f, in months 
since January: 

R = -5000cos + 10,000. 

If we want to know when the population reaches 12,000, we solve the trigonometric equation 

-5000cos + 10,000= 12,000. 

We can use a graph to find approximate solutions to this equation. From Figure 9.1, we see that two 
solutions occur near t = 4 and near t = 8. Estimating with a calculator, we obtain the solutions: 

t = 3.79 and t = 8.21. 

This means the rabbit population reaches 12,000 towards the end of month 3, April (since month 0 
is January), and again near the start of month 8 (September). 



Finding Solutions Algebraically 

We can also use algebra to find when the rabbit population reaches 12,000: 

-5000cos + 10,000 = 12,000 

-5000cos(|r) = 2000 

COS j — -0.4. 

— t — cos" 1 (-0.4) 

6 

t — — cos 1 (-0.4) 
n 

t = 3.786. 

Since the period of this function is 12, by symmetry the second solution is 12 - 3.786 = 8.214 
months. These solutions agree with the solutions we found graphically up to two decimal places. 

Solving Trigonometric Equations 

An advantage of using a graph to solve a trigonometric equation on a specific interval is that you 
can see all possible solutions. Using algebra provides more accurate answers. In Example 1 we use 
a trigonometric equation to analyze the motion of the London Eye Ferris wheel. 


subtract 10,000 

divide by -5000 
one possibility 
multiply by 6//r 
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Example 1 

Solution 


Example 2 

Solution 


On the London Eye Ferris wheel, how much time during the first turn do you spend more than 350 
feet above the platform? 


Your first turn takes 30 minutes. Since you start at the bottom and your height is given by 

f{t) = 200 sin ((/ - 7.5)) + 200, 
we find when you first reach 350 feet: 

200 sin (/ - 7.5)) + 200 = 350 

200 sin ^ Yj: (t — 7.5)) = 150 subtract 200 

sin (/ — 7.5)) = divide by 200 


15 


(t -7.5): 


150 

200 

• -i /150 \ 

sin - 

‘"V 


V 200 

, -c 15 • _i / 150\ 
t — 1.5 = — sin | 
k 

t = 11.55 


one possibility 

1^551 multiply by 15 /* 


In Figure 9.2, we see there are two points on the interval 0 < t < 30 where your height is 350 ft. 
Since the period of this function is 30, by symmetry the second solution is 30 — 11.55 — 18.45 
minutes. This means that you spend 18.45 — 11.55 = 6.9 minutes at a height of 350 feet or more 
above the platform. 



Figure 9.2: On the London Eye, you are above 350 feet between t = 11.55 minutes and t = 18.45 minutes 


In Example 1, we analyzed the motion of the Ferris wheel using the graph of a sinusoidal func¬ 
tion. We could instead have used the unit circle to find all possible solutions. 

Finding More, or All, Solutions to a Trigonometric Equation 

In the next example, we see that if we want more, or all, solutions to the equation sin 6 = a, we need 
only add multiples of 2k to the solutions between 0 and 2k. 


(a) Solve sin 6 = 0.6678 for —2k <0< 6k. 

(b) Find all solutions to sin 0 — 0.6678. 

(a) Using our calculator, we see that one solution is given by 6 = sin _i (0.6678) = 0.7312. Since 
0.7312 radians are less than k/2 radians, a second solution is given by the angle on quadrant II 
with a reference angle of 0.7312 radians. We have 

k — 0.7312 — 2.4103, 

so a second angle between 0 and 2k whose sine is 0.6678 is 6 = 2.4103. Thus, the only two 
solutions between 0 and 2k are given by 6 — 0.7312,2.4103. 

We also know that every time 0 wraps completely around the circle (in either direction), we 
obtain another solution. Since each time we wrap around we increase the angle by 2/r, we get 
these new solutions: 

0.7312+ 1 • 2^ = 7.0144 wrap once around circle 

0.7312+2 ■ 2 k= 13.2976 wrap twice around circle 

0.7312 + (—1) * 2 k = —5.5520. wrap once around the other way 
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Note that if we wrap three times around the unit circle, we obtain an angle larger than 6;r, which 
is outside the solution interval we wanted: 

0.7312 H- 3 * 2tt = 0.73 1 2 + 6x > 6k. 

If we wrap twice around the other way, we also get an angle outside our solution interval. 
Reasoning the same way for 0 = 2.4103, we find the following solutions: 

2.4103 +1 - 2k — 8.6935 wrap once around circle 

2.4103 + 2 ■ 2k — 14.9767 wrap twice around circle 

2.4103 + (—1) * 2k = —3.8728. wrap once around the other way 

Thus, the solutions on the interval -2k < 0 < 6k are: 

0 = -5.5520,-3.8728,0.7312,2.4103,7.0144,8.6935, 13.2976, 14.9767. 




Figure 9.3: Four of the eight solutions to sin# = 0.6678 on the interval 


(b) In part (a), we found eight solutions to the equation sin 0 = 0.6678 by adding multiples of 2k. 
Generalizing this approach, we see that all solutions can be generated as follows: 


0 = 0.7312+1 


or (9 = 2.4103+1 


Number of times the angle \ 
wraps around the circle J 
Number of times the angle j 
wraps around the circle J 

We can write these statements more concisely as: 

0 = 0.7312 + n • 2k 

or 6 = 2.4103 + n * 2k, where n = 0, ±1, ±2,. 


2k 


2k. 


As Example 2 illustrates, it is possible to describe infinitely many solutions of a trigonometric 
equation using an algebraic expression. In this expression, the variable n stands for the number of 
times the angle wraps around the unit circle. Alternatively, the variable n stands for the number of 
periods by which we have shifted our original solution. 

Exercises and Problems for Section 9.1 

Exercises 


1. Use a graph to approximate solutions to the equation 2. (a) Use a graph of y — cos / to estimate two solutions to 
cos t = 0.4 on -n < t < 3 k. the equation cos t — -0.3 for 0 < t < 2 k. 

(b) Solve the same equation using the inverse cosine. 
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In Exercises 3-5, use a graph to estimate all the solutions of 
the equations between 0 and 2n. 

3 . sinfl = 0.65 4 . tanx = 2.8 5 . cos/= ~0.24 

In Exercises 6-11, solve the equation for a value of 0 in the 
first quadrant. Give your answer in radians and degrees. 

6 . 5sin(30) = 4 7. 9tan(50) + | = 10 

8 . 2\/i tun(26>) +1=3 9 . 3 sin (9 + 3 = 5 sin 0 + 2 


10. 6 cos(3fl) + 3 = 4 cos(3fl) + 4 

11. 5tan(40) + 4 = 2(1 an (40) + 5) 

In Exercises 12-14, find a solution for0, if possible. Give your 
answer in radians. 

12 . cos(0 - 2) = -50 13 . tan(50 + 7> = -0.241 

14 . 2sin(40) = 0.667 


Problems 


15. (a) Find exact solutions to the equation cos t = 1/2 with 

-2 n < t < 2 k. Plot them on a graph of y = cos t. 

(b) Using a unit circle, explain how many solutions to 
the equation cos / = 1/2 you would expect in the 
interval 0 < t < 2k. 

16. Using the unit circle, find all solutions to cos / = 0.4 on 
the interval —2k < t <6 k. 

In Problems 17-22, find all solutions to the equation for 0 < 
x < 2k. 

17. cos x = 0.6 18. 2 sin x — 1 — sin x 

19. 5cosx=l/cosx 20. sin2x = 0.3 

21. sin(x - 1) = 0.25 22. 5cos(x + 3) = 1 

23. Find all solutions of cos 8 - -0.4226 for 0° < 8 < 720°. 

24. Solve the equations 

(a) cos 8 = 0.4226 for0 ° <8 < 360° 

(b) tan 8 — 2. 145 forO°<0<72O° 

In Problems 25-28 use inverse trigonometric functions to find 
a solution to the equation in the given interval. Then, use a 
graph to find all other solutions in this interval. 

25. cos x = 0.6, 0 < x < 4k 

26. sinx = 0.3, 0 < x < 2k 

27. cos x = -0.7, 0 < x < 2k 

28. sin x = —0.8, 0 < x < 4k 

In Problems 29-31, find exact values for all the solutions to 
the equation. 

29. sin 8 — -V2/2 30. cos 8 = V 3/2 

31. tan0 = -\/3/3 


32 . Solve for a exactly with 0 < a < 2 k: 
sec 2 a + 3 tan a = tan a. 

In Problems 33-36, solve the equation for 0 < t < 2k. First 
estimate answers from a graph; then find exact answers. 

33. cos(2/) = ^ 34. tan / = —— 

2 tan / 

35. 2 sin/cos t - cost = 0 36. 3 cos 2 1 — sin 2 f 

37. Use a graph to find all the solutions to the equation 
12-4 cos 3 1 = 14 between 0 and 2k/3 (one cycle). How 
many solutions are there between 0 and 2/r? 

38. Approximate the zcro(s) of /(/) = 3 - 5sin(4/) for 
0 < t< k/2 

(a) Graphically. (b) Using the arcsine function. 

39. A company’s sales are seasonal with the peak in mid- 
December and the lowest point in mid-June. The com¬ 
pany makes $100,000 in sales in December and only 
$20,000 in June. 

(a) Finda trigonometric function, 5 = /(f), representing 
sales at time / months after mid-January. 

(b) What would you expect the sales to be for mid-April? 

(c) Find the /-values for which = 60,000. Interpret 
your answer. 

40. In a tidal river, the time between high tide and low tide is 
6.2 hours. At high tide the depth of the water is 17.2 feet, 
while at low tide the depth is 5.6 feet. Assume the water 
depth is a trigonometric function of time. 

(a) Graph the depth of the water over time if there is a 
high tide at 12:00 noon. Label your graph, indicating 
the high and low tide. 

(b) Write an equation for the curve you drew in part (a). 

(c) A boat requires a depth of 8 feet to sail, and is docked 
at 12:00 noon. What is the latest time in the afternoon 
it can set sail? Your answer should be accurate to the 
nearest minute. 



Chapter Nine TRIGONOMETRIC IDENTITIES, MODELS, AND COMPLEX NUMBERS 


41. Approximate the x-coordinates of points P and Q shown 
in Figure 9.4, assuming that the curve is a sine curve. 
[Hint: Find a formula for the curve.] 

y 



42. Let k be a positive constant and r be an angle measured 
in radians. Consider the equation for r, 

/c sin r = t 2 . 

(a) Explain why any solution to the equation must be be¬ 
tween -\fk and \fk, inclusive. 

(b) Approximate every solution to the equation when 
k = 2. 

(c) Explain why the equation has more solutions for 
larger values of k than it does for small values. 

(d) Approximate the least value of A\ if any, for which 
the equation has a negative solution. 

43. You are perched in the crow’s nest, C, on top of the mast 
of a ship, S . See Figure 9.5. You will calculate how far 


you can see when you are x meters above the surface of 
the ocean. 

(a) Find formulas for d , the distance you can see to the 
horizon, H. and L the distance to the horizon along 
the earth’s surface, in terms of x, the height of the 
ship’s mast, and r, the radius of the earth. 

(b) How far is the horizon from the top of a 50-meter 
mast? How far, measured along the earth’s surface, 
is the horizon from the ship’s position on the ocean? 
Use r — 6,370,000 meters. 
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Equations Versus Identities 

In Chapter 7, we saw the statement sin 2 0 + cos 2 6 = 1, which we referred to as the Pythagorean 
identity. An identity is an equation that is true for all values of the variable. For example, the equation 

2(x — 1) = A' 

has only one solution, x = 2, since this value of x makes the statement true, whereas all other values 
make the statement false. In contrast, the following equation is true for all values of x, so it is an 
identity. 

2(x - 1) — 2x — 2. 

Trigonometric identities allow us to rewrite expressions so we can easily identify the behavior of 
trigonometric models. 

Using Identities To Simplify Expressions 

Trigonometric identities can help us simplify expressions. 


Example 1 Use the identities sin(— t) = - sin t and cos(;r/2 — t) = sin t to rewrite the following as a sinusoidal 
function and give its amplitude, midline, and period: 
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Solution 


We have 


y — 2 sin t — 3 sin(—/) +4cos ^ ^ 

' v ^ s -v-' 

-sin/ ^ 

sin t 

= 2 sin t - 3 (— sin 0 + 4 sin t 
= 2 sin t + 3 sin t + 4 sin t 
- 9 sin t. 


So this is a sinusoidal function with amplitude A = 9, midline k — 0, and period p — 2 k. 


Example 2 Simplify the expression (2 cos t + 3 sin 0 (3 cos t + 2 sin 0 - 13 sin t cos t. 

Solution To make the calculations easier, let r = cos t and .v = sin t. Our expression becomes 

(2 r + 3.v)(3r + 2s) - 13rs = 6 r 2 + 4 rs + 9 rs + 6s 2 - I3rs multiply out 

= 6r 2 + 6s 2 + 13r.v — 13/\s regroup 

— 6 (r 2 + s 2 ) simplify and factor 

= 6 (cos 2 t + sin 2 t ) because r = cos r, $ = sin t 

= 6. because cos 2 1 + sin 2 1 = 1 

We see that this complicated expression equals 6! 

Using Identities to Evaluate Expressions 

If we know which quadrant an angle is in and we know the value of any one of its trigonometric 
functions, we can evaluate the other two by using the Pythagorean identity. 


Example 3 

Solution 


Suppose that cos 6 - 2/3 and 3^/2 < 6 < 2k. Find sin 0 and tan 0 . 

Use the relationship cos 2 6 + sin 2 0 = 1 to find sin 0. Substitute cos 0 = 2/3: 

(|) + sin 2 6 = 1 

- + sin 2 9 = 1 

9 

. 2 a . 4 5 

sin 6 = 1 - 9 = 9 

. f5 V~5 

sin 0 = ±y - = ±~ 2 ~- 


Because 6 is in the fourth quadrant, 
relationship 


tan# 


sin# is negative, so sin# = -\/5/3. To find tan#, use the 

_ sin 6 _ — V5/3 _ V5 
cos# 2/3 2 


Using Identities to Solve Equations 

Identities can help us solve equations involving trigonometric functions. An equation involving sev¬ 
eral trigonometric functions can often be rewritten in terms of a single function. 

Example4 Solve 3 sin# = V3 C0S ^, for 0 < # < 2k. 

Solution We start by visualizing the solutions in Figure 9.6. There appear to be two solutions on 0 < # < 2k. 
How can we find them exactly? 
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Notice that the equation involves both the sine and the cosine. But if we divide both sides by 
cos 9 (assuming cos 0^0) and replace sin 9/ cos 9 by tan 9 , the equation is just in terms of tangent: 

3-^4 = V3 


COS# 

3 tan# = V3 

)d 

3 


tan 0 = 


1 


Now, since we know that 


1/2 


1 


n sin(;r/6) 

tan — =-—-=-, 

6 cos(^/6) ^12 yfl 


we can see that one solution to this equation is 


-1 


The tangent function has period k, so the second solution on 0 < 9 < 2k is 

Q - 71 - ln 


Dividing by cos 9 is not valid if cos 9 — 0. We must check separately whether values of 9 that make 
cos 0 = 0, namely 9 — nj 2 and 6 = 3;r/2, are solutions. Neither of these values satisfies the original 
equation, as the graphs in Figure 9.6 do not cross there. 



Example 5 

Solution 


Solve 2 sin 2 t — 3-3 cos t for 0 < t < it. 

This equation looks difficult to solve because it contains both sines and cosines. We use the identity 
sin 2 1 — 1 — cos 2 t to rewrite it entirely in terms of cos t: 

2(1- cos 2 t) = 3-3 cos t 

' -v-' 

sin 2 t 

2- 2cos 2 1 = 3 - 3 cost 
2 cos 2 1 ~ 3 cos t + 1 = 0. 

Writing cos t = x, so x 2 = (cos t) 2 - cos 2 t, makes it easier to see that this equation is quadratic: 

2 cos 2 t -3 cost +1 = 2x 2 - 3x + 1 = 0 


(2x — l)(x - 1) = 0 

1 

so x — - or x = 1. 

2 

Since x = cos t, we know either cos t — 1/2 with solution t — nj 3, or cos t = 1 with solution t = 0. 
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Double-Angle Formula for Sine 

Thinking graphically, we know that y = sin 20 is a different function than y = 2 sin #. For one thing, 
they have different amplitudes, and for another they have different periods. 

Thinking algebraically, we would like to find a formula for sin 20 in terms of sin 0 and cos 0. 
We derive our formula by using Figure 9.7. The lengths of OA and OC are 1; the length of AC is 
2 sin 0, Writing a for the angle at A and applying the Law of Sines to triangle OAC gives 

sin 26 _ sin a 
2 sin# 1 


In triangle OA B , the length of side OB is cos #, and the hypotenuse is 1, so 

Opposite cos# 


sin (X 


Hypotenuse 


cos 0. 



Figure 9.7: Triangle used to derive the double-angle formula for sine 


Thus, substituting cos# for sin a, we have 


sin 20 
2 sin# 


= cos # 


so 


sin 2# = 2 sin 0 cos#. 


This identity is known as the double-angle formula for sine. We have shown the double-angle formula 
is true for 0 < 6 < tt/2. Problems 62 and 63 extend the result to all 0. 


Example 6 Find all solutions to the equation sin2t = 2 sin r on the interval 0 < t < 2 n. 


Solution Rewriting the equation using the double-angle formula sin 2i — 2 sin t cos we have 

2 sin t cos t = 2 sin t 
2 sin t cos t — 2 sin t = 0 

2 sin /(cos t - 1 ) — 0. Factoring out2 sin/ 


Thus, 


2 sint = 0 or cos t = 1. 
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Now, 2 sin t = 0 for t = 0, n, and 2k, and cos t = 1 for t = 0 and 2k. Thus there are three solutions 
to the original equation on the interval 0 < t < 2k\ t = 0, k, and 2k. Figure 9.8 illustrates these 
solutions graphically as the points where the graphs of y — sin 2 1 and y = 2 sin t intersect. 


y = 2 sin t 


y = sin2f 



Figure 9.8: There are three solutions to the equation sin It = 2 sin t for 0 < t < 2k 


Double-Angle Formulas for Cosine and Tangent 

There is also a double-angle formula for cosine, which we derive by applying the Law of Cosines to 
triangle OAC in Figure 9.7. Side AC has length 2 sin 0, so 

(2 sin 0) 2 = l 2 + l 2 - 2 • 1 • 1 cos 2 0 
4 sin 2 0 — 2 — 2 cos 20. 


Solving for cos 20 gives 

cos 2 0 = 1 - 2 sin 2 0. 


Problems 64 and 65 extend the result to all 6. 

This is the double-angle formula for cosine. In Problem 28, we use the Pythagorean identity to 
write the formula for cos 20 in two other ways: 


cos 20 = 2 cos 2 0 - 1 


and 


cos 20 = cos 2 0 — sin 2 0. 


Finally, Problem 29 asks you to derive the double-angle formula for tangent: 


tan 20 = 


2 tan# 

1 - tan 2 0 


Sometimes we need to use more than one identity to solve an equation. 


Example 7 

Solution 


Solve sin 2 1 = y/2 sin(t 4- nj 2) for 0 < t < 2k. 

Use the double-angle formula for sine to replace sin 2 1 by 2 sin t cos t . We also replace sin(t + n/2) 
by cos t , giving 

2 sin t cos t = V 2 cos t. 

Now all of the trigonometric functions are functions of the same argument, t. Next we write the 
equation as 


and factor the left side to get 


2 sin t cos t - V2 cos t = 0 
cos t(2 sin t - \/2) = 0, 











9.2 IDENTITIES, EXPRESSIONS, AND EQUATIONS 363 


SO 


cos/ = 0 or 2sinr-V^ = 0. 

Now each equation involves only one trigonometric function. The solutions of cos / = 0 are / = it/2 
and / = 3jt/ 2. The solutions to 2 sin t — yfl = 0 are given by: 


2 sin / = \/2 

* , ^ 

sin / = -. 


2 


We know that sin(jr/4) = y/2/2 


, so solutions are / = ;r/4 and / = 3^/4. 


Exercises and Problems for Section 9.2 

Exercises 


In Exercises 1-4, are the two expressions equal for all values 
of /? If so, show this algebraically. If not, find a value of / for 
which they are not equal. 

1. sin(3/) and 3sin/ 2. cos 2 / and sin 2 1 — 1 

3. (cos / - sin /)(cos / + sin /) and cos 2 t - sin 2 1 

4. sec/ sin / and tan t 

Exercises 5-8 give the quadrant of an angle and the value of 
its sine, or cosine, or tangent. Without a calculator, find the 
values of the other two functions. 


In Exercises 19-24, write the expression in terms of the tan¬ 
gent function. 


19. 


sin yfo 
cos yfo 


3 sin(<£ + 1) 

4 cos ((p + 1) 


2 sin ■ 


20 . 


a 

cos — 
2 


22 . 


1 


/cos (r 2 — s 2 ) \ 

V sin 


5. sin 8 — 1 /4 and 0 < 0 < 

6. sin 0 = 3/5 and n/2 <9 <iz 

7. cos 0 = -2/5 and it < 9 < 3^/2 

8. cos 9 = 1/3 and 3it/2 <9<2it 

In Exercises 9-12, simplify the expression. Your answer 
should involve only sin / and cos t. 

9. tan/cos / — —- 10. 2cos/(3 - 7tan /) 

tan / 

11. 2cos/ - cost (1 - 3 tan /) 

12. 2 cos / (3 sin / — 4 tan /) 



25. Using the Pythagorean identity, give an expression for 
sin 9 in terms of cos 9. 

26. Complete the following table, using exact values where 
possible. State the trigonometric identities that relate the 
quantities in the table. 


In Exercises 13-18, simplify the expression. 


13. 

sin 2a 

cos a 

14. 

cos 2 9 — 1 
sin# 

15. 

cos 2/ 

16. 

1 1 

cos / + sin / 

1 

1 - sin 9 1 + sin# 

17. 

cos 0—1 sin 0 

18. 

1 1 

sin 0 cos 0+1 

sin /cos/ tan / 


6 (radians) 

sin 2 9 

cos 2 0 

sin 29 

cos 29 

1 





k/2 





2 





5^/6 
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Problems 


27. Use graphs to check that cos 2 1 and 1 — 2 sin~ t have the 
same sign for all values of t. 

28. Use the Pythagorean identity to write the double-angle 
formula for cosine in these two alternate forms: 

(a) cos 20 — 2(cos 0) 2 — 1 

(b) cos 20 — (cos 0) 2 — (sin #) 2 

29. Use tan 20 — S * n ^ to derive a double-angle formula for 

cos 20 & 

tangent. IHint: Use Problem 28(b).] 

30. If sin# = 3/5 and 0 is in the second quadrant, find 
sin(2#), cos(2#), and tan(2#) exactly. 


For Problems 31-33, use algebra to prove the identity. 


31. 


32. 


33. 


sin t _ 1 + cos t 
1 — cos t sin t 


1 — sin x cos x 

sin x cos y -I- cos x sin y tan x + tan y 

cos xcos y - sinx sin y 1-tanxtanj 


In Problems 34-37, Use trigonometric identities to solve the 
trigonometric equation exactly for 0 < 0 < 2k. 


34. sin^ 0 - cos 2 0 — sin 0 35. sin(2#) — cos 0 — 0 

36. sec 2 # =1-tan# 37. tan(2#) + tan# = 0 


For Problems 38-53, use a graph to decide whether the equa¬ 
tion is an identity. If the equation is an identity, prove it alge¬ 
braically. If it is not an identity, find a value of the variable for 
which the equation is false. 


38. 


1 


- - + - 


2 + x 

40. \J(A - x 2 = 8 - x 
42. cos(x 2 ) = (cosx) 2 
sin(2x) 


44. tanx = 


1 + eos(2x) 


sim # - 1 .. 

46. -= - cos # 

cos # 


47. 


• cos ( x+ !) 


39. sin ( - ) = -4- 

\ x / sin x 

41. sin(2x) = 2 sin x 
43. sin(x 2 ) = 2sinx 
sin(2A) 

45. - =2 tan A 

cos (24) 


— = cos x + cos — 

3 


48. sinxtanx = 

1 


1 - (cos x) 2 


49. tan/ + 

50. sin ^ — ^ = sin 1 - s 


cos x 

1 


tan t sin t cos t 
sinx 


51. 

52. 

53. 

54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


sin(2x)= 2tanX , 

1 + (tanx)- 

sin# cos# _ cos(2#) 

cos# sin# sin(2#) 

1 - (tanx) 2 

cos(2x) = -- 

1 + (tan x) 2 

Find exactly all solutions to the equations. 


(a) cos 2# + cos # = 0, 0 < # < 360° 

(b) 2cos 2 # = 3 sin# -I- 3, 0 < # < 2n 


Use Figure 9.9 to express the following in terms of #. 


(a) y 
(c) i+r 


(b) cos (p 

(d) The triangle’s area 



Figure 9.9 Figure 9.10 

Let y be the side opposite to the angle # in a right tri¬ 
angle whose hypotenuse is 1. (See Figure 9.10.) With¬ 
out trigonometric functions, express the following ex¬ 
pressions in terms of y. 


(a) cos# (b) tan# (c) cos(2#) 

(d) sin(/r - #) (e) sin 2 (cos -1 (>0) 


If x = 3 cos #, 0 < 0 < 7i/ 2, express sin(2#) in terms of 
x. 

Ifx+1 = 5 sin#, 0 < # < it/ 2, express cos(2#) in terms 
of x. 

Express in terms of x without trigonometric functions. 
[Hint: Let # = cos" 1 x in part (a).] 

(a) tan(2cos _1 x) (b) sin(2tan _1 x) 


Find an identity for cos(4#) in terms of cos#. (You need 

not simplify your answer.) 

Use trigonometric identities to find an identity for sin(4#) 

in terms of sin # and cos #. 

For 0 < t < n 1 2, we know that sin 2? = 2 sin t cos f. 

Assume now that n/2 < t < n. 

(a) Show that sin 2 (tt — t) = 2 sin(/r — t) cos(/r — r). 

(b) Use the periodicity and the oddness of the sine func¬ 
tion to show that sin 2 (x — t) — — sin 2 1. 

(c) Use the fact that cos (t -I - tt) = -cos t and sin(/ + 
n) = — sin/ to show that cos(7r — t) — —cos t and 
sin(;r - t) — sin r. 

(d) Show that sin 2f = 2sinrcos/. 

























63. In Problem 62, we showed that sin2/ = 2sin/cos/ for 
0 <t<n, Now assume that -n < t < 0. Show that 


9.3 SUM AND DIFFERENCE FORMULAS FOR SINE AND COSINE 


(a) cos(—2/) — 1 — 2sin : (-/). 

(b) cos 2/ — 1—2 sin 2 /. 


(a) sin(-2/) = 2 sin(-/)cos(-/), 

(b) sin2/ = 2sin / cos/. 

64. For 0 < / < it/ 2, we know that cos 2/ = 1 - 2 sin 2 /. 
Assume now that n/2 < t < n. 

(a) Show that cos 2{n - /) = 1 - 2 sin 2 (^ - /). 

(b) Use the periodicity and the evenness of the cosine 
function to show that cos 2{n — /) = cos 2/. 

(c) Use the fact that sin(/ + n) — — sin / to show that 
1 - 2sin 2 (;r - /) = 1 - 2 sin 2 /. 

(d) Show that cos 2/ = 1 - 2 sin 2 /. 

65. In Problem 64, we showed that cos 2/ = 1 - 2 sin 2 / for 
0 < / < n. Now assume that —k < t < 0. Show that 


66. The expressions (a)-(m) contain several pairs that are 
identically equal. Use graphs to find live such pairs. 


(a) 

(c) 

(e) 

(g) 

(i) 

(k) 


(m) 


2 cos 2 / + sin / + 1 
cos(2/) 

2 sin /cos/ 
sin(2/) 

-2 sin 2 / + sin / + 3 
1 - sin / 
sin / 

V cos/ / 

1 - cos / 


(b) cos 2 / 

(d) 1 — 2 sin 2 / 

(f) cos 2 /-sin 2 / 


(h) 

0 ) 

a) 


sin(3/) 

sin(2/)cos /+cos(2/) sin / 
1 + cos(2/) 

i 


9.3 SUM AND DIFFERENCE FORMULAS FOR SINE AND COSINE 


To help us build realistic models using trigonometric functions, we now look at some trigonometric 
identities that generalize the identities in the last section. 


Sums and Differences of Angles 

The double-angle formulas introduced in Section 9.2 are special cases of a group of more general 
trigonometric identities which allow us to find the sine and cosine of the sum and difference of two 
angles. For example, knowing the exact values for the sine and cosine of 45° and 30°, we can find 
the exact value for cos(45° - 30°) = cos 15°. 

Though it is tempting to speculate that cos 45° - cos 30° equals cos(45° — 30°), you can use 
your calculator to see that this is not the case. Instead, we can use one of the following formulas, 
which are justified on pages 366-367. 


Sum and Difference Formulas 


sin(0 + 0) = sin 6 cos 0 -h cos 6 sin 0 
sin(0 - 0) = sin 6 cos 0 — cos 6 sin 0 
cos(0 + 0) = cos 0 cos 0 — sin 0 sin 0 
cos(0 - 0) = cos Q cos 0 -b sin 6 sin 0. 


Example 1 Find an exact value for cos 15°. 
Solution Let 6 = 45° and 0 = 15°. Then 


cos 15° = cos(45° - 30°) = cos45° cos 30° + sin45° sin 30° 
x- v v ' 


COS ( 0 - 0 ) 


cos 6 cos 0+sin 6 sin 0 


yT 73 + VLi 

2*2 2*2 


+ y/2 


4 
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We can check our answer using a calculator: 

\/6 + \/2 

--— = 0.9659 and cos 15° = 0.9659. 

4 


Example 2 Find an identity for sin 39 in terms of sin 0 and cos 6. 


Solution We can write sin 36 = sin(20 4- 6 ) and then use the sum-of-angles identity for sine and the double¬ 

angle formulas: 

sin(20 4- 6) = sin(20) cos 6 4- cos(2 6) sin 9 sum-of-angles identity for sine 

= 2 sin 6 cos 9 cos 9 4- (cos 2 9 - sin 2 9 ) sin 9 double-angle identities 

^ _ j y 1 

-V- S._ _ J 

sin 26 

cos 26 

= 2 sin 9 cos 2 9 4- cos 2 9 sin 9 - sin 3 9 
= 3 sin 9 cos 2 9 — sin 3 9 . 


Example 3 


Solution 


Using the sum and difference formulas, check the results of Example 4 on page 307, 


sin t = cos ( 


and 

cos t = sin (t 4- — ) 

V 

2 / 


V 2 J 


Letting 9 — t and 0 = nf 2 in the identity cos(0 — 0) = cos 9 cos 0 4- sin 9 sirup, we get the first 
result: 




K . . K 

cos t cos — 4-sinf sin— — smr. 
2 2 


0 1 

Likewise, the identity sin((9 4- <p) = sin 9 cos <p 4- cos 9 sin <p gives the second result: 


sin 


( ,+ !H 


n . n 

sin r cos — 4-cos? sin— = cos t. 
2 2 


Justification of cos(0 - (p) = cos 0 cos (p 4 - sin 6 sin </> 

To derive the formula for cos (9 - <p) 9 we find the distance between points A and B in Figure 9.11 
in two different ways. These points correspond to the angles 9 and cp on the unit circle, so their 
coordinates are A = (cos 9 , sin 9) and B = (cos <p , sin <p). The angle AOB is (9 - cp), so if we use 
the Law of Cosines, the distance AB is given by 

AB 2 =1 2 4-1 2 — 2*1-1 cos(# — cp) = 2 — 2 cos (9 - <p). 

Next, we find the distance between A and B using the distance formula and multiply out: 

AB 2 = (cos 9 — cos cp) 2 4- (sin 9 - sin <p ) 2 

= cos 2 9 — 2 cos 9 cos (p 4- cos 2 (p 4- sin 2 9 — 2 sin 9 sin (p 4- sin 2 (p 
= cos 2 9 4- sin 2 9 4- cos 2 (p 4- sin 2 0-2 cos 9 cos cp - 2 sin 9 sin 0 
= 2 — 2(cos 9 cos 0 4~ sin 9 sin 0). 


distance formula 
multiply out 
collect like terms 








9.3 SUM AND DIFFERENCE FORMULAS FOR SINE AND COSINE 


Setting the two expressions for the distance equal gives what we wanted: 

2 — 2 cos(0 — (/)) ~ 2 — 2(cos 0 eos 0 + sin 0 sin 0) 
so cos(0 — 0) = cos 0 cos 0 + sin 0 sin 0. 


r 


V 



Figure 9.11: To justify the identity for cos(0 — 0), find the distance between A and B two ways 

Justification of Other Sum and Difference Formulas 

Using sin 0 — cos(0 - n/2) with 0 replaced by (0 + 0) gives 

sin(0 + 0) = cos (^6 + 0 - ^ j . 

Rewriting (0 + 0 - tt/ 2) as {0 — n/2 — (-0)). we use the identity for cos(0 - 0) with replaced by 
(0 - /r/2) and 0 replaced by -0: 

cos (# + </>-*) = COS (0 - * - (-0) j 

= cos ^0 — ~ j cos {—<p) + sin ^0 — ^ j sin {—(p). 

Since cos(-0) = cos 0 and sin(—0) = - sin 0 and cos (0 - /r/2) = sin 0 and sin(0 - k/2) — - cos 0, 
we have 

cos ^0 + 0 — ~ ^ = sin 0 cos 0 + (— eos 0)(— sin 0). 

So 


sin(0 + 0) = sin 6 cos 0 + cos 6 sin 0. 


Replacing 0 by -0 in the formula for sin(0 + 0) gives 

sin(0 - 0) = sin(0 + (-0)) = sin 0 eos(-0) + eos 0 sin(-0), 
and since cos(—0) = cos 0 and sin(—0) = - sin 0, 


sin(0 - 0) = sin 6 cos 0 — cos 6 sin 0. 


Replacing 0 by —0 in the formula for cos(0 — 0) gives 

cos(0 + 0) = cos(0 - (-0)) = cos 0 cos(-0) + sin 6/ sin(-0). 


cos(0 + 0) = cos 6 cos 0 — sin 0 sin 0. 


We can use these formulas to obtain the double-angle formulas for sine and cosine in Section 9.2. 







368 Chapter Nine TRIGONOMETRIC IDENTITIES, MODELS, AND COMPLEX NUMBERS 

Exercises and Problems for Section 9.3 

Exercises 


In Exercises 1-4, assume that sin A = 0.84, cos A = 0.54, 
sin B = 0.92, and cos B = 0.39. Find the given quantity with¬ 
out finding A and B. 

1. sin (A + ZJ) 2. sin {A — B) 

3. cos(A + B ) 4. cos(A - B) 

In Exercises 5-8, assume that 

. c 7 c 24 . „ 15 8 

25 25 17 17 

Find the given quantity without using a calculator. 

5. sin(S + r) 6. sin (S-T) 

7. cos (S + T) 8. cos (5 - T) 

9. Use identities and the exact values of sin 9 and cos 6 for 
6 — 30°, 45°, 60° to find exact values of sin 6 and cos 9 
for 9= 15° and 9 — 15°. 


In Exercises 10-12, find exact values. 

10. sin 345° 11. sin 105° 

12. cos 285° 

In Exercises 13-16, 

(a) Evaluate both sides of the identity when u — 15° and 
v — 42° to see that they are numerically equal. 

(b) Let u = x and v = 20° and compare the graphs of each 
side of the identity as functions of x (in degrees). 

13. sinfi/ + v) = sin u cos v + sin v cos u 

14. sin(w - v) = sin u cos v — sin v cos u 

15. cos(w + u) — cos u cos v — sin v sin u 

16. cos(w - t>) — cos u cos v + sin v sin u 


Problems 


17. Use Figure 9.12 to find a simplified expression for the fol¬ 
lowing in terms of y. 

(a) cos(0 - 0) (b) sin(0 - 0) 

(c) cos 9 - cos 0 (d) sin(0 + 0) 



Figure 9.12 


18. Starting from the addition formulas for sine and cosine, 
derive the following identities: 

(a) sin t = cos(r - tt/2) (b) cos t = sin(t + k / 2 ) 

19. Starting from the addition formulas for sine and cosine, 
derive the double-angle formulas for sine and cosine. 

20. Assuming that cos A — 0.74, sin A — 0.67, cos B = 0.48, 
sin B — 0.87, 

(a) Find sin(A + B). 

(b) Find cos(A + B). 

(c) Use parts (a) and (b) to find tan(A + B). 


21. Show that cos 3t = 4 cos 3 1 — 3 cos t. 

22. We have calculated exact, rational values for sin rn when 
r = 0, ±1, ±|, ±^. Surprisingly, these are the only ratio¬ 
nal values of sin rn when r is rational. Prove the following 
identity, which is used to obtain the result: * 1 

2cos((w + 1 )9) = (2 cos 9)(2 cos(n9)) - 2cos ((« - 1)0). 

23. Use the addition formula cos (u + v) = cos u cos v - 
sin u sin v to derive the following identity for the average 
rate of change of the cosine function: 


cos(x + h) — cosx 

( cos h — 1 ) 

i . / sin h \ 

- = cos X 

h ’ 

( h J 

| -smx ( h J 


24. Use the addition formula sin(w + v) = sin u cos v + 
sin v cos u to derive the following identity for the average 
rate of change of the sine function: 


sin(x + h) — sin x 

h 


/ cos h — 1' 
( h 


+ cos X 



25. Use the addition formula tan(a + v) = -to 

1 - tan u tan v 

derive the following identity for the average rate of change 
of the tangent function: 

tan(x + h) - tanx _ 1 / sin h \ _1_ 

h cos 2 x V h / cos h - sin h tanx* 


U. Niven and H. Zuckerman, An Introduction to Number Theory , 3rd ed., p. 143 (Wiley & Sons: New York, 1972). 
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26. We can obtain formulas involving half-angles from the 
double-angle formulas. To lind an expression for sin \i\ 
we solve cos 2 u — I — 2 sirr u for sin“ u to obtain 

. 1 - cos 2 u 

sirf u — -. 


Taking the square root gives: 


sin a — ± 



C 



Figure 9.13 


and finally we make the substitution u — -^v to gel: 


1 /1 — cos v 

sm -v — +\ - 

2 “ V 2 


(a) Show that cos = ± 

(b) Show that tan ^v = ± 


1 4 cos / 1 
2 

1 — cos v 


1 4- cos v 


The sign in these formulas depends on the value of v/2. 
If v/2 is in quadrant I then the sign of sine/2 is +, the 
sign of cos v/2 is 4, and the sign of tan v/2 is 4. 


(c) If v/2 is in quadrant II find the signs for sin v/2 , for 
cos v/2, and for tan v/2. 

(d) If v/2 is in quadrant III find the signs for sin v/2, for 
cos v/2, and for tan v/2. 

(e) If v/2 is in quadrant IV find the signs for sin v/2, for 
cos v/2, and for tan v/2. 


27. We can find the area of triangle ABC in Figure 9.13 by 
adding the areas of the two right triangles formed by the 
perpendicular from vertex C to the opposite side. 

(a) Find values for sin 9. cos 9 , sin 0, and eos 0 in terms 
of ct, b , c { , c 2 , and h. 

(b) Show that 


Area AC A D = (1 /2)ab sin 9 eos 0 

Area A CDB — (1 /2)abcos 9 sin 0. 

(c) Use the sum formula to explain why 


28. (a) Show that for any triangle ABC . we have 

a = b cos C 4 c cos B. 

(b) Use part (a) and the Law of Sines to obtain the sum 
formula for sine. 

[ Hint: Why is sin A — sin( B 4 C)?| 

29. In this problem, you will derive the formula cos(0 4 0) = 
cos 9 cos 0 - sin 0 sin 0 directly. 

(a) Find the coordinates of points P { , P 2 . Py, and P 4 in 
the unit circle in Figure 9.14. 

(b) Draw the line segments P, P 2 and P 2 P 4 and explain 
why Pj P 2 = P}P 4 , using facts from geometry. 

(c) Use the distance formula to calculate the lengths 
P, P 2 and P 2 P 4 . 

(d) Write an equation and simplify to obtain the sum for¬ 
mula for cosine. 



Figure 9.14 


Area A ABC = (\/2)absinC. 

9.4 TRIGONOMETRIC MODELS AND SUM IDENTITIES 


In Section 7.5 wc used sinusoidal functions to model periodic phenomena. In this section we study 
other trigonometric models that allow us to more accurately describe phenomena such as spring 
motion and environmental fluctuations. 

Damped Oscillation 

Imagine a weight attached to the ceiling by a spring. If the weight is disturbed, it begins bobbing up 
and down. We can model the weight's motion using a periodic trigonometric function. But is this 
the best model of the spring's motion? If not, how could it be improved? 
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d, displacement 
from rest position (cm) 



Figure 9.15: The value of d represents the weight’s 
displacement from its at-rest position, d — 0 


Figure 9.16: The predicted motion of the weight for 
the first 3 seconds 


Example 1 The weight starts at rest, and d is the displacement, in centimeters, from the weight’s rest position. 

See Figure 9.15. We raise the weight 5 cm above its rest position and release it at time t = 0, where 
t is in seconds. The weight bobs up and down once every second for the first few seconds. 

(a) Give a sinusoidal model for the motion. 

(b) Does the sinusoidal formula accurately model the spring’s behavior? Are there limitations? 


Solution (a) From Section 7.5, we know a sinusoidal model for this motion has the form 

d — /(f) = A cos (But) + k . 

The midline, k — 0, corresponds to the at-rest position of the weight, and the amplitude, A = 5, 
gives the maximum displacement of the weight from its rest position. Since one full cycle is 
completed each second, the period of the motion is 1 and B = 2/r, giving the formula: 

d = /(f) = 5 cos(2;rf). 

Figure 9.16 gives a graph of / for the first three seconds of the weight’s motion. 

(b) According to this trigonometric model, the spring bobs up and down forever, which we know is 
not accurate. We know that, as time passes, the amplitude of the bobbing shrinks until the weight 
comes to a stop; the amplitude of the motion does not remain constant. Hence the sinusoidal 
model does not accurately represent the spring’s motion past the initial moments of motion. 


How can we modify our formula to model a bobbing motion that shrinks and eventually stops? 
We need the amplitude. A, to decrease over time instead of remaining constant. Such an amplitude 
gives rise to a damped oscillation. 

Modeling a Non-Constant Amplitude 


Example 2 Suppose the amplitude of the spring’s motion from Example 1 decreases at a constant rate, so that 
after 5 seconds, the weight stops moving. 

(a) Give a formula for the amplitude. A, of the motion as a function of time, f. 

(b) Give a model for the spring’s motion. 

(c) Does this formula accurately model the spring’s behavior? Are there limitations? 


Solution (a) Since the amplitude shrinks at a constant rate, A is a decreasing linear function of time. We have 
A = 5 when t = 0 and A = 0 when t = 5; thus: 

A(f) = 5 - t. 

(b) We replace the constant amplitude in the linear model with the linearly decreasing amplitude. 
So, instead of writing 

d — /(f) = Constant amplitude • cos 2jrt, 


5 
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we write 


d = f(t) = Decreasing amplitude • cos 2nt 




so that the trigonometric model becomes 


d = f(t) = (5 - 0 * cos2^r. 


Figure 9.17 shows a graph of this function. 
d (cm) 



Figure 9.17: Graph of the weight's displacement assuming 
amplitude is a decreasing linear function of time 


(c) While the function d = f(t) — (5 - t) cos 2 irt is a better model for the behavior of the spring for 
t < 5, Figure 9.18 shows that this model does not work for t > 5. The breakdown in the model 
occurs because the magnitude of A(r) = 5 - t starts to increase when t grows larger than 5. So, 
this decreasing amplitude model is very inaccurate past the first 5 seconds of motion. 
d (cm) 



Figure 9.18: The formula d = f(t) = (5-t) cos 2nt makes inaccurate predictions for values of 

t larger than 5 


We improve the spring motion model in Example 2 by picking a decreasing function to represent 
the amplitude as a function of time that does not become negative. Since a decreasing exponential 
function is always positive, we try an exponentially decaying amplitude. 


Example 3 Suppose that the amplitude of the spring’s motion from Example 1 shrinks by half every second. 

(a) Give a formula for the amplitude, A, of the motion as a function of time, t. 

(b) Give a model for the spring’s motion. 

(c) Does this formula accurately model the spring’s behavior? Are there limitations? 


Solution 


(a) Since the amplitude shrinks by 50% every second, the amplitude A decreases by a constant 
percentage rate per unit time, so is a decaying exponential function. We have, at t = 0 the 
amplitude is 5, and, at time r, the amplitude is given by 


A(t) = 5 
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(b) A trigonometric model for the spring’s motion is 


d = m = 



• COS 2 7Tt. 


Decreasing amplitude 


(c) 


Figure 9.19 shows a graph of this function. The dashed curves in Figure 9.19 show the decreasing 
exponential function. There are two dashed curves f y — 5 ^ 0 and y — -5 Q j j because the 


amplitude measures distance on both sides of the midline. 

Figure 9.19 predicts that the weight’s oscillations diminish gradually, so that at time t — 5 the 
weight is still oscillating slightly. Figure 9.20 suggests that the weight continues to make small 
oscillations long after 5 seconds have elapsed. Hence, for longer time intervals this exponential 
amplitude model is more appropriate than the sinusoidal model in Example 1 and also more 
appropriate than the linear amplitude model in Example 2. 

Experiments in fact show the exponential model is fairly accurate for many springs. How¬ 
ever, like every model, it still has limitations. For example, we know an actual spring will even¬ 
tually stop moving, but the model does not predict this. 


d (cm) 


d (cm) 




Figure 9.19: A graph of the weight’s displacement 
assuming that the amplitude is a decreasing 
exponential function of time 


Figure 9.20: Graph showing that the weight is still 
making small oscillations for t > 5. Note reduced scale 
on d- axis; f-axis starts at t — 5 


The trigonometric model from Example 3, used to model damped oscillations, is summarized 
below. 

If v4 0 , B , and C, and k are constants, k > 0, a function of the form 

y — A 0 e~~ kt cos (Bt) + C or y= A 0 e~ kt sin (Bt) + C 

can be used to model an oscillating quantity whose amplitude, A(t), decreases exponentially accord¬ 
ing to 

A(t) = A 0 e~ k ', 

where A 0 is the initial amplitude. 

Our trigonometric model in Example 3 is in this form, with k = In 2. 

Oscillation With a Rising Midline 

In the next example, we consider an oscillating quantity that does not have a horizontal midline, but 
whose amplitude of oscillation is, in some sense, constant. 


Example4 In Section 7.5, Example 5, we modeled a rabbit population undergoing seasonal fluctuations by the 
function 

R = fit) = 10,000 - 5000cos , 

where R is the size of the rabbit population t months after January 1. See Figure 9.21. Give the 
meaning of the two terms in the formula. 
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Solution 


Example 5 
Solution 


The rabbit population varies periodically about the midline, R = 10,000. Thus, in this model, the 
average number of rabbits is 10,000, but, depending on the time of year, the actual number may be 
above or below the average. 


R (rabbits) 



Figure 9.2' : The rabbit population over a 5-year (60-month) period 

This suggests we can think of the formula for R, the number of rabbits, as the sum of the average 
population and a seasonal component giving the deviation from the average: 

')/ 

Midlinc; ^ 

average population Seasonal component 

Notice that to say the average number of rabbits is 10,000 we need to look at the rabbit population 
during an entire year. For example, if we looked at the population over the first two months, an 
interval on which the number of rabbits is always below 10,000, then the average population would 
be less than 10,000. 


R = 


10,000 + -5000 cos 


(- 

v 6 


Now let us imagine a different situation. What if the average population, even over long periods 
of time, does not remain constant? 


Suppose that, due to conservation efforts, there is a steady increase of 50 rabbits per month in the 
average rabbit population. Find a function that models both the oscillation and the average increase. 


Instead of writing 


we could write 


r = m = 


10,000 + 


Constant midline: 
average population 
is constant. 


-5000 cos 



Seasonal component 


R = f(t) = 10,000 + 50/ + 

V -V-' 

Rising midline: 
average population 
grows hy 50 per month 


-5000 cos 



Seasonal component 


Figure 9.22 gives a graph of this new function over a five-year period. 


R (rabbits) 



Figure 9.22: A graph of the population showing a gradual increase in the average number of rabbits 
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The number of rabbits changes both with the seasons and in the long term. What can we say 
about the average rate of change of the rabbit population due to the seasons? What can we say about 
the average rate of change in the population in the long term? 


Example 6 Find and compare the average rate of change of the seasonal component, and of the total rabbit 
population 

(a) Over the first year (b) Over the first 6 months. 


Solution 


(a) Writing the population as the sum of the rising midline and the seasonal component, 5(f): 

R = f(t)= 10,000 + 50/+ —5000 cos f—r) . 

v___✓ V 6 / 


Rising midline 

Seasonal component, S{t) 


The seasonal component, 5(f), is periodic with period 12 months, or 1 year. Thus 5(0) — 5(12) 
and the average rate of change of the seasonal component for the first year is 0 rabbits per month. 

The total rabbit population is not periodic; it is the sum of the periodic seasonal component 
and the rising midline. We have: 

Average population A R /( 12) - f(0) 
over first 12 months — ~rr = - 


5600 - 5000 
12 


600 

12 


= 50 rabbits/month. 


We observe that the difference between the two average rates of change is 50 rabbits per month— 
the slope of the rising midline. 

(b) The seasonal component 5(f) increases during the first 6 months of the year, so we expect a 
positive average rate of change. We have 


Average seasonal variation 5(6) - 5(0) 

over first 6 months — 7 

0 

5000-(-5000) 


= 1667 rabbits/month. 


In Figure 9.22 we see that the rabbit population increases during the first 6 months of the 
year, so we expect a positive average rate of change for the total number of rabits. We have 

Average change in population R( 6) - R( 0) 

over first 6 months — ~ 


12 

15300-5000 


10300 


= 1717 rabbits/month. 


The difference between the two average rates of change over this 6-month period is again 
1717 — 1667 = 50 rabbits per month. This makes sense, because the average monthly increase 
in the rabbit population is 50 rabbits per month—the slope of the rising midline. 


Sums and Differences of Sines and Cosines: Same Periods 

Some applications of trigonometry involve rewriting two or more sinusoidal functions as a single 
sinusoidal function. We first look at identities for the sums and differences of sines and cosines. 
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We start with two sinusiodal functions with the same period. For instance, what can we say 
about the function f(t) = sin t + cos r? The graph of /, in Figure 9.23, looks remarkably like the 
graph of the sine, having the same period but a larger amplitude (somewhere between 1 and 2). 

Is / actually sinusoidal? That is, can / be written in the form 

f(t) = A sin(£(r -/?)) + kl 

If so. Figure 9.23 suggests that the period is 2k , so B — 1, and that the midline is k = 0. 

The leftward horizontal shift appears to be about 1 /8 of the period of 2 n, so 



So far, we have: 

/(f) = Msin(» + |). 

What about the value of ,4? 

Assuming h = —nj 4, let’s use our identity for sin(0 + </>) to rewrite sin(r + k / 4). Substituting 
0 = t and 4> = tt/ 4, we obtain 

sin = cos ^ ^ sin t + sin ^ ^ cos r because sin {0 + <fi) = sin 0 cos 0 + sin 0 cos 0 



cos ~ sin j 

Multiplying both sides of this equation by \fl gives 

\fl sin ^ ^ = sin t + cos t . 

Thus, since f(t) = sin t + cos /, we see that 

fit) = Vising + . 

We have shown that /, the sum of two sinusoidal functions, is indeed a sinusoidal function with 
period 2 tt, amplitude A = yfl « 1.414, and horizontal shift h — —tt/4. See Figure 9.23. 



Figure 9.23: The graph of f(t) = sin t + cos t is a sinusoidal function with amplitude \pl and leftward 
horizontal shift jt/ 4: that is, f{t) - 'Jlsm (? + ;r/4) 
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Rewriting a r sin Bt + a 2 cos Bt 

We have rewritten f(t) = sin t A cos t as a sinusoidal function. We now show that this result can be 
extended: The sum of any two cosine and sine functions having the same periods can be written as 
a single sinusoidal function. 

We start with 

a x sin (Bt) + a 2 cos (Bt), 

where a x ,a 2 , and B are constants. We want to write this expression in the form A sin {Bt + <p), which 
is equivalent to the formula A sin (B(t - h)) with 0 - -Bh. 

To do this, we show that we can find the constants A and 0 for any a x and u 2 * We use the identity 
sin (9 + 0) = sin 9 cos 0 + sin 0 cos 9 with 6 = Bt: 

sin (Bt + 0) = sin(Bt) cos 0 + sin 0 cos (Bt). 


Multiplying by A, we have 

A sin (Bt + 0) — A cos 0 sin(Bt) + A sin 0 cos (Bt). 

Letting a { — A cos 0 and a 2 = A sin 0, we have 

A sin (Bt + 0) = A cos 0 sin(Z?0 A A sin 0 cos (Bt) = a j sin(Bt) + a 2 cos (Bt). 
a \ a 2 

We want to write A and 0 in terms of a x and a 2 \ so far, we know a x and a 2 in terms of A and 0. 
Since 


a 2 ^ + a~ = A 2 cos 2 0 + A 2 sin 2 0 — A 2 , 


we have 


From a { = A cos 0 and a 2 — A sin0, we get cos 0 = a ] /A and sin0 = a 2 /A. If a x =£ 0, then 

a 2 A sin 0 sin 0 


a x A cos 0 cos 0 


= tan 0. 


These formulas allow A and 0 to be determined from a x and a 2 . 


Example 7 Check algebraically that sin t + cos t = sin ^ . 

Solution Here, a x = 1 and a 2 = l f so 


and 


so 


A = y / a 2 A a 2 = Vl 2 + l 2 = 


. a 1 1 • , 1 

cos0= — = — sin 0 = — = —— 

A \/2 A \/2 


0 = 4‘ 


This confirms what we already knew, namely that sin t + cos t = \fl sin (r + it/A ). 
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In summary: 


Sum and sine and cosine with the same period 

Provided their periods are equal, the sum of a sine function and a cosine function can be 
written as a single sinusoidal function. We have 


a x sin(£f) 4- a 2 cos (Bt) = A sin (Bt + 0) 


where 


=V^ +fl 2 


and 


a 7 

tan 0 = —. 
a \ 


The angle 0 is determined by the equations cos 0 = a,/A and sin 0 = a 2 /A. 


To find the angle 0, find its quadrant from the signs of cos 0 = ci\/A and sin0 = a 2 /A. Then 
find the angle 0 in that quadrant with tan 0 = ci 2 /ci\. 


Example 8 If g(t) = 2 sin 3 1 + 5 cos 3r, write g(t) as a single sinusoidal function. 

Solution We have a { = 2, a 2 = 5, and B ~ 3. Thus, 

A = V2 2 + 5 2 = V29 and tan 4> = j- 

Since cos <p = 2/\/29 and sine/; = 5/\/29 are both positive, (j) is in the first quadrant. Since 
arctan(5/2) = 1.190 is in the first quadrant, we take 0 = 1.190. Therefore, 

g(t)= V29sin(3f + 1.190). 


Modeling with Sums of Trigonometric Functions with the Same Period 

In this example, we see how the identities for sums of sinusoidal functions enable us to analyze 
phenomena. 


Example 9 A utility company serves two different cities. Let P l be the power requirement in megawatts (mw) 
for City 1 and P 2 be the requirement for City 2. Both P } and P 2 are functions of the number of 
hours elapsed since midnight. Suppose P l and P 2 are given by the following formulas: 

P x =40- 15 cos and P 2 = 50 + 10 sin . 

(a) Describe the power requirements of each city in words. 

(b) Find a sinusoidal function giving the total power, P = P ] + P 2 . 

(c) What is the maximum total power the utility company must be prepared to provide? Explain 
why it is not the sum of the maximum power provided in each city. 

Solution (a) The power requirement of City 1 is at a minimum of 40 - 15 = 25 mw at t = 0, or midnight. 

It rises to a maximum of 40 + 15 = 55 mw at noon and falls back to 25 mw by the following 
midnight. The power requirement of City 2 is at a maximum of 60 mw at 6 am. It falls to a 
minimum of 40 mw by 6 pm but by the following morning has climbed back to 60 mw, again at 
6 am. Figure 9.24 shows P] and P 2 over a two-day period. 
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P (mw) P (mw) 




Figure 9.24: Power requirements for cities 1 and 2 Figure 9.25: Total power demand for both cities combined 

(b) The utility company must provide enough power to satisfy the needs of both cities. The total 
power required is given by 

P = /> + p 2 = 90+ 10 sin (y T -t} - 15 cos . 

The graph of total power in Figure 9.25 looks like a sinusoidal function. It varies between about 
108 mw and 72 mw, giving it an amplitude of roughly 18 mw. The period of P is 24 hours 
because the values of both P ] and P 2 begin repeating after 24 hours, so their sum repeats with 
that same frequency as well. 

The box on page 377 leads to a formula for the sinusoidal function for the total power: 

P = Pj + P 2 = 90 + 10 sin Z -t^j - 15 cos = 90 + A sin (Bt + $), 

where 

A = \/10 2 + (-15) 2 = 18.028 mw. 

Since cos $ = 10/18.028 = 0.555 and sin $ = —15/18.028 = -0.832, we know cj) must be in 
the fourth quadrant. Also, 

tan# = —12 = —1.5 and tan _1 (-1.5) = -0.983, 
and since -0.983 is in the fourth quadrant, we take </> = -0.983. Thus, 

P= P x + P 2 = 90+ 18.028 sin (^f- 0.983/ 

(c) The maximum value of P is 90 + 18.028 = 108.028 mw. The utility company must be prepared 
to provide at least this much power at all times. 

Because the maximum value of P x is 55 and the maximum value of P 2 is 60, we might have 
expected that the maximum value of P would be 55 + 60 = 115 mw. The reason that this is not 
true is that the maximum values of P ] and P 2 occur at different times, so they never combine to 
give a value as high as 115 mw. 

However, the midline of P is a horizontal line at 90 mw, and does equal the sum of the 
midlines of P { and P 2 . 


Exercises and Problems for Section 9.4 

Exercises 


In Exercises 1-4, write in the form A sin (Bt + <fi) using sum or 
difference formulas. 

1. 8sinr-6cosr 2. 8 sin t + 6cos/ 

3. -sinr + cosr 4. —2 sin3r + 5 cos 3r 


5. Graph y = t + 5sinf and y = t on 0 < t < 2 n. 
Where do the two graphs intersect if t is not restricted 
to 0 < / < 2^7 

6. Graph the function /(x) — e~ x (2 cos x + sin x) on the in¬ 
terval 0 < x <12. Use a calculator or computer to find 
the maximum and minimum values of the function. 










9.4 TRIGONOMETRIC MODELS AND SUM IDENTITIES 379 


In Exercises 7-10, match the function to a graph, (I)-(IV). 


(0 


(III} 



(ID y 



Problems 


7. y = 1 Of 1/2 cos 2 Kl 

8 . y = 10(1 - 0.0ir)cos Int 

9. y — (10 — r)cos2^r 

10 . y = (10 — t) cos / 

11. For time t in months since January 1, a national park rab¬ 
bit population is modeled by 

R = /(/) = -5000 cos(/rf/6) + 10,000. 

(a) Evaluate and interpret /( 3) - /( 2). 

(b) Find and interpret all solutions to the equation 

/(/)= 12.000 ()</ < 12 . 


12. Write a possible formula for the graph in Figure 9.26. 

y 



13. Find formulas for each of the following populations. 

(a) In year t = 0, this population of 5000 began growing 
at the rate of 300 per year. 

(b) In year t — 0, this population of 3200 began growing 
at an annual rate of 4% per year. 

(c) This population oscillates between a low of 1200 in 
year t — 0 and a high of 3000. The period of oscilla¬ 
tion is 5 years. 

14. From its past behavior, John knows that the value of a 
stock has a cyclical component that increases for the first 
three months of each year, falls for the next six, and rises 
again for the last three. In addition, inflation adds a linear 
component to the stock’s price. John is seeking a model 
of the form 

/(f) = mt + b + A sin ^. 

6 

with t in months since Jan 1. He has the following data: 


Date 

Jan 1 

Apr 1 

Jul 1 

Oct 1 

Jan 1 

Price 

$20.00 

$37.50 

$35.00 

$32.50 

$50.00 


(a) Find values of m, 6, and A so that / fits the data. 

(b) During which month(s) does this stock appreciate the 
most? 

(c) During what period each year is this stock actually 
losing value? 

15. A power company serves two different cities, City A and 
City B. The power requirements of both cities vary in a 
predictable fashion over the course of a typical day. 

(a) At midnight, the power requirement of City A is at 


a minimum of 40 megawatts. (A megawatt is a unit 
of power.) By noon the city has reached its maxi¬ 
mum power consumption of 90 megawatts and by 
midnight it once again requires only 40 megawatts. 
This pattern repeats every day. Find a possible for¬ 
mula for f{t ), the power, in megawatts, required by 
City A as a function of r, in hours since midnight. 

(b) The power requirements, g(t) megawatts, of City B 
differ from those of City A. For r, in hours since mid¬ 
night, 

g(0 = 80-30sin(^r). 

Give the amplitude and the period of g{t ), and a phys¬ 
ical interpretation of these quantities. 

(c) Graph and find all t such that 

fit) = git), 0 < t < 24. 

Interpret your solution(s) in terms of power usage. 

(d) Why should the power company be interested in the 
maximum value of the function 

hit) = fit) + git), 0 < t < 24? 

What is the approximate maximum of this function, 
and approximately when is it attained? 

(e) Find a formula for hit) as a single sine function. What 
is the exact maximum of this function? 

16. Let fit) — cos(e r ), where t is measured in radians. 

(a) Note that /(/) has a horizontal asymptote as t -► 
-oo. Find its equation, and explain why / has this 
asymptote. 

(b) Describe the behavior of / as t —> oo. Explain why 
/ behaves this way. 

(c) Find the vertical intercept of /. 

(d) Let L be the least zero of /. Find exactly. [Hint: 
What is the smallest positive zero of the cosine func¬ 
tion?] 

(e) Find an expression for r 2 , the least zero of / greater 
than 1 1 . 
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17. Let f(x) = sin for x > 0, x in radians. 

(a) /(x) has a horizontal asymptote as x -► oo. Find the 
equation for the asymptote and explain carefully why 
/(x) has this asymptote. 

(b) Describe the behavior of /(x) as x -> 0. Explain why 
f(x) behaves in this way. 

(c) Is /(x) a periodic function? 

(d) Let z x be the greatest zero of fix). Find the exact 
value of Zj. 

(e) How many zeros do you think the function /(x) has? 

(f) Suppose a is a zero of /. Find a formula for b , the 
largest zero of / less than a. 

18. Derive the following identity used in an electrical engi¬ 
neering text 2 to represent the received AM signal func¬ 
tion. Note that A, co c , co d are constants and M{i) is a func¬ 
tion of time, t. 

r{t) = iA 4- M{t)) cos coj + l cos(<x> c + co d )t 

= ((A + M(t)) + / cos w d t) cos co c t - I sin^r sin co v t 

19. In the July 1993 issue of Standard and Poor's Industry 
Surveys, the editors stated: 3 

The strength (of sales) of video games, seven 

years after the current fad began, is amazing_ 

What will happen next year is anything but clear. 

While video sales ended on a strong note last 
year, the toy industry is nothing if not cyclical. 

(a) Why might sales of video games be cyclical? 

(b) Does sf) = asmibt), where t is time, serve as a 
reasonable model for the sales graph in Figure 9.27? 
What about sit) = acosibt)? 

(c) Modify your choice in part (b) to provide for the 
higher amplitude in the years 1985-1992 as com¬ 
pared to 1979-1982. 

(d) Graph the function created in part (c) and compare 
your results to Figure 9.27. Modify your function to 
improve your approximation. 

(e) Use your function to predict sales for 1993. 
retail sates of games and 

cartridges (in billions of dollars) 



Figure 9.27 


20. A rope has one free end. If we give the free end a small up¬ 
ward shake, a wiggle travels down the length of the rope. 
If we repeatedly shake the free end, a periodic series of 
wiggles travels down the rope. This situation can be de¬ 
scribed by a wave function: 

y(x, t) — A sin(fcx - cot). 

Here, x is the distance along the rope in meters; y is the 
displacement distance perpendicular to the rope; t is time 
in seconds; A is the amplitude; 2 x/k is the distance from 
peak to peak, called the wavelength. X, measured in me¬ 
ters; and 2k/ to is the time in seconds for one wavelength 
to pass by. Suppose A = 0.06, k — 2k, and w — 4k. 

(a) What is the wavelength of the motion? 

(b) How many peaks of the wave pass by a given point 
each second? 

(c) Construct the graph of this wave from x = 0 to 
x = 1.5 m when t is fixed at 0. 

(d) What other values of t would give the same graph as 
the one found in part (c)? 

21. The concentration of carbon dioxide 4 in the air, mea¬ 
sured regularly at Mauna Loa Observatory in Hawaii, may 
be modeled by 

y = C(t) = 3.5 sin(;rf/6) + 381 + t/ 6, 

where y is measured in parts per million, ppm, and t 
is measured in months since December 2005. See Fig¬ 
ure 9.28. 


ppm 



(a) On average, how much did C(0 increase between 
December 2005 and June 2006? How about between 
December 2010 and June 2011? How about between 
March and September 2012? 


2 B. P. Lathi, Modern Digital and Analog Communication Systems, 2nd ed. (OUP, 1989). page 269. 

3 Source: Nintendo of America. 

4 http://www.esrl.noaa.gov/gmd/ccgg/trends/. Accessed March 2011. NOAA data reports one concentration value per 
month; y is the monthly average concentration. Our model uses a continuous function to represent the trend in the monthly 
average concentration. 
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(b) The concentration of carbon dioxide model may be 
written as 

y = C(0 = ■S(/)+3Hl+f/6, where S{t) = 3.5 sin(;rf/6). ^ 

What is the practical meaning of the sinusoidal func¬ 
tion 5(r) in terms of carbon dioxide? (e) 

(c) On average, how much did the function S(t) increase 
between December 2005 and June 2006? How about 

9.5 SUMS WITH DIFFERENT PERIODS AND ACCOUSTIC BEATS 

When our eardrums vibrate because of changes in air pressure, we hear a sound. We hear a high 
pitch when the oscillation is sinusoidal with a short period, and a low pitch when the period is long. 
But when we hear two tones at the same time, what kind of oscillation is behind the sound we hear? 
Is the oscillation sinusoidal? 

What we hear 

High pitch / 

/ 



between December 2010 and June 2011 ? How about 
between March and September 2012? 

Calculate the difference between the average rate of 
change of C{t) and .S'U) over each of the lime periods 
in parts (a) and (c). 

What is the practical significance of the difference(s) 
you calculated in part (d) in terms of carbon dioxide? 


Figure 9.29: When high- and low-pitch tones sound at the same time, what do we hear? 

In Section 9.4 we used trigonometric identities to see that the sum of a sine and a cosine with 
the same period is sinusoidal. In this section, we use more trigonometric identities to show that the 
sum of sine or cosine functions with different periods is not always sinusoidal. 


Example 1 


Sketch and describe the graph of y — sin 2x + sin 3x. 


Solution Figure 9.30 shows that the function y = sin 2x + sin 3x is not sinusoidal. It is, however, periodic. Its 
period seems to be 2n, since it repeats twice on the interval of length 4 n shown in the figure. 

We can see that the function y = sin2x + sin3x has period 2 n by looking at the periods of 
sin 2x and cos 3x. Since the period of sin 2x is n and the period of sin 3x is 2/r/3, on any interval 
of length 2/r, the function y = sin 2x completes two cycles and the function y = sin 3x completes 
three cycles. Both functions are at the beginning of a new cycle after an interval of 2 n, so their sum 
begins to repeat at this point. See Figure 9.31. 

Notice that even though the maximum value of each of the functions sin 2x and sin 3x is l, the 
maximum value of their sum is not 2; it is less than 2. This is because sin 2x and sin 3x achieve their 
maximum values for different x values, so they never combine to reach the value 2. 


y 




Figure 9.30: A graph of the sum y = sin 2x + sin 3x 


Figure 9.31: Graphs of y = sin2x and 
y — sin3x on an interval of 2k 
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The two sines in Example 1 have different periods but equal amplitudes. Next, we derive an 
identity for the sum of two cosine functions having different periods and equal amplitudes. 

Sums and Differences of Sines and Cosines: Same Amplitudes 

We start with two identities we know for the cosine of the sum and of the difference of two angles: 

cos(9 + <p) = cos 9 cos (p - sin 9 sin cp 
cos (9 — cp) = cos 9 cos <p + sin 9 sin cp. 

If we add these two identities, the terms involving the sine function cancel out, giving 

cos(0 + cp) + cos(0 - cp) — 2 cos 9 cos </>. 

The left side of this equation can be rewritten by substituting u — 9 + cp and v = 9 — <p: 

cos (6 + <p) + cos( 9 — cp) — 2 cos 9 cos cp 


cos u + cos v = 2 cos 9 cos (p. 

The right side of the equation can also be rewritten in terms of u and v: 
u + v= 9 + <p+ 9 — <p= 29 so 9 ■ 


u + v 


u — v — 9 + <p — (9 — (p) = 2<p so <p- 


With these substitutions, we have 

* u + v u — v 

cos a + cos v — 2 cos-cos-. 

2 2 

This identity relates the sum of two cosine functions to the product of two new cosine functions. 


Example 2 Write cos(30r) + cos(28r) as the product of two cosine functions. 

Solution Letting u = 30 r, v = 28f, we have 

0 30f + 28r 30r — 28r _ /on . 

cos(30r) + cos(28r) = 2 cos---cos---= 2 cos(29r) cos t. 


There are similar formulas for the sum of two sine functions and the difference between sine 
functions and cosine functions, all having the same amplitude. These are summarized below. 

Summary of Sums and Differences of Sine and Cosine: Same Amplitudes 


Sum and difference of sine and cosine 


^ u + v u- V 
cos u + cos v = 2 cos —-— cos —-— 
2 2 


^ . U + V u — V 

sin u + sin v = 2 sin-cos- 

2 2 


« . u + v . u — V 

cos a - cos v = —2 sin-sin —-— 

2 2 


^ u + v . u- V 
sin u — sin v = 2 cos —-— sin —-— 
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These formulas can be derived using the four formulas for the sines and cosines of the sums and 
differences of two angles from Section 9.3. See Problems 11, 12, and 13. 

Example 3 Write the function y = sin 2x + sin 3x from Example 1 as a product of sines and cosines. 

Solution Letting u = 2x, v = 3x and using the formula for the sum of two sines, we have: 

sin(2x) + sm(3x) = 2 sm —-— cos —-— 

= 2sm(|,)cos(-i») 

= 2 sin(2.5x) cos(0.5x), since the cosine function is even. 


Next we apply these identities to tones of different pitch but equal loudness, which combine to 
give tones of varying loudness. (See Figure 9.29 at the beginning of this section.) 

Acoustic Beats 

Acoustic beats arise in the process of tuning musical instruments. Tuning is done according to an 
international agreement. The agreement specifies the pitch that a particular note must have on a 
perfectly tuned instrument. In the current agreement, the musical note A above 5 middle C must have 
a frequency of 440 cycles per second, also written 440 hertz (hz). 

The next example describes how acoustic beats arise and are used in the tuning process. 


Example 4 


To tune a piano, we strike a note on its keyboard and, at the same time, we strike the desired frequency 
for this note on a tuning fork. A low pitched note on the piano has frequency 55 hz. 

(a) Suppose the pitch of this key on an oul-of-tune piano is 61 hz instead of the desired 55 hz. The 
sound wave W that results from striking a frequency of / hz is given by 

W = cos(2?r ft\ with t in seconds. 


Give formulas for the sound waves emitted by the piano and the tuning fork. 

(b) If both notes are struck at the same time, then their combined sound wave is the sum of their 
separate waves, sketched in Figure 9.32. Describe the combined sound wave. 



t (sec) 


Figure 9.32: A graph of W = cos(2^61 /) + cos(2;r55f) during one second of sound, 
showing acoustic beats 


5 On a piano, these notes correspond to two specific keys on the keyboard. 
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Solution (a) The sound wave, W { , of the tone produced by this piano’s key is 

W } = cos(2tt • 61r); 

the sound wave, W 2 , of the tone from the tuning fork is 

W 2 = cos(2tt • 55r). 

(b) The combined sound wave is given by 

W = W x + W 2 = cos(2k • 610 + cos(2;r ■ 550- 

The graph of the combined sound wave resembles a rapidly varying sinusoidal function except 
that its amplitude is not constant. We note that each original sound wave has constant amplitude, 
but the combined wave does not: its maximum and minimum values vary. 

The ear perceives this variation in amplitude as a variation in loudness, so the tone we hear 
appears to waver (or beat) in a regular way. This is an example of acoustic beats. 


Example 5 

Solution 


How can we see the beats of the combined sound wave in its formula? We do this next, using 
trigonometric identities to rewrite the wave formula and reinterpret it. 


Write the formula for the acoustic beats function in Example 4 as a product of two cosine functions. 

Using the identity for a sum of cosines on page 382, we rewrite the combined sound function as 

u/ i 0 2jt * 61 r + 2k • 55 / 2k • 55 ? - 2k • 61 r 

W = cos(2;r • bit) + cos(2;r * 55 1) = 2 cos---- cos--- 

„ 2k *(61 +55)r 2k ■ (61 — 55); 

= 2 cos-- cos- 

2 2 

= 2cos(2tt - 58;)cos(2;r * 3;). 


The formula for the acoustic beats in Example 4 can be interpreted as the product of a varying 
amplitude, A(;), and a pure tone, W 3 (t), as follows: 

W = 2cos(2tt • 3;) • cos(2^r * 58;) = A(t)W 3 (t). 

Since W 3 (t) = cos(2^*58;), the tone W has a pitch of 58 hz, midway between the tones sounded 
by the tuning fork and the out-of-tune piano. Since the amplitude A(t) = 2 cos(2 k * 3;) rises and falls, 
the tone W grows louder and softer, but its pitch remains 58 hz. (See Figure 9.33.) 



Figure 9.33: The function A(;) = 2cos(2/r • 3;) gives a varying amplitude, while the 
function W 3 (t) = cos(2 n - 58;) gives a pure tone of 58 hz 

Notice in Figure 9.33 that the function A{t) completes three full cycles on the interval 0 < t < 1. 
The tone is loudest when A(t) = 2 or A(t) = -2, as we see in Figure 9.32. Hence, the tone is at its 
loudest six times every second. 





















































































































Exercises and Problems for Section 9.5 

Exercises 
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In Exercises 1-2, find exact values. 

1. cos 165° - cos75° 2. cos 75° + cos 15° 


(b) Let it — x and u = 25° and compare the graphs of each 
side of the identity as functions of x (in degrees). 


In Exercises 3-6, write the sum or difference as a product of 
two trigonometric functions. 

3. cos(5r) + cos(3r) 4. cos(4r) + cos(6r) 

5. sin(7r) + sin(3r) 6. sin(7r) - sin(3r) 

In Exercises 7-10, 

(a) Evaluate both sides of the identity when u = 35° and 
v — 40° to see that they are numerically equal. 


_ _ / u + v \ / u — v\ 

7. cos u + cos v = 2 cos ^ —-— j cos ^ —-— J 

8. cos u — cos v — — 2 sin y —-— J sin ^ ——— J 

9. sin u + sin v = 2 sin y —-— j cos y —-— J 


10 


^ /u + v\ . (a - o\ 

sin u — sin v = 2 cos ^ ———J sin ^ —-—J 


Problems 


11. Prove: cosu — cos v = —2 sin ( - ^ - j sin 


Prove: 

sin u + sin v = 2 sin ( 

rf") 

cos ( 


Prove: 

sin u - sin u = 2 cos 


)sin| 



14. Solve the equation sin 4x + sin x = 0 for values of x in 
the interval 0 < x < 2jt by applying an identity to the left 
side of the equation. 

15. An amusement park has a giant double Ferris wheel as 
in Figure 9.34. The double Ferris wheel has a 30-mctcr 
rotating arm attached at its center to a 25-meter main 
support. At each end of the rotating arm is attached a 
Ferris wheel measuring 20 meters in diameter, rotating 
in the direction shown in Figure 9.34. The rotating arm 
takes 6 minutes to complete one full revolution, and each 
wheel takes 4 minutes to complete a revolution about that 
wheel’s hub. At time t = 0 the rotating arm is parallel to 
the ground and your seat is at the 3 o’clock position of the 
rightmost wheel. 


ground in meters, as a function of time in minutes. 
[Hint: Your height above ground equals the height of 
your wheel hub above ground plus your height above 
that hub. J 

(b) Graph /(/). Is f(t) periodic? If so, what is its period? 

(c) Approximate the least value of t such that h is at a 
maximum value. What is this maximum value? 


30 m 



Seat position 
at t = 0 


(a) Find a formula for h — /(/), your height above the 

9.6 COMPLEX NUMBERS AND DE MOIVRE’S THEOREM 


In this section, we expand our idea of number to include complex numbers. These numbers make it 
possible to interpret expressions like in a meaningful way. 

Using Complex Numbers to Solve Equations 


The quadratic equation 


x 2 — 2x + 2 = 0 

is not satisfied by any real number x. Applying the quadratic formula gives 

2 ± V4 - 8 _ j + V—4 


X = 


2 




























386 


Chapter Nine TRIGONOMETRIC IDENTITIES, MODELS, AND COMPLEX NUMBERS 


But —4 does not have a square root that is a real number. To overcome this problem, we define the 
imaginary number i such that: 

r- = -i. 

Using /, we see that (2r) 2 = —4. Now we can write our solution of the quadratic as: 


x = ] + ^ = i ± 2 -i = i + i . 
”2 2 


The numbers 1 + i and 1 — / are examples of complex numbers. 


A complex number is defined as any number that can be written in the form 

z = a + bi , 

where a and b are real numbers and i = \Z—T. 

The real part of z is the number a\ the imaginary part is the number b. 


Calling the number i imaginary makes it sound like i does not exist in the same way as real 
numbers. In some cases, it is useful to make such a distinction between real and imaginary numbers. 
If we measure mass or position, we want our answers to be real. But imaginary numbers are just 
as legitimate mathematically as real numbers. For example, complex numbers are used in studying 
wave motion in electric circuits. 


Algebra of Complex Numbers 

Numbers such as 0, 1, k, e and \fl are called purely real , because their imaginary part is zero. 

Numbers such as /, 2/, and yfli are called purely imaginary , because they contain only the number 
/ multiplied by a nonzero real coefficient. 

Two complex numbers are called conjugates if their real parts are equal and if their imaginary 
parts differ only in sign. The complex conjugate of the complex number z = a + bi is denoted z, so 

z = a — bi. 


(Note that z is real if and only if z = z.) 


• Two complex numbers, z = a + bi and w = c + di, are equal only if a — c and b = d. 

• Adding two complex numbers is done by adding real and imaginary parts separately: 

(a + bi) + (c + di) = (a + c) + (b + d)i. 

• Subtracting is similar: (a + bi) - (c + di) — (a-c)4-(b~ d)i . 

• Multiplication works just like for polynomials, using i 2 — — 1 to simplify: 

(a + bi)(c + di) = a(c + di) + bi(c + di) = ac + adi + bci + bdi 2 
= ac + adi + bci - bd = (ac — bd) + (ad + bc)i. 

• Powers of /: We know that i 2 = -1; then, i 3 = i • i 2 = —and i 4 — (Z 2 ) 2 = (— 1 ) 2 = 1. Then 
i 5 = i - i 4 = /, and so on. Thus we have 


i 



—i 

1 


for n = 1,5,9,13,... 
for/7 = 2,6,10,14,... 
for/i = 3,7, 11, 15,... 
for n = 4, 8,12,16,.... 
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• The product of a number and its conjugate is always real and nonnegative: 

z • z = (a 4 bi)(a — bi) = a 2 — abi + abi — b 2 i 2 = a 2 4 b 2 . 

• Dividing is done by multiplying the numerator and denominator by the conjugate of the denom¬ 
inator, thereby making the denominator real: 

a 4 bi _ a + bi c — d\ _ ac -adi + bci - bdi 2 _ ac 4 bd be - ad . 
c + di c-\-di c~di c 2 + d 2 c 2 4 d 2 c 2 4 d 2 * 

Example 1 Compute the sum (3 4 6 /) 4 (5 - 2/). 


Solution Adding real and imaginary parts gives (3 + 6/) 4 (5 - 2 1 ) = (3 + 5) + (6/ - 2/) = 8 + 4/. 


Example2 Simplify (2 + 7/)(4 - 6 i) - /. 

Solution Multiplying out gives (2 4 7/)(4 - 6i) — / = 8 4 28/ - 12/ - 42/ 2 - / = 8 4- 15/ 4 42 = 50 4- 15/. 

Example 3 Compute \ + . 

4-6/ 

Solution The conjugate of the denominator is 4 4 6/, so we multiply by (4 4 6/)/(4 4 6/). 

247/ = 247/ 4 4 6/ _ 8 4 12/4 28/ 4 42/ 2 _ —34 4 40/ __ 17 10, 

4-6/ 4-6/ 446/ 4 2 46 2 52 26 + 13 


The Complex Plane and Polar Coordinates 


It is often useful to picture a complex number z = x 4 iy in the plane, with x along the horizontal 
axis and y along the vertical. The xy-plane is then called the complex plane. Figure 9.35 shows the 
complex numbers 3/, -2 4 3/, -3, —2/, 2, and 1 4 /. 



Figure 9.35 Points in the complex plane Fi S ure 936 The P° int 2 = x + '> in the com P lex P lane ’ 

showing polar coordinates 


Figure 9.36 shows that a complex number can be written using polar coordinates as follows: 


z = x 4 iy = r cos 6 4 ir sin 6. 


Example4 Express z = -2/ and z = -2 4 3/ using polar coordinates. (See Figure 9.35.) 

Solution For z = -2/, the distance of z from the origin is 2, so r = 2. Also, one value for 0 is 0 - 3^/2. 

Thus, using polar coordinates, 

z = —2i = 2cos(3^/2) 4 / 2(sin3^/2). 
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For z = — 2 + 3 i, we have x = -2, y = 3, so r = V(“2) 2 + 3 2 = 3.606 and tan 0 — 3/(—2), so since 
z is in quadrant II, we can take 6 = n + tan -1 (-1.5) = 2.159. Thus, using polar coordinates, 

z = -2 + 3/ = 3.606cos(2.159) + i 3.606 sin(2.159). 


Example 5 What complex number is represented by the point with polar coordinates r — 5 and 0 = 3tt/4? 


Solution Since x = rcos9 and y = rsinO we see that z = x + iy = 5cos(3tt/4) + /(5 sin(3;r/4)) = 

-5/V2+15/V2. 


Euler’s Formula 

Based on what we have seen so far, there is no reason to expect a connection between the exponential 
function e x and the trigonometric functions sin x and cos x. However, in the eighteenth century, the 
Swiss mathematician Leonhard Euler 6 discovered a surprising connection between these functions 
that involves complex numbers. This result, called Euler's formula, states that, for real 0 in radians, 


e l ° = cos 6 + i sin 0 


Example 6 Evaluate e i7Z . 

Solution Using Euler’s formula, 

e lK — cos k + / sin n = -1 + / • 0 = -1. 

This statement, known as Euler's identity , is sometimes written e lK + 1 = 0. It is famous because it 
relates five of the most fundamental constants in mathematics: 0, 1, e, n, and i. 


* Euler’s formula provides a way to evaluate complex exponentials, such as 4' and e l °, where the 
base is a positive real number and the exponent is purely imaginary. We assume they obey the usual 
laws of exponents. 


Example 7 Convert 4 l to the form a + bi. 

Solution Using Euler’s formula and the exponent rules, we can evaluate the expression 4 l . Since 4 = e ]n4 

4' = (e ln4 )' 

_ J(ln4) . 

— e using an exponent rule 

= cos(ln4) + / sin(ln4) using Euler's formula 

= 0.183 + 0.983/. 


6 Pronounced “Oiler." 


using a calculator 
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Polar Form of a Complex Number 

Euler’s formula allows us to write the complex number z in polar form: 

If the point representing z has polar coordinates (r, 9 ), then 

z = r(cos 0 + / sin 9) = re ,e . 

The expression re 10 is called the polar form of the complex number z. 

Similarly, since cos(—0) = cos 0 and sin(-0) = - sin0, we have 

re~ t0 = r(cos(— 9) + / sin(-0)) = r(cos0 - / sin0). 
Thus, re~‘° is the conjugate of re i9 . 


Example 8 Express the complex number represented by the point with polar coordinates r — 8 and 9 = 3k j 4 
in Cartesian form, a + bi, and in polar form, z = re‘°. See Figure 9.37. 

x + iy — re‘° = r cos 0 + ir sin 9 

y 

x 



Figure 9.37: Cartesian and polar forms of a complex number 


Solution Using Cartesian coordinates, the complex number is 

'3;r\ . . (3n' 




The polar form is 


g e '-W 4 _ 


Since increasing an angle by 2 n does not change the point on the unit circle to which it corre¬ 
sponds, a complex number can have more than one polar form. 


Example 9 

Solution 


Show that the polar coordinates (8,3^/4), (8,11^/4), (8, 19^/4) all represent the same complex 
number. 

Since 11^/4 = 3^/4 4- 2 n and \9n/4 — 3n/4 + 4 n, these polar coordinates all represent the point 
P in Figure 9.38 and the same complex number. 



Figure 9.38: Point P with r = 8 and 9 = 3^/4 
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Example 10 

Solution 


Example 11 

Solution 


Products of Complex Numbers in Polar Form 

It is easy to add and subtract complex numbers written in Cartesian form. The polar form makes 
multiplication and division of complex numbers easy. If 

zi = r x e ]Bx and z 2 — r 2 e^ 2 

then 

Z[z 2 ~ (r { ro)e^ 0[+ ° 2 ^ and — — ~e 4ei ~° 2 K 
z 2 r 2 

In words, 

• To multiply two complex numbers, multiply the r coordinates and add the 0 coordinates. 

• To divide two complex numbers, divide the r coordinates and subtract the 0 coordinates. 


Let z = 10e ,;r / 3 and z 2 = 2e l!r / 4 . Lind the Cartesian form of ZjZ 2 and z 1 /z 2 . 


We perform the operations in polar coordinates and then convert to Cartesian coordinates. The prod¬ 
uct is 


z. z 


1^2 


= 20 ^cos 

/ Ik 


Ik \ \ 

( L2 

1 + i sin 1 

~\2 )) 

= 20 cos ^ 

1k\ 

12/ 

+ /20 sin 

( 4 ) 


The quotient is 


^2 


^ J(7t/3-k/4) 
2 


10 


WI2 = 5 


hifi 


+ i sin 


— ) ) = 5 cos I 


(^) + ' 5sin (^)- 


Show that cos x ; 


IX [ n —ix 


e tx + e 


We know from Euler’s formula that 


Also, we have 


e = cos x + i sin x. 


Then 


e + e — (cos x + i sin x) + (cos x - / sin x) 
— 2 cosx. 


so 


IX I „ — ix 


e lx + e 


cos x = 


2 
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Example 12 

Solution 


Example 13 

Solution 


Powers of Complex Numbers in Polar Form 

Wc can use the polar form to find any integer power p of 2 as follows: 

= (re' Y V - r p e ip0 . 

The special case where r = 1 gives 

z p = ( e i(, y } = e ‘p °. 

Since e t0 = cos 6 + i sin 0, we have 

de Moivre’s formula 7 

For p an integer: 

(cos 9 + i sin 9) p = cos p9 + i sin pO. 

In fact, the formula z /J = ( re l0 ) p = r p e ip0 holds for any real number p. We can use it to find the 
roots of a complex number by choosing p to be a fraction, as in the following example. 

Find a cube root of the complex number represented by the point with polar coordinates (8, 3^/4). 
From Example 8, we have z = Se l?>jr ^. Thus, 

\fz = (8e' '"W 4 ) 1 / 3 - g i /3^/(3 jt/4)-( i/3) _ 2e lK ! A — 2 ^cos — ^ + / sin 

= 2| — + —) = — + — = 1.414+ 1.414/. 

VV2 \fi) y /2 \Ji 


Every nonzero complex number has three cube roots. To find them all, apply the method of the 
preceding example using different polar forms of the complex number. 


Find the Cartesian form of all cube roots of the complex number z — 8e' 3;r//4 . Plot the cube roots on 
the complex plane. 

The point with polar coordinates (8,3^/4) also has polar coordinates (8,3^/4 + 2n) — (8,1 In/A) 
and (8,3;r/4 + An) = (8,19^/4). The three cube roots of z, in polar form, are 

(8e ,v/4 )' /3 = 8 l/ V (3 ' r/4H1/3) =2e' >/4 = 1.414+1.414/ 

(8e /ll;r/4 ) l/3 _ gi/3 e /(iu/4Hi/3) = 2e iUn / n = -1.932 + 0.518/ 

(8e ,iy,r / 4 ) 1/3 = s'/yoWU/S) = 2e M*/u = 0.518- 1.932/. 

Using more polar forms of z does not produce more cube roots. For example, computing with (r, 9) = 
(8, 3zr/4 + 6n) = (8, Tin/A) leads to a cube root that we have already found: 

(8e r27jr/4 ) 1/3 = 8 | /Y (27 ' r/4H, / 3 > = 2e ;9 ^ 4 = 2e ,,r/4 . 

7 Abraham de Moivre. 1667-1754, was a French mathematician. 
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The polar forms of the cube roots all have r - 2. Thus the roots are on the circle of radius 2 
centered at the origin of the complex plane. They lie at angles 6 = tt/4, 11^/12, and 19^/12. See 
Figure 9.39. 

y 



Figure 9.39: The three cube roots of 8e'- v/4 are evenly 
spaced on a circle 


Exercises and Problems for Section 9.6 

Exercises 


For Exercises 1-6, express the complex number in polar form. In Exercises 7-14. give a value in Cartesian form, z = x + iy. 


z = re ie . 



7. (2 + 3/) 2 

8. (2 + 3/)(5 + li) 

1. -5 

2. -i 

3. 0 

9. (2 + 3/) + (-5 - 7/) 

10. (0.5 -/)(1 — i/4) 

4. 2 i 

1 

CO 

1 

id 

6. -1 +3/ 

11. (e'* /3 ) 2 

12. (2/) 3 — (2/) 2 + 2/ — 




13. \feW 

i4. y'lot-"/ 2 


Problems 


In Problems 15-23, use the polar form of the complex number 
to find a value in Cartesian form, z = x + iy . 


15. y/4 7 
18. yJTi 
21. (V3 + /) l/2 


16. s/^i 
19. </-F 
22. (V3 + /)' l/2 


17. ifi 
20. (l+0 2/3 
23. (y/s + li)^- 


In Problems 24—25, solve the simultaneous equations for the 
complex numbers A { and A 2 . 

24. A 1 +A 2 = 2 

(1 - i)A l + (1 + i)A 2 = 0 


26, If the roots of the equation x 2 + 2bx + c = 0 are the com¬ 
plex numbers p ± icp find expressions for p and q in terms 
of b and c. 

27. (a) Find the polar form of the complex number /. 

(b) If z = re i0 is any point in the complex plane, show 
that the point iz can by found by rotating lhe seg¬ 
ment from 0 to z by 90° counterclockwise, as in Fig¬ 
ure 9.40. 

iz y 


\ 

\ 

\ 



25, A^ + A 2 — i 
iA x — A 2 = 3 


Figure 9.40 
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For Problems 28-31, use Euler's formula to derive the iden¬ 
tity. (Note that if a , b , c. cl are real numbers, a + hi = c + di 
means that a — c and b = d.) 

28. sin 20 = 2 sin 0 eos 0 29. eos 20 = cos 2 0 - sin 2 0 

30. eos(—0) = cos0 31. sin(—= — sin f/ 

In Problems 32-35, lind polar and Cartesian forms for all three 
cube roots of the complex number. 

32. e 2 ' 33. -8 34. 8 35. 1 + / 

CHAPTER SUMMARY 


In Problems 36-39, use de Moivre’s formula to evaluate the 
power in Cartesian form. 

36. (cos k/A + / sin zr/4) 4 

37. (cos 2^/3+ /sin 2/r/3) 3 

38. (cos 2 + / sin 2)” 1 

39. (cos-tt/ 4 + / sin/r/4)“ 7 

40. Show the Pythagorean identity, cos 2 6 + sin 2 Q - 1. fol¬ 
lows from Euler’s formula and the fact that c ,0 c~ ,B = 1. 

41. Show that the identities for cos(0 + 0) and sin(0 + 0) fol¬ 
low from Euler's formula. 


• Solving Trigonometric Equations 

• Identities and Formulas (see inside cover) 
Double-Angle Formulas: 


sin 20 = 2 sin 6 cos 0 
cos 20 = cos 2 0 — sin 2 0 
= 2 cos 2 0 - 1 

= 1 — 2 sin 2 6 

. 2 tan 0 

tan 20 = -—. 

1 - tan -0 

Sums and differences of angles: 

sin(0 + 0) = sin 0 eos 0 + eos 0 sin 0 
sin(0 - 0) = sin 0 eos 0 — eos 0 sin 0 
cos(0 + 0) = eos 0 eos 0 - sin 0 sin 0 
cos(0 - 0) = cos 0 eos 0 + sin 0 sin 0. 

Sums and differences: Same periods: 

«, sin(B/) + a 2 cos( Bt) = A sin(Z?/ + 0) 


where A = ^/u 2 -I- a~ and tan0 = 
Sums and differences: Same amplitudes: 


_ « + v u - v 

cos u -t- cos v = 2 eos-eos- 

2 2 

« . a + v u — r 

sinw -t- sin v = 2 sin-cos- 

2 2 

_ . i7 + v . a - t’ 
cos » - cos v ~ -2 sin —— sin —-— 
2 2 
_ H-t- 1 1 . a - v 

sin u - sin v — 2 cos-sin- 

2 2 


• Modeling with Trigonometric Functions 

Damped oscillations; rising midline; acoustic beats. 

• Complex Numbers 

Operations and graphing with z = a + hi . 

Finding roots of complex numbers. 

• Euler’s Formula 

e lB — cos 0 + / sin 0, 

Polar form: z ~ r(cos 0 -I- i sin 0) = re‘°. 

• de Moivre’s formula 

(eos 0 -I- / sin Of = cos {pO) -t- i sin(p0) 
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Exercises 


In Exercises 1-2, simplify the expression to contain only sin t 
and eos t. 

1 . (1- sin 0(1- c'os 0 - cos t sin t 

2. 2 eos t - 3 sin / - (2 sin r — 3 eos 0 

In Exercises 3-8, simplify the expression to contain only 
sinr,cos/, and tan/. 


7. (sec / cot / - esc / tan /) sin / cos / 

8 . -!- 

2 esc / cos / - 3 cot / 

In Exercises 9-12, simplify the expression. 

£ 1 - eos 2 0 iQ cot x ii cos 20 + 1 

sin0 csex cos 0 


3. sec / sin t -I- 3 tan / 4. cot/tan/sin/ 


5. 


sec t 
esc / 


6 . 


cot / 

CSC / 


12 . cos 2 0(1 + tan0)(l - tan0) 
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In Exercises 13-14, perform the calculation. Give youranswer For Exercises 15-16, express the complex number in polar 
in Cartesian form, z = x + iy. form, z = re' 6 . 

13. (5 +4/)+ (3-9/) 14. (2 + 30(3 + 50 15. 2-4/ 16. 3 + 5/ 


Problems 


In Problems 17-20, solve the equation with 0 < a < 2k. Give 
exact answers if possible. 


17. 

2 cos a - 1 


18. 

tan or 

= V^- 

2 tan a 

19. 

4 tan a + 3 = 

= 2 

20. 

3 sin 2 

a + 4 = 

5 

21. 

(a) 

Find a 

sinusoidal 

formula for 

the graph in Fig- 



ure 9.41 







(b) 

Find X] 

and x 2 . 






y 



Figure 9.41 


(b) What kind of function best fits the data? Be specific. 

(c) Find a formula for a function, /(f), that models 
the temperature. [Note: There are many correct an¬ 
swers.] 

(d) Use your answer to part (c) to solve /(f) = 32. Inter¬ 
pret your results. 

(e) Check your results from part (d) graphically. 

(f) In the southern hemisphere, the times at which sum¬ 
mer and winter occur are reversed relative to the 
northern hemisphere. Modify your formula from part 
(c) so that it represents the average monthly temper¬ 
ature for a southern-hemisphere city whose summer 
and winter temperatures are similar to Fairbanks. 


Table 9.1 


t 

0 

1 

2 

3 

4 

5 

y 

-11.5 

-9.5 

0.5 

18.0 

36.9 

53.1 

t 

6 

7 

8 

9 

10 

11 

y 

61.3 

59.9 

48.8 

31.7 

12.2 

-3.3 


22. A weight is suspended from the ceiling by a spring. Fig¬ 
ure 9.42 shows a graph of the distance from the ceiling to 
the weight, d = /(f), as a function of time. 

(a) Find a possible formula for /(f). 

(b) Solve /(f) = 12 exactly. Interpret your results. 


d (cm) 



23. Table 9.1 gives the average monthly temperature, y, in 
degrees Fahrenheit for the city of Fairbanks, Alaska, as a 
function of f, the month, where f = 0 indicates January. 

(a) Plot the data points. On the same graph, draw a curve 
which fits the data. 


24. One student said that sin 29 # 2 sin 9 , but another student 
said let 9 — k and then sin 29 — 2 sin 9 . Who is right? 

25. Graph tan 2 x + sin 2 x, (tan 2 x)(sin 2 x), tan 2 x - sin 2 x, 
tan 2 x/ sin 2 x to see if any two expressions appear to be 
identical. Prove any identities you find. 

26. For y and 9 and (j) in Figure 9.43, evaluate the following 
in terms of y. 

(a) tan 9 (b) cos# (c) 9 

(d) cos(2$) forO < 0 < x/4 



Figure 9.43 


In Problems 27-28, give exact answers for 0 < 9 < k/2. 

27. If sin 9 = ^, what is esc 92 tan 92 

28. If esc 9 - 94, what is cos 92 tan 92 
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29. Let cos 9 = 0.27. Find one possible value for sin 9 and 
for tan 9. 

30. The angle 9 is in the first quadrant and tan 9 = 3/4. Since 
tan 9 ~ (sin0)/(cos 9), does this mean that sin 9-3 and 
cos 9 = 47 


31. If cos(2 9) — 2/7 and 9 is in the first quadrant, find cos 9 
exactly. 

32. Use a trigonometric identity to find exactly all solutions: 

cos 29 = sin 9, 0 < 9 < 2k. 


33. Solve exactly: cos(2a) = - sin a with 0 < a < 2k. 

34. Simplify the expression sin ^2 cos -1 ( ^ ) t0 a rational 
number. 


42. Use the cosine addition formula and other identities to 
find a formula for cos 30 in terms of cos 9. Your for¬ 
mula should contain no trigonometric functions other 
than cos 9 and its powers. 

43. Use the identity cos 2x = 2 cos : x - 1 to find an expres¬ 
sion for cos(9/2), assuming 0 < 9 < k/2. Do this by 
letting x =9/2, and then finding an expression for cos x 
in terms of cos(2x). 

44. Suppose that sin(lnx) = and that sin(lny) = If 
0 < \nx < ^ and 0 < lny < use the sum-of-angle 
sine formula to evaluate 

sin (ln(xy)). 


Prove the identities in Problems 35-38. 


35. tan# = 


1 — cos 29 
2 cos 9 sin 9 


36. (sin 2 2 Kt + cos 2 2k() } = 1 


37. sin 4 x - cos 4 x = sin 2 x - cos 2 x 
I + sin0 _ cos# 
cos 9 1 - sin 9 

39. With x and 9 as in Figure 9.44 and with 0 < 9 < n/A, 
express the following in terms of x without using trigono¬ 
metric functions: 


45. (a) Graph g(9) = sin 0 — cos 9 . 

(b) Write g{9 ) as a sine function without using cosine. 
Write g(0) as a cosine function without using sine. 

46. For positive constants a, b and t in years, the sizes of two 
populations are given by 


p , 


= fit) = a sin ■ f) 
= g(0 = 2a sin ( 


+ 7a. 

■f) +3a. 


(a) cos# (b) cos (- 9) (c) tan 2 0 

(d) sin(20) (e) cos(40) (f) sin(cos _I x) 



x 


Figure 9.44 


In Problems 40-41, solve for a for 0 < a < 2k. 

40. 3 cos 2 a + 2 = 3- 2cosa 

41. 3 sin 2 a 4 3 sin a + 4 = 3 - 2 sin a 


Identify which of the two populations: 

(a) Has the larger swings from its minimum to maximum 
size. 

(b) Has the slower swings from its minimum to maxi¬ 
mum size. 

(c) At its smallest, is larger than the other population. 

(d) Is more vulnerable to sudden extinction. 

47. Graph f(t) = cos t and g(t) = sin(r + k/2). Explain what 

you see. 

48. Let Z] = “3 — iyj 3 and z 2 = — 1 + iyj 3. 

(a) Find z,z 2 and zjz 2 . Give your answer in Cartesian 
form, z = x + iy. 

(b) Put Zj and z 2 into polar form, z = re' 0 . Find z,z 2 
and z x /z 2 using the polar form, and check that you 
get the same answer as in part (a). 

49. (a) Let z = 3 + 2i. Plot z and iz on the complex plane. 

(b) Show that the line from the origin to z is perpendic¬ 
ular to the line from the origin to iz. 
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STRENGTHEN YOUR UNDERSTANDING 


Are the statements in Problems 1-30 true or false? Give an 21. 

explanation for your answer. 

1. The function f(t) = e~ l cos t is a damped oscillation. 

2. For all values of 0 for which the expression tan 0 is de¬ 
fined, tan 0 • cos 0 = sin 0. 

3. If the left side of an equation and the right side of the 
equation are equal for all values of the variable for which 
the equation is defined, then the equation is an identity. 

4. The function f(9) = sin 9 tan 9 is an odd function. 

5. For all values of 9 for which the expressions are defined, 

1-2 tan 2 9 cos 2 9 = 2 cos 2 9 — 1 

6. The equation sin/? 2 + cos/? 2 = 1 holds for all values of 
/?• 

7. If cos cc = — ~ and the point corresponding to a is in the 

4\/5 

third quadrant, then sin(2a) — — . 

8. Since sin45° = cos45°, we see that sin# = cos# is an 
identity. 

9. For all values of 6 , we have sin 2 9 = 1 - cos 29). 

10. For all values of #, we have cos(4#) = — cos(-4#). 

11. For all values of 9 and 0, we have sin(# + 0) = sin 9 + 
sin 0. 

12. For all values of #, we have sin 29 = 2 sin 9. 

13. For all value of #, we have sin(# + ^) = cos 9. 

14. The function f(t) = sin t cos t is periodic with period 2 n. 

15. For all values of r, we have sin(r - n) = sin(r + n). 

16. For all values of we have cos(r - n/2) = cos(t + x / 2). 

17. The graph of A cos (Bt) is a horizontal shift of the graph 
of A sin (Bt). 

18. The function /(x) = sin 2.x + sin3x is a periodic func¬ 
tion. 

19. The function f(x) = sin 2x + sin 3x is a sinusoidal func¬ 
tion. 

20. The sum of two sinusoidal functions is sinusoidal. 


For Uj > 0, when writing a l sin (Bt) + a 2 co$>(Bt) as a 
single sine function, the amplitude of the resulting single 
sine function is larger than that of either function in the 
sum. 

22. The function f(t) = 3 sin(2^/) + 4 cos(2/rr) is sinusoidal. 

23. The function g(0 = (l/2)e* sin(t/2) has a decreasing am¬ 
plitude. 

24. If a company has a power requirement of g(t) = 55- 
10sin(>r/12), then the peak requirement is 65 units. 

25. A CRT screen that has a refresh rating of 60 hertz will 
refresh every l/60th of a second. 

26. The function / (t) = cos(^/) + 1 has all of its zeros at odd 
integer values. 

27. The parameter B in g(x) = A sin (Bx) + C affects the 
amplitude of the function. 

28. One solution of 2e ! s\nt — 2e 1 cos / = 0 is / = arctan(^). 

29. For for all x values, —1 < x < 1, we have 0 < 

cos“ l (sin(cos _l x)) < 

30. If a > b > 0, then the domain of /(f) = ln(a + b sin t) is 
all real numbers t. 

Are the statements in Problems 31-39 true or false? Give an 

explanation for your answer. 

31. Every non negative real number has a real square root. 

32. For any complex number z, the product z-z is a real num¬ 
ber. 

33. The square of any complex number is a real number. 

34. If / is a polynomial, and f (z) = /, then /(z) = 

35. Every nonzero complex number z can be written in the 
form z = e u \ where w is a complex number. 

36. Ifz = x + /y, where x and y are positive, then z 2 = a + ib 
has a and b positive. 

37. For all values of 9 we have e‘° = cos 9 + / sin 9. 

38. (1 +/) 2 = 2 /. 

39. i m =i. 




Chapter Ten 


COMPOSITIONS, 
INVERSES, AND 
COMBINATIONS OF 
FUNCTIONS 


Contents 

10.1 Composition of Functions. 398 

Decomposition of Functions.399 

10.2 Invertibility and Properties of Inverse 

Functions .. 404 

Definition of Inverse Function.404 

Notation and Formulas for Inverse Functions 405 
Non-invertible Functions: Horizontal Line Test 405 
Evaluating an Inverse Function Graphically . . .406 
The Graph, Domain, and Range of an Inverse 

Function.407 

A Property of Inverse Functions.408 

Restricting the Domain to Create an Inverse . . . 409 

10.3 Combinations of Functions. 414 

The Difference of Two Functions Defined by 

Formulas: A Measure of Prosperity .. .414 
The Sum and Difference of Two 

Functions Defined by Graphs 416 
Factoring a Function’s Formula into a Product 417 
The Quotient of Functions Defined by 

Formulas and Graphs: Prosperity.418 

The Quotient of Functions Defined by Tables: 

Per-Capita Crime Rate.418 

REVIEW PROBLEMS.424 

STRENGTHEN YOUR UNDERSTANDING 430 

















398 Chapter Ten COMPOSITIONS, INVERSES, AND COMBINATIONS OF FUNCTIONS 

10.1 COMPOSITION OF FUNCTIONS 

In Chapter 2, we introduced the composition of functions; we now look at extensions of this idea. In 
Section 2.5, for two functions / and g, we have the following definition: 


The composite function /(g(0) uses the output of the g as the input to /. It is defined for all 
values of t in the domain of g whose g(t) values are in the domain of /. 


For example, recall the London Eye Ferris wheel example from Section 7.1. We wished to 
find the height on the Ferris wheel at a particular time. If H = f (0) represents the height on the 
Ferris wheel (in feet) as a function of angular position (in degrees) and 6 = g(t) represents the 
angular position as a function of time (in minutes), then the composition of / with g gives a function 
H = f ( g(t )) that represents the height on the Ferris wheel as a function of time. 

In Section 7.1 we composed functions defined by formulas. We can also compose functions 
defined by graphs. 


Example 1 


Let u and v be two functions defined by the graphs in Figure 10.1. Evaluate: 
(a) u(m(- 1)) (b) u(v(5)) 



Solution (a) To evaluate l>(w(— 1)), start with «(—!)* From Figure 10.1, we see that w(— 1) = 1. Thus, 

v(u(-\)) = v(\). 

From the graph we see that v( 1) = 2, so 

v{u(—l)) = 2. 

(b) Since i;(5) = -2, we have u(v(5)) = «(—2) = 0. 


Sometimes we do not have a formula or a graph, but we have a table of values for a function. In 
the next example, we compose functions given by tables. 


Example2 Complete the table given that h(x) = f(g(x)). 


X 

fix) 

g(x) 

h(x) 

0 

1 

: 2 y 

5 

1 

9 

0 


2 


l 



Solution We have h{\) — f(g{ 1)). From the table, we see g(l) = 0, so 


*(l) = /(g(l)) = /(0)= L 
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X 

fix) 

g(x) 

h(x) 

0 

1 

2 

5 

1 

9 

0 

1 

2 

(sj 

1 

9 


Similarly, we have 

h(2) = fig(2)) = /(!) = 9. 

The value for /(2) is still missing in the table. Sinee h{x) = /(g(x)), to find a value for /(2), we 
first find a value of x such that g(x) = 2. From the table, we see that g(0) = 2, so 

M0) = /U(0)) = /(2). 

Since /i(0) - 5 we find that /(2) = 5. 


So far we have considered examples of two functions composed together, but there is no limit 
on the number of functions that can be composed. 

Example3 Let p(x) = sin.v + 1 and q(x) — x 2 — 3. Find a formula in terms of x for iv(x) = p(p(q(x))). 

Solution We work from inside the parentheses outward. First we find p(q{x))* and then input the result to p. 

uix) = p(p(q(x))) 

= p(p(x 2 - 3)) 

= p(sin(x 2 - 3)+ 1) 

'---' 

Input lor p 

— sin(sin(x 2 - 3) + 1) + 1. because /j(lnpul)= sin{ Input H-1 


Decomposition of Functions 

Sometimes we reason backward to find the functions that went into a composition. This process is 
called decomposition. 


Example 4 

Solution 


Let h(x) - f(g(x )) = e x ~ +] . Find possible formulas for f(x) and g(x). 

In the formula h(x) = c A " +l , the expression x 2 + 1 is in the exponent. We can take the inside function 
to be g(.v) = x 2 + 1. This means that we can write 


S'U) 


, = + 1 — 


h{x ) = e 

Thus the outside function is f{x) = e x . We check that composing / and g gives h: 

f(g(x )) = /(.v 2 + 1) = e v 2+1 = h(x). 


There are many possible solutions to Example 4. For example, we could choose f(x ) = e x+] 
and g(x) = x 2 . Then 

f(g(x)) = e g[x]+] = e' 2+] = h(x). 

Alternatively, we might choose f(x) = e v ' +l andg(x) = x. Although this satisfies the condition 
that h(x ) = f(g(x )), it is not very useful, because / is the same as h . This kind of decomposition 
is referred to as trivial. Another example of a trivial decomposition of h(x) is f{x) = x and g(x) — 
















400 Chapter Ten COMPOSITIONS, INVERSES, AND COMBINATIONS OF FUNCTIONS 


We saw in Example 3 that we can compose more than two functions. Similarly, it may be possible 
to decompose a function into more than two simpler functions. 


Example 5 


Let p(z) — sin 2 (In z). Decompose p(z) into three simpler functions by giving formulas for /(z), 
g(z), and h(z) where 

P(z) = f(g(Kz :))). 


Solution 


Note that p(z) = sin 2 (In z) — (sin(ln z)) 2 . In words, to find p(z) we first find In z, then take the sin 
of In z, and then square the result. In the formula p(z) = f ( g(h(z ))), the innermost function is h(z). 
Since the first operation corresponds to the innermost function, we let 

h(z) = In z. 

Next we want to take the sin of h{z). Thus, we let 

g(Input) = sin (Input) 
g(z) = sin z. 


So we have 


g(h(z)) = g(ln z) = sin (In z). 

Finally, since p(z) = sin 2 (In z) = (sin(ln z)) 2 , we square the expression sin (In z) and let 

/ (Input) = Input 2 
f(z) = z 2 . 

To check, we compute 


f(g(h(z))) = f(g (In Z)) since h(z) = In z 


= /(sin (In z)) 


Input for / 

= sin 2 (In z). 


since g(ln z) = sin (In z) 


since /(sin (In z)) = (sin (In z)) 2 


Exercises and Problems for Section 10.1 

Exercises 


1. Use Figures 10.2 and 10.3 to calculate the following: 


(a) 

/(«(-!)) 

(b) 

*(/(2)) 

(c) 


(d) 

*(/(0)) 

(e) 

/(/(D) 

(f) 

*(«(«(-1))) 




Figure 10.3 

2. Use Table 10.1 to construct a table of values for r(x) 
/>(?(*))• 

Table 10.1 


X 

0 

1 

2 

3 

4 

5 

p(x) 

1 

0 

5 

2 

3 

4 

q(x) 

5 

2 

3 

1 

4 

8 
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3. Let p and q be the functions in Exercise 2. Construct a 
table of values for .v(x) = q(p(x)). 

In Exercises 4-5, find and simplify for f(x) — 2 X and g(x) = 
x 

x + r 

4. f(g(x)) S. g(/(x)) 

6. Let f(x) = sin 4x and g(x) = \fx. Find formulas for 
f(g(x)) and g(f(x)). 

7. Let m(x) = 3 + x 2 and n(x) = tanx. Find formulas for 
m{n(x)) and n(m(x)). 

8. Find a formula in terms of x for the function w(x) — 
p(p(x)). where p(x) = 2x + 1. 


15. Write /(g(x)) in the form a b given that 

fix) = e l) - 50 " x \ g(x) = x 2 + l. 

16. Write p{t) = q(r(t)) in the form \fa given that 

r(t) - I - y/t, q(t) ~ \/2 - t. 

In Exercises 17-21, identify the function fix). 

17. h(x) = e J(x) = e sinv 


In Exercises 9-14, let fix) = 3x 2 , g(x) = 9x - 2, mix) = 4x, 
and r(x) — \/3x. Find and simplify the composite function. 


9. rig(x)) 

11 . r(fix)) 

13. gimifix))) 


10. f(r(x)) 

12 . gifix)) 

14. f(m(g{x))) 


18. j(x) = y/fixj - y/\n(x 2 +4) 

19. kix) = sin(/(x)) = sin(x 3 + 3x + 1) 

20 . lix) = (f(x )) 2 = cos 2 2x 

21. w(x) = In fix) — ln(5 4 1/x) 


Problems 


In Problems 22-25, give a practical interpretation in words of 
the function. 

22. f {hit)), where A = f(r) is the area of a circle of radius r 
and r = h{t) is the radius of the circle at time t. 

23. k(g{t )), where L = k{H) is the length of a steel bar at 
temperature H and H — g(t) is temperature at time t. 

24. R(Y{q)), where R gives a farmer’s revenue as a function 
of corn yield per acre, and Y gives the corn yield as a 
function of the quantity, q , of fertilizer. 

25. /(/(//)), where t(v) is the time of a trip at velocity v, and 
v — f{H) is velocity at temperature H. 

26. Using Figure 10.4, estimate the following: 

(a) f(g( 2)) (b) g(f{ 2)) (c) /(/(3)) (d) g(g( 3)) 



27. Complete Table 10.2. 


Table 10.2 


X 

fix) 

g(x) 

gifix)) 

0 

2 

3 

2 

1 

3 

1 

3 

2 

1 




28. Complete Table 10.3 given that h(x) — g(/(x)). 


Table 10.3 


X 

fix) 

gix) 

h{x) 

0 

1 

2 

8 

1 

2 



2 

1 

6 



29. Complete the table given h(x) = g(f (x)). 



Figure 10.4 
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30. Complete Table 10.4 given that w(t) — v(u(t)). 
Table 10.4 


t 

u 

V 

w 

0 

1 

2 

3 

2 

2 

1 

1 

4 

3 


2 

0 

4 

0 

0 



In Problems 31-32, find a simplified formula for g given that 

/(*)= —Tv 

x + 3 


31. g(x) = f(h(x)) where h(x) = 3x 2 - 1. 

2x + 4 

32. /(x) = g(x)+^f« 

x + 3 

In Problems 33-36, find a simplified formula for the difference 
quotient 

f(x + h)-f(x) 
h 

33. f(x) = x 2 + x 34. / (x) = yfx 

35. /(x) = - 36. /(x) = 2 X 

X 


In Problems 37^10, let x > 0 and k(x) = e x . Find a possible 
formula for /(x). 

37. k(f(x)) = e 2x 38. /(*(x)) = 1 - e* 

39. f(k(x)) = e 2x 40. k(f(x)) = x 


48. 

y = 

2 X+1 given that 




(a) 

u(x) = 2x 

(b) 

u(x) — -x 

49. 

y = 

sin 2 x given that 




(a) 

u(x) = x 2 

(b) 

t)(x) = X 2 

50. 

y = 

e 2 c°s x gj ven that 




(a) 

u(x) = e x 

(b) 

u(x) = cos X 


51. (a) Use Table 10.5 and Figure 10.5 to calculate: 

(i) /(g(4)) (ii) g(/( 4)) 

(iii) /(/(0)) (iv) g(g(0)) 

(b) Solve g(g(x)) = 1 for x. 


Table 10.5 


X 

0 

1 

2 

3 

4 

5 

/(*) 

2 

5 

3 

4 

1 

0 


y 



52. Use Figure 10.6 to calculate the following: 


In Problems 41^14, let /(x) — g(h(x)). Find possible formu¬ 
las for g(x) and h(x) (There may be more than one possible 
answer. Assume g(x) ^ x and h(x) ^ x.) 

41. /(x) = (x + 3) 2 42. /(x) = ^/l + v^ 

43. /(x) = 9x 2 + 3x 44. /(x) = 1 

x 2 + 8x + 16 

In Problems 45-50, decompose the functions into w(^(x)) for 
each given u or v. 


45. 

y = 

1 T x 

2 + x 

2 

- given that 





(a) 

v{x) 

7 

= X“ 

(b) 

v(x) = 

x 2 + 

46. 

y = 

: 

given that 





(a) 

u(x) 

= e x 

(b) 

V(x) = 


47. 

y = 

\/l- 

x 3 given that 





(a) 


= V1 + X 3 

(b) 

v{x) = 

X 3 


(a) /(/(I)) (b) g(g(l)) 

(c) /(g(2)) (d) g(/( 2)) 



53. Use Figure 10.6 to find all solutions to the equations: 

(a) / (g(x)) = 0 (b) g(/(x)) = 0 

54. Let /(x) and g(x) be the functions in Figure 10.6. 

(a) Graph the functions /(g(x» and g(/(x)). 

(b) On what interval(s) is /(g(x)) increasing? 

(c) On what interval(s) is g(/(x)) increasing? 
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In Problems 55-58, use the information from Figures 10.7 
and 10.8 to graph the functions. 




- 2-1012 - 2-1012 

Figure 10.7 Figure 10.8 

55. fig{x) 1 56. g(f(x)) 57. 58. g(g(x)) 

In Problems 59-62. the graph of a function g(x) is shown. Let 
f{x) = x 2 . 


(a) Graph /(g(x)) (b) Graph g(/(x)) 

59. v 60. y 




68. Find possible formulas for v and tv given that 

w( x) ~ y/x 
r(uix)) = 3+ y/2x 
tv(uix)) = 3 4- sin ^3\/x) . 

69. Letting r{x) = 3.x 3 - 4x 2 , tind q(x) iziven that r/(r(x)) = 

zl 

16- ' 

70. You have two money machines, both of which increase 
any money inserted into them. The first machine doubles 
your money. The second adds five dollars. The money that 
comes out is described by d(x) = 2x in the first case and 
a(x) = x 4- 5 in the second, where x is the number of dol¬ 
lars inserted. The machines can be hooked up so that the 
money coming out of one machine goes into the other. 
Find formulas for each of the two possible composition 
machines. Is one machine more profitable than the other? 

71. A side effect of a therapeutic drug is raising the patient's 
j heart rate. The relation between 0, the amount of drug 

in the patient's body {in milligrams), and /*, the patient’s 
heart rate (in beats per minute), is 

r = /(O) = 60 4-0.20. 


61 . 


62. 




63. Find/(/(!)) for 


fix) 


64. Suppose u{t)(x)) ■ 


2 

3x 4- 1 
x 2 - 3 

1 


if x < 0 
if 0 < x < 2 
if x > 2 

and c(u(x)) = 


x 2 -l .. "" (x 1 ) 2 

possible formulas for u(x) and v{x). 


. Find 


Over time, the level of the drug in the patient's blood¬ 
stream falls. The drug level as a function of time 6 in 
hours since the initial injection, is 

0 = g(r) = 250(0.8) f . 

Find a formula for the heart rate rasa function of time t. 

72. A software company issues a bug patch. After t days, the 
company estimates that the number of installed patches 
(in thousands) is 


10 + 40(l/2)' /ln ' 

For a — 10./! = 20. evaluate ^° + 1. What does 

h 

it tell you about the adoption of the patch? 

73. A car company issues a recall for a model. For every thou¬ 
sand cars, the company estimates that after t weeks. 


65. If .v(x) = 5-1-F x, k{x) = x + 5, and s(x) = 

x + 5 

n(/c(x)), what is v{x)2 

66. Let f(x) = 12 — 4x. g(x) = 1 /x, and h(x) = \j'x — 4. 
Find the domain of the functions: 

(a) g{f(x)) (b) h{f(x)) 

67. Find possible formulas for / and g given that 

fc(x) = x 2 

/!(/(*)) = r 2 * 

/i(g(x)) = x 2 - 4x 4- 4. 


/(!) = 1000 (1 - 2 _,/5 ). 

have received the repairs. For a = 5, b — 10, evaluate 

- : -. What does it tell you about the recall? 

b — a 

74. Let p{t ) = 10(0.01/ and qit) = log* 2 . Solve the equation 
qipit)) = 0 for t. 

75. Let fit) — sin r and git) = 3 1 - tt/4. Solve the equation 
/ ig(t)) = 1 for r in the interval 0 < t < 2tt/3. 

76. Let f(x) = yfx and g(x) = x 2 . Calculate the domain of 
figix)) and the domain of g(/(x)). 
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77. The graphs for y = f(x) and y = g(x) are shown in Fig¬ 
ure 10.9. 



(5,-10) 


Figure 10.9 

(a) Write an equation for /(x). 

(b) State the domain and range of f(x). 

(c) Write an equation for g(x). 

(d) State the domain and range of g(x). 

(e) Write an equation for h{x ) = /( g(x )). 

(f) State the domain and range of h(x). 

(g) Draw the graph of /z(x). 

78. Which of the following statements must be true in order 
for the point (2, 5) to be on the graph of h{x) — g (/(x))? 

(a) The domain of / includes 2. 

(b) The domain of g includes 2. 


(c) The range of / includes 5. 

(d) The range of g includes 5. 

(e) The function g is invertible. 

79. Which of the following statements must be true in order 
for h{x) = g (/(x)) to be defined for all x? 

(a) The domain of / is all x. 

(b) The domain of g is all x. 

(c) The range of / is all y. 

(d) The range of g is all y. 

(e) The range of / is within the domain of g. 

80. Determine whether f(g(x)) is increasing or decreasing 
for all x. 

(a) / is increasing and g is increasing. 

(b) / is increasing and g is decreasing. 

(c) / is decreasing and g is increasing. 

(d) / is decreasing and g is decreasing. 

81. Determine whether f(g(x)) is even or odd. 


(a) 

/ 

is 

even and g is even. 

(b) 

/ 

is 

even and g is odd. 

(c) 

/ 

is 

odd and g is even. 

(d) 

/ 

is 

odd and g is odd. 

(e) 

£ 

is 

even, but / is neither even nor odd. 

(f) 

£ 

is 

odd, but / is neither even nor odd. 

(g) 

/ 

is 

even, but g is neither even nor odd. 


10./ INVERTIBIUTY AND PROPERTIES OF INVERSE FUNCTIONS 


Inverse functions were introduced in Section 2.5. In Section 5.1, we defined the logarithm as the 
inverse function of the exponential function. In Section 7.8, we defined the arccosine as the inverse 
of cosine. 

Definition of Inverse Function 

Recall that the statement / -l (50) = 20 means that /(20) = 50. In fact, the values of / -1 are 
determined in just this way. In general, 


Suppose Q = f{t) is a function with the property that each value of Q determines exactly one 
value of t. Then / has an inverse function, f~ x , and 

f~\Q) = t if and only if Q-fit). 

If a function has an inverse, it is said to be invertible. 

The definitions of the logarithm and of the inverse cosine have the same form as the definition 
of f~K Since y = log x is the inverse function of y = IO\ we have 

x = log y if and only if y — 10\ 

and since y = cos -1 1 is the inverse function of y = cos r, 

r = cos -1 y if and only if y = cos r. 
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Example 1 Find a solution to the equation sin x = 0.8 using an inverse function. 

Solution A solution is x = sin“' (0.8). A calculator (set in radians) gives x — sin -1 (0.8) & 0.921. 


Notation and Formulas for Inverse Functions 

As we saw in Section 2.5, it is sometimes possible to find a formula for an inverse function /"' 
from a formula for /. In abstract mathematical examples, a function y = f(x) often has its inverse 
function written with x as the independent variable. 


Example 2 


Solution 


Find the inverse of the function. 


/(*) = 


3.x 


2x + 1 


First, we solve the equation y ~ f(x) for x: 


3x 


y 2x + 1 
2xy + y = 3.x 

2a :y ~ 3.x = -y 

x(2y — 3) = -y 

-y y 


2 y - 3 3 - 2y 


As before, we write x — f 1 {y) = —— 


3-2 y 

Since y is now the independent variable, by convention we rewrite the inverse function with x 
as the independent variable. We have 

/-'(*)= x 


3 - 2x 


Non-invertible Functions: Horizontal Line Test 

Not every function has an inverse function. A function Q = f(t) has no inverse if it returns the same 
0-value for two different r-values. When that happens, the value of t cannot be uniquely determined 
from the value of Q. 

For example, if q(x) — x 2 then q{~ 3) = 9 and q{+ 3) = 9. This means that we cannot say what 
the value ^(9) would be. (Is it +3 or —3?) Thus, q is not invertible. In Figure 10.10, notice that 
the horizontal line y — 9 intersects the graph of q{x) = x 2 at two different points: (-3,9) and (3,9). 
This corresponds to the fact that the function q returns y = 9 for two different x-values, x = +3 and 



Figure 10.10: The graph of q(x) = x 2 fails the horizontal line lest 


We have the following general result: 
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The Horizontal Line Test If there is a horizontal line that intersects a function’s graph 
in more than one point, then the function does not have an inverse. If every horizontal line 
intersects a function’s graph at most once, then the function has an inverse. 


Evaluating an Inverse Function Graphically 

Finding a formula for an inverse function can be difficult. However, this does not mean that the 
inverse function does not exist. Even without a formula, we may be able to find values of the inverse 
function. 


Example 3 Let u(x) = x 3 + x + 1. Explain why a graph suggests the function u is invertible. Assuming u has an 

inverse, estimate 

Solution To show that u is invertible, we could try to find a formula for 1 C 1 . To do this, we would solve the 

equation y = x 3 + x + 1 for x. Unfortunately, this is difficult. However, the graph in Figure 10.11 
suggests that u passes the horizontal line test and therefore that a is invertible. To estimate tU*(4), 
we find an x-value such that 

x 3 + x + 1 = 4. 

In Figure 10.1 1, the graph of y = u(x) and the horizontal line y = 4 intersect at the point x « 1.213. 
Thus, tracing along the graph, we estimate ir l ( 4) « 1.213. 


■>' !/(*) 



Figure 10.11: The graph of u(x) passes the horizontal line test. 
Since h( 1.2I3) « 4, we have iC ] ( 4) « 1.213 


In Example 3, we can approximate a l (a) for any value of a even though we do not have a 
formula for iC 1 . 


Example 4 Let P(x) = 2 V . 

(a) Show that P is invertible. 

(b) Find a formula for P -l (x). 

(c) Sketch the graphs of P and P -1 on the same axes. 

(d) What are the domain and range of P and P _1 ? 


Solution 


(a) Since P is an exponential function with base 2, it is always increasing, and therefore passes the 
horizontal line test. (See the graph of P in Figure 10.12.) Thus, P has an inverse function. 

(b) To find a formula for P -l (x). we solve for x in the equation 

2 A = T 


We take the log of both sides to get 
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log2 x = lo gy 
x log 2 = log y 


X = p-'(y) 


log V 
log 2 


Thus, we have a formula for P 1 with y as the input. To graph P and P 1 on the same axes, we 
write P _l as a function of.*: 


, loa .v 1 

p-'(x) = = —— ■ log A- = 3.322 log A. 

log 2 log 2 

(e) Table 10.6 gives values of P(x) for x = -3, -2.3. Interchanging the columns of Table 10.6 

gives Table 10.7 for P _1 (x). We use these tables to sketch Figure 10.12. 


Table 10.6 Values of 
P( x) = 2 X 


X 

P(x) = 2 X 

-3 

0.125 

-2 

0.25 

-1 

0.5 

0 

1 

1 

2 

2 

4 

3 

8 


Table 10.7 Values of 
P~ l (x) 


X 

P-'(x) 

0.125 

-3 

0.25 

-2 

0.5 

-1 

1 

0 

2 

1 

4 

2 

8 

3 



Figure 10.12 The graphs of 
P(x) = 2 A and its inverse are 
symmetrical across the line y = x 


(d) The domain of P, an exponential function, is all real numbers, and its range is all positive num¬ 
bers. The domain of P” 1 , a logarithmic function, is all positive numbers and its range is all real 
numbers. _ 

The Graph, Domain, and Range of an Inverse Function 

In Figure 10.12, we see that the graph of P _l is the mirror image of the graph of P across the line 
y = a*. In general, this is true if the x- and >’-axes have the same scale. To understand why this occurs, 
consider how a function is related to its inverse. 

If / is an invertible function with, for example, /( 2) = 5, then / _1 (5) - 2. Thus, the point 
(2, 5) is on the graph of / and the point (5, 2) is on the graph of /~ 1 . Generalizing, if (a, b) is any 
point on the graph of /, then (/>, a) is a point on the graph of / _! . Figure 10.13 shows how reflecting 
the point (a*b) across the line y = x gives the point (b.a). Consequently, the graph of / -l is the 
reflection of the graph of / across the line y — x. 

Notice that outputs from a function are inputs to its inverse function. Similarly, outputs from the 
inverse function are inputs to the original function. This is expressed in the statement f~ ] (b) = a 
if and only if f(a) = />, and also in the fact that we can obtain a table for f~ { by interchanging the 
columns of a table for /. Consequently, the domain and range for f~ l are obtained by interchanging 
the domain and range of /. In other words. 


(a.b) / 

b • / 

I 

a I • (/>, a) 

| / 

a b 


Figure 10.13: The reflection of the point («, b) across the line y = x is the point (/;, a) 
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Graph of / 1 is reflection of graph of / across the line y = x. 

Domain of / -1 = Range of / and Range of f~ x = Domain of /. 

As we saw in Example 4, the function P has all real numbers as its domain and all positive 
numbers as its range; the function P -1 has all positive numbers as its domain and all real numbers 
as its range. 

A Property of Inverse Functions 

The fact that Tables 10.6 and 10.7 contain the same values, but with the columns switched, reflects 
the special relationship between the values of P(x) and P _1 (x). For the function in Example 4, 

P~\ 2)=1 and P( 1) = 2 so P~ l (P( 1))=1, 

and 

P _i (0.25) = -2 and P(-2) = 0.25 so P~'(P(-2)) = -2. 

This result holds for any input x, so in general, 

P~ l (P(x)) = x. 

In addition, P(P~'(2)) = 2 and P(P _1 (0.25)) = 0.25, and for any x 

P(P“’(x)) = x. 

Similar reasoning holds for any other invertible function, suggesting the general result: 

If y — f (x) is an invertible function and y = / _l (x) is its inverse, then 

• / _1 (/(*)) = x for all values of x for which /(x) is defined, 

• /(/ _I (x)) = x for all values of x for which f~ ] (x) is defined. 


This property tell us that composing a function and its inverse function returns the original value 
as the end result. We can use this property to decide whether two functions are inverses. 


Examples (a) Check that /(x) = 


and / '(x) = 


are inverse functions of each other. 


2x + 1 17 " 1 - 2x 

(b) Graph / and f~ ] on axes with the same scale. What are the domains and ranges of / and / _1 ? 

Solution (a) To check that these functions are inverses, we compose 

x 

f(x) 2x + 1 


/“(/(*)) = 


1 - 2 f{x) 


— 2 ( —-—) 
\2x+ 1/ 


2x + 1 


2x 


2x+ 1 _ 

2x + 1 2x + 1 
x 


2x+ 1 


1 


2x + 1 
x. 


Similarly, you can check that /(/ ! (x)) = x. 

(b) The graphs of / and / -1 in Figure 10.14 are symmetric about the line y = x. 
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Figure 10.14: The graph of/(.v) = .v/(2.v + 1) and the inverse f '(.v) = _v/(1 - 2x) 


The function f(x) = x/(2x + I) is undefined at x = -1/2, so its domain consists of all 
real numbers except -1/2. Figure 10.14 suggests that / has a horizontal asymptote at y = 1/2 
which it does not cross and that its range is all real numbers except 1 /2. 

Because the inverse function f~ ] (x) — x/( 1 — 2x) is undefined at x = 1 /2, its domain is all 
real numbers except 1 /2. Note that this is the same as the range of /. The graph of / “* appears 
to have a horizontal asymptote which it does not cross at y = -1 /2, suggesting that its range is 
all real numbers except -1 /2. Note that this is the same as the domain of/. 

The ranges of the functions / and f~ ] can be confirmed algebraically. 


Restricting the Domain to Create an Inverse 

A function that fails the horizontal line test is not invertible. For this reason, the function /(x) = x 2 
does not have an inverse function. However, by considering only part of the graph of /, we can 
eliminate the duplication of y- values. Suppose we consider the half of the parabola with x > 0. 
See Figure 10.15. This part of the graph does pass the horizontal line test because there is only one 
(positive) x-value for each y-value in the range of /. 



We can find an inverse for /(x) = x 2 on its restricted domain, 1 x > 0. Using the fact that x > 0 
and solving y = x 2 for x gives 

X= \fy- 

Thus a formula for the inverse function is 


x = f~'(y)=y/y. 

Rewriting the formula for / _1 with x as the input, we have 

/"'(*) = V*- 

The graphs of / and f~ [ are shown in Figure 10.16. Note that the domain of / is the the range 
of / -1 , and the domain of (x > 0) is the range of /. 

'Technically, changing the domain results in a new function, but we will continue to call it f{x). 
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In Section 7.8 we restricted the domains of the sine, cosine, and tangent functions in order to 
define their inverse functions: 


y— sin 1 

X 

if and only if 

jc = sin y 

and 

n n 

— < y < — 
2 ” 2 

y = cos” 

'x 

if and only if 

x = cos y 

and 

0 < y < k 

y = tan” 1 

'x 

if and only if 

x = tan y 

and 

n n 

— < y < — 

O J 1 


The graphs of each of the inverse trigonometric functions are shown in Figures 10.17-10.19. Note 
the symmetry about the line y = x for each trigonometric function and its inverse. 

y y y 



In each case, the restricted domain of the function is the range of the inverse function. In addition, 
the domain of the inverse is the range of the original function. For example. 


y = sin x 
y — sin” 1 x 


has restricted domain -— < x < — 
2 2 


has domain 


-1 < jc < 1 


and 

range 

and 

range 


-1 <y < 1 

k n 

— < y < —. 
2 “ 2 


Exercises and Problems for Section 10.2 

Exercises 


In Exercises 1-4, find a solution to the given equation using 
an inverse function. Is it the only solution? 


1. tanx = — 5 
3. logx = 1.2 


2. e x = 3 
4. cos x = -0.2 


In Exercises 5-12, find a formula for the inverse function. 


5. f{x) = x + 5 
7. h(x) - yfx 
9. f{x) = 3x - 7 


11 . m(x) =-x 

x 


6. g(x) = 1 - x 

8. j{x) = - 
x 

10 . *(x)= * 

12 . h{x) - 


x- 1 

2x+ 1 


3x — 2 


In Exercises 13-16, the graph of a function /(x) is shown. De¬ 
cide whether or not fix) is invertible. 
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In Exercises 17-22, use a graph to decide whether or not the 26. Check that the functions R = f(T) = 150 + 57 and 


function is invertible. 

17. j; = a 6 + 2a 2 - 10 
19. y = c v 
21. y=\x\ 


18. y = a 4 — 6a + 12 
20. y = eos(x 3 ) 

22. y = x + In a 


23. In Figure 10.20 are the graphs of three functions and their 
inverse functions. Match each function to its inverse. 


(a) 



(b) 



T = f l (R)=-R - 30 satisfy the identities 

f~'{f(T)) = T and f(f-\R))=R. 

In Exercises 27-34, check that the functions are inverses. 
a 3 


27. f{x) = ~ - | and g(r) = 4 ^ ) 


* 28. f(x) = 1 + 7x 3 and /“'(a) = ■'' x 1 


29. g(x)= 1-!— and g” 1 (a) = 1 + -pi¬ 


le) 



(d) 



(e) 




A - 1 

30. h{ a) = \flx and k(t) = p, for a. t > 0 
_ x 31. f{x) = e x+] and f~ [ { a) = Iiia- I 

32. f(x) = <r v and f~\x) = ^ 

33. fix) = e x/2 and f~\x) ~ 2 In a 

34. f(x) — ln(A/2) and / _i (a) = 2e x 


v In Exercises 35-43, find a formula for the inverse function. 
Assume these functions are defined on domains on which they 
are invertible. 


Figure 10.20 

In Exercises 24-25, sketch a graph of the inverse function. 


35. /(*) = Vl -2x- 


37. o(a) = 1/(1 H-) 

A 




39. k{x) = 


3- \fx 


\[x + 2 
41. ,,(*) = log 
43. g(x) = 2 sinx 


36. n(x) = (1 + x 2 ) 2 


38. j(x) = \J\ + ^fx 

An / . lnx-5 

40. g(x) = —-— 

2 In x + 7 

42. fix) — cos y/x 


Problems 


44. If C = fiq) gives the cost, in dollars, to manufacture q 
items, what does / _1 (C) represent? What are its units? 

45. If P — fit) gives the population of a city, in thousands, 
as a function of time, r, in years, what does f~ l {P ) rep¬ 
resent? What are its units? 


46. The balance B , in dollars, in an account after t years with 
an initial deposit of $500 that pays 4% compounded an¬ 
nually is B = fit) = 500(1.04/. 

(a) Find a formula for t = f~ l (B). 

(b) What does the f~\B) represent in terms of the ac¬ 
count? 
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47. Let R = f(T ) = 150 + 5T give the resistance of a circuit 
element as a function of temperature. 

(a) Find a formula for T = f~ l (R). 

(b) Make a table of values showing values of /. Make 
another table showing values of f~ l . Explain the re¬ 
lationship between the tables. 

48. LetC = f(q) = 200+0. \q give thecost in dollars to man¬ 
ufacture q kg of a chemical. Find and interpret f~ ] (C). 

49. Let P = f(t) = 10e°*° 2 ' give the population in millions at 
time r in years. Find and interpret f~ x (P). 

50. The police can determine the speed a car was traveling 
from the length of the skid marks it leaves. The function 
they use is S = f(L) = 2 y/{5L) where S is speed (mph) 
and L is the length of the skid marks (feet). 

(a) If skid marks of length 125 feet are measured, what 
was the speed of the car? 

(b) Find a formula for the inverse function. 

(c) If the car had been traveling at 80 mph, how long 
would the skid marks be? 

51. Let P = f(t) = 37.8(1.044)' be the population of a town 
(in thousands) in year r. 

(a) Describe the town’s population in words. 

(b) Evaluate /(50). What does this quantity tell you 
about the population? 

(c) Find a formula for / -1 ( P) in terms of P. 

(d) Evaluate /~*(50). What does this quantity tell you 
about the population? 

52. Let /(a) = 5 V . 

(a) Evaluate /(3)and (1/25) exactly. 

(b) Approximate the value of / _1 (I0). 

53. Figure 10.23 is the graph of a function /(a). Use it to find 


the following: 



(a) /"‘(-I) 

(b) 

/-'(0) 

(c) /"*( 3) 

(d) 

2) 

(e) 

(f) 

/(/-'(—0.05)) 


y 



54. Figure 10.24 shows a graph of the function /. Sketch a 
graph of/* 1 . 



Figure 10.24 

55. Figure 10.25 defines the function /. Rank the following 
quantities in order from least to greatest: 

0,7(0),/-'(0), 3,/(3),/- 1 (3). 



56. The function / is increasing and has an inverse / -! . What 
can you say about f~ ] ? Is it increasing or decreasing? Ex¬ 
plain your reasoning. 

57. The graph of y = iv(x). an invertible function, lies en¬ 
tirely above the line y = 3 + 2a. For each statement, ex¬ 
plain why each statement can possibly be true or is defi¬ 
nitely false? 

(a) w(2) — 6 

(b) w~ ] (5) = 0 

(c) (r^-'(-6))'‘ = -2 

(d) Aw/Ax = 4 on — 2 < a < 3 

58. A research facility on the Isle of Shoals has 800 gallons 
of fresh water for a two-month period. 

(a) There are 7 members of the research team and each 
is allotted 2 gallons of water per day for cooking and 
drinking. Find a formula for /(/), the amount of fresh 
water left on the island after t days has elapsed. 

(b) Evaluate and interpret the following expressions: 

(i) /(0) (ii) /-'(0) 

(iii) nf/(0=A/(0) (iv) 800 -f(t) 

59. For a T-shirt company, q = f(p) represents the number 
of T-shirts sold at a if the price is p dollars per shirt, and 
R = g(n ) represents the revenue generated, in hundreds 
of dollars, from selling n T-shirts. What is a practical in¬ 
terpretation of each statement, (a)-(f)? 

(a) /( 20 ) (b) /-' ( 20 ) 

(c) g(10) = 2 (d) g-‘( 10) = 50 

(e) /(10) + 5 (f) /"'(10) + 5 
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60. The noise level, N, of a sound in decibels is given by 

N =/(/)= I()l0g^y-J, 

where / is the intensity of the sound and / () is a constant. 

Find and interpret /“'(/V). 

61. The rating, r , of an earthquake of intensity / is given by 

r = /(/) = log(///„), where 7 () is a constant. Find and 

interpret / _l (r). 

62. Let fix) = e x and g(x) = \nx. 

(a) Find f{g(x)) and g(f(x)). What can you conclude 
about the relationship between these two functions? 

(b) Graph /(x) and g(x) together on axes with the same 
scales. What is the line of symmetry of the graph? 

63. Let pit) — 10' and q{t) — logf. 

(a) Find piqit)) and q(p(t)). What can you conclude 
about the relationship between these two functions? 

(b) Graph pit) and q{t) together on axes with the same 
scales. What is the line of symmetry of the graph? 

64. Table 10.8 gives the number N of cows in a herd. 

(a) Find an exponential function that approximates the 
data. 

(b) Find the inverse function of the function in part (a). 

(c) When do you predict that the herd will contain 400 
cows? 


Table 10.8 


t (years) 

0 

1 

2 

N = P(t) (cows) 

150 

165 

182 


65. Values of / and g are in Table 10.9. Based on this table: 

(a) Is f(x ) invertible? If not, explain why; if so, con¬ 
struct a table of values of /~'(x) for all values of x 
for which / _1 (x) is defined. 

(b) Answer the same question as in part (a) for g(x). 

(c) Make a table of values for h{x) = /(g(x)), with 
x = -3, -2, -1,0, 1,2,3. 

(d) Explain why you cannot define a function j{x) by the 
formula j{x) = g(/(x)). 


Table 10.9 


X 

-3 

-2 

-1 

0 

1 

2 

3 

fix) 

9 

7 

6 

-4 

-5 

-8 

-9 

g(x) 

3 

1 

3 

2 

-3 

-1 

3 


66. Then : is a linear relationship between the number of units, 
7V(x). of a product that a company sells and the amount 
of money, x, spent on advertising. If the company spends 
$25,000 on advertising, it sells 400 units, and lor each 
additional $5,000 spent, it sells 20 units more. 

(a) Calculate and interpret TV (20,000). 

(b) Find a formula for /V(x) in terms of x. 

(c) Give interpretations of the slope and the x- and y~ 
intercepts of N(x) if possible. 

(d) Calculate and interpret N~ ] {5 00). 

(e) An internal audit reveals that the profit made b\ the 
company on the sale of 10 units of its product, before 
advertising costs have been accounted for, is $2,000. 
What are the implications regarding the company's 
advertising campaign? Discuss. 

67. A hot brick is removed from a kiln at 200°C above room 
temperature. Over time, the brick cools off. After? hours 
have elapsed, the brick is 20°C above room temperature. 
Let / be the time in hours since the brick was removed 
from the kiln. Let y = 77(0 be the difference between the 
brick's and the room’s temperature at time t. Assume that 
77(0 is an exponential function. 

(a) Find a formula for Hit). 

(b) How many degrees does the brick’s temperature drop 
during the first quarter hour? During the next quarter 
hour? 

(c) Find and interpret H~\y). 

(d) How much time elapses before the brick’s tempera¬ 
ture is 5° C above room temperature? 

(e) Interpret the physical meaning of the horizontal 
asymptote of Hit). 

68. The quadratic mean (or RMS) of x and the constant zl is 
given by fix) = ().5(x 2 + A 2 ) (L \ Assuming x > 0, find a 
formula for / _l (x). 

69. The harmonic mean of x and the constant A is given by 
fix) = 0.5(x _1 + A~ ] ) -1 . Find a formula for / _I (x). 

Problems 70-71 involve the Lambert W function} defined 
by Wix) — /~ ! (x) where fix) = xe x with x > -1. Since 
/ (/ '(*)) = x, this means Wix)e Wix] = x. 

70. Find three points on the graph of W by finding /(—I), 
/(0), and /(l). 

71. Given that W{ 10) = 1.746, find a solution to the equation 
te 2! = 5. 

72. Suppose P = fit) is the population (in thousands) in year 
/, and that /(7) = 13 and /(12) = 20. 

(a) Find a formula for fit) assuming / is exponential, 

(b) Find a formula for / -l ( P ). 

(c) Evaluate /(25) and / _, (25). Explain what these ex¬ 
pressions mean in terms of population. 


2 See http://en.wikipedia.org/wiki/Lambert/£27s_W_function, accessed April 30, 2008. 
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73. A 100-mi solution contains 99% alcohol and 1% water. 
Let y = C(x) be the concentration of alcohol in the solu¬ 
tion after x ml of alcohol are removed, so 

, Amount of alcohol 

C(A') - -;-. 

Amount of solution 

(a) WhatisC(O)? 

(b) Find a formula in terms of x for C(x). 

(c) Find a formula in terms of y for C '(y). 

(d) Explain the physical significance of C _I (y)- 

74. (a) How much alcohol do you think should be removed 

from the 99% solution in Problem 73 in order to ob¬ 
tain a 98% solution? (Make a guess.) 

(b) Express the exact answer to part (a) using the func¬ 
tion C~ l you found in Problem 73. 

(c) Determine the exact answer to part (a). Are you sur¬ 
prised by your result? 

75. A gymnast at Ringling Bros, and Barnum & Bailey Cir¬ 
cus is fired straight up in the air from a cannon. While she 
is in the air, a trampoline is moved into the spot where 
the cannon was. Figure 10.26 is a graph of the gymnast's 
height, h, as a function of time, t. 

(a) Approximately what is her maximum height? 

(b) Approximately when does she land on the trampo¬ 
line? 

(c) Restrict the domain of h{t) so lhat h(t) has an inverse. 
That is, pick a piece of the graph on which /?(/) does 
have an inverse. Graph this new restricted function. 

(d) Change the story to go with your graph in part (c). 

(e) Graph the inverse of the function in part (c). Explain 
in your story why it makes sense that the inverse is a 
function. 


height (m) 



In Problems 76-81, what does the statement tell you about 
caffeine and a person's pulse? The pulse in beats per minute 
(bpm) of a healthy person fifteen minutes after consuming q 
milligrams of caffeine is given by r — f(q). The amount of 
caffeine in a cup of coffee is q c , and r c — f{q c ). Assume that 
/ is an increasing function for nontoxic levels of caffeine. 

76. f(2q c ) 77. /-V, + 20) 

78. 2/“ 1 (r,) + 20 79. f(q c )-f( 0) 

80. + 20) — q c 81. f~ x {\Af{q c )) 

82. Figure 10.27 is the graph of a function f(x). 

(a) Assuming this is the whole graph, what is the largest 
domain on which you can restrict f(x) so it has an 
inverse? 

(b) Sketch the graph of f~ ] ( x ) with / (x) restricted to the 
domain you specified in (a). 


y 



Figure 10.26 

10.3 COMBINATIONS OF FUNCTIONS 

Like numbers, functions can be combined using addition, subtraction, multiplication, and division. 

The Difference of Two Functions Defined by Formulas: A Measure of Prosperity 

We can define new functions as the sum or difference of two functions. In Chapter 4, we discussed 
Thomas Malthus. who predicted widespread food shortages because he believed that human popu¬ 
lations increase exponentially, whereas the food supply increases linearly. We considered a country 
with population P(t) million in year t. The population is initially 2 million and grows at the rate of 
4% per year, so 


P{t) = 2(1.04)'. 
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Let N(t) be the number of people (in millions) that the country can feed in year t. The annual food 
supply is initially adequate for 4 million people and it increases by enough for an additional 0.5 
million people every year. Thus 

N(t) = 4 + 0.5/. 

This country first experiences shortages in about 78 years. (See Figure 10.28.) When is it most 
prosperous? 



Figure 10.28: Predicted population, Pp), and number of people who can be led, /V(/), over a 100-year period 


The answer depends on how we decide to measure prosperity. We could measure prosperity in 
one of the following ways: 

• By the food surplus—that is, the amount of food the country has over and above its needs. This 
surplus food could be warehoused or exported in trade. 

• By the per-capita food supply—that is. how much food there is per person. (The term per capita 
means per person, or literally, “per head.") This indicates the portion of the country's wealth 
each person might enjoy. 

First, we choose to measure prosperity in terms of food surplus, S(l), in year where 

^(0 = Number of people that can be fed - Number of people living in the country 

^ ^ s_^ 

v V 

N</) Pin 


SO 

5(/) = N(t)~ P(t). 

For example, lo determine the surplus in year / = 25. we evaluate 

5(25) = N(25) - P{25). 

Since N( 25) =4 + 0.5(25) = 16.5 and P{ 25) = 2( 1,04) 25 « 5.332. we have 

5(25) « 16.5 -5.332 = 11.168. 

Thus, in year 25 the food surplus could feed 11.168 million additional people. 
We use the formulas for N and P to find a formula for S : 

S(t)= N(t) - P(t) , 

4+0.5 1 2(1.04)' 


so 


S(t) = 4 + 0.5r - 2(1.04)'. 
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A graph of S is shown in Figure 10.29. The maximum surplus occurs sometime during the 48 th 
year. In that year, there is surplus food sufficient for an additional 14.865 million people. 



Figure 10.29: Surplus graphed using the formula 
5(r) = 4 +0.5f-2(1.04)' 


The Sum and Difference of Two Functions Defined by Graphs 

How does the graph of the surplus function S , shown in Figure 10.29, relate to the graphs of N and 
P in Figure 10.28? Since 

Sit) - N(t) - Pit), 

the value of S(t) is represented graphically as the vertical distance between the graphs of N(t) and 
P{t). See Figure 10.30. Figure 10.31 shows the surplus plotted against time. 


millions 

of P e °P‘ e Population 



Figure 10.30: Surplus, 5(0 = N(t) — P(r), as vertical distance 
between N(t) and P(t) graphs 



60 


40 


Small 


Large 

surplus 



From year t — 0 to t a 78.320, the food supply is more than the population needs. Therefore 
the surplus, Sit), is positive on this time interval. At time t = 78.320, the food supply is exactly 
sufficient for the population, so S(t) = 0, resulting in the horizontal intercept t — 78.320 on the 
graph of S(t) in Figure 10.31. For times i > 78.320, the food supply is less than the population 
needs. Therefore the surplus is negative, representing a food shortage. 

In the next example we consider a sum of two functions. 


Example 1 


Let f(x) = x and g(x) - By adding vertical distances on the graphs of / and g, sketch 
x 


h(x) = fix) + g(x) for x > 0. 
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Solution 


The graphs of / and g are shown in Figure 10.32. Since both functions arc positive, for each value 
of a\ we can add the vertical distances that represent /(a) and g(x) to get a point on the graph of 
/?(a). Compare the graph of h{x) to the values shown in Table 10.10. 


Table 10.10 Adding function values 


X 

4 

. 2 

1 

2 

4 

f(x) = X 

2 

4 

1 

2 

1 

2 

4 

g(x) = 1 /X 

4 

2 

1 

1 

2 

l 

4 

h(x) = /(x) + g(x) 

4 : 

2- 

2 

2- 

iL 


Note that as x increases, g(x) decreases toward zero, so the values of h{x) get closer to the values 
of f(x). On the other hand, as x approaches zero, h(x) gets closer to g(x). 


y 


distance under fix) added to g(x) 



: Graph of h{x) = f{x) + g(x) constructed by adding 
vertical distances under / and g 


Factoring a Function’s Formula into a Product 

It is often useful to be able to express a given function as a product of functions. 

Example 2 Find exactly all the zeros of the function 

p(x) = 2 X * 6x 2 - 2 X ■ x - 2 x+] . 

Solution We could approximate the zeros by finding the points where the graph of the function p crosses the 

x-axis. Unfortunately, these solutions are not exact. Alternatively, we can express p as a product. 
Using the fact that 

2*+1 _o A ". 2 ^ = i 2 X 

we rewrite the formula for p as 

p(x) = 2 X ■ 6x 2 - 2 x x - 2 ■ 2 A 

= 2 A (6x' — X — 2) Factoring out 2 11 
= 2 A (2x + 1 )(3x — 2). Factoring the quadratic 

Thus p is the product of the exponential function 2 V and two linear functions. Since p is a product, 
it equals zero if one or more of its factors equals zero. But 2 X is never equal to 0, so p(x) equals zero 
if and only if one of the linear factors is zero: 
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(2x + 1) = 0 


or (3x - 2) 


l 

'2 


0 

2 

3' 


The Quotient of Functions Defined by Formulas and Graphs: Prosperity 

Now let’s think about our second proposed measure of prosperity, the per-capita food supply, R(t). 
With this definition of prosperity 

Number of people that can be fed N(t) 


R(t) = 


For example, 


Number of people living in the country 
N( 25) 


P(t)' 


*(25)= 


16.5 


: 3.1. 


P(25) 5.332 

This means that in year 25, everybody in the country could, on average, have more than three times 
as much food as he or she needs. The formula for R(t) is 

P(t) 2(1.04 y 

From the graph of R in Figure 10.33, we see that the maximum per-capita food supply occurs 
during the 18 th year. Notice this maximum prosperity prediction is different from the one made using 
the surplus function S(t). 

However, both prosperity models predict that shortages begin after time t = 78.320. This is 
not a coincidence. The food surplus model predicts shortages when S(t) = N(t) — P(t) < 0, or 
N(t) < P(t ). The per-capita food supply model predicts shortages when R(t) < 1, meaning that 
the amount of food available per person is less than the amount necessary to feed 1 person. Since 

R{t) = "TTTT < 1 ls true on ly when N(t) < P(t), the same condition leads to shortages. 


Pit) 


Point of maximum 
per capita supply 



. Shortages 
occur 


17.6 


80 90 


t (years) 


Figure 10.33: Per-capita food supply, R(t) = — 


Pit) 


The Quotient of Functions Defined by Tables: Per-Capita Crime Rate 

Table 10.11 gives the number of violent crimes committed in two cities between 2005 and 2010. It 
appears that crime in both cities is on the rise and that there is less crime in City B than in City A. 


Table 10.11 Number of violent crimes committed each year in two cities 


Year 

2005 

2006 

2007 

2008 

2009 

2010 

t, years since 2005 

0 

1 

2 

3 

4 

5 

Crimes in City A 

793 

795 

807 

818 

825 

831 

Crimes in City B 

' 448 

500 

525 

566 

593 

652 
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Table 10.12 gives the population for these two cities from 2005 to 2010. The population of City A 
is larger than that of City B and both cities are growing. 


Table 10.12 Population of the two cities 


Year 

2005 

2006 

2007 

2008 

2009 

2010 

t, years since 2000 

0 

1 

2 

3 

4 

5 

Population of City A 

61,000 

62,100 

63,220 

64,350 

65,510 

66,690 

Population of City B 

28,000 

28,588 

29,188 

29,801 

30,427 

31,066 


Can we attribute the growth in crime in both cities to the population growth? Can we attribute 
the larger number of crimes in City A to its larger population? To answer these questions, we consider 
the per-capita crime rate in each city. 

Let’s define N A (t) to be the number of crimes in City A during year t (where t - 0 means 2005). 
Similarly, let's define P A {t) to be the population of City A in year t. Then the per-capita crime rate 
in City A . r A (t)* is given by 


Number of crimes in year t N A (t) 

A Number of people in year t P A ( t ) 

We have defined a new function, r A (t)* as the quotient of N A (t) and P A (t). For example, the data in 
Tables 10.11 and 10.12 shows that the per-capita crime rate for City A in year t — 0 is 

N A 0) 793 

r ,(()) = -= -= 0.0130 crimes per person. 

^ P A ( 0) 61,000 F H 


Similarly, the per-capita crime rate for the year t — 1 is 


CiO) 


^(D 


795 

62,100 


0.0128 crimes per person. 


Thus, the per-capita crime rate in City A actually decreased from 0.0130 crimes per person in 2005 
to 0.0128 crimes per person in 2006. 


Example 3 


Solution 


(a) Make a table of values for r A (t) and r B (r), the per-capita crime rates of Cities A and B. 

(b) Use the table to decide which city is more dangerous. 


(a) Table 10.13 gives values of r A (t) for r = 0, 1,..5. The per-capita crime rate in City A declined 
between 2005 and 2010 despite the fact that the total number of crimes rose during this period. 
Table 10.13 also gives values of r B (t), the per-capita crime rate of City B t defined by 


'■aw 


NbU) 
P B «)' 


where N B (t) is the number of crimes in City B in year t and P B ( t ) is the population of City B 
in year t. For example, the per-capita crime rate in City B in year t = 0 is 


'b( 0) 


jV fi (0) 

P B ( 0) 


448 

28,000 


0.016 crimes per person. 


Table 10.13 Values of r A (t) and r B (t), the per-capita violent crime rates of Cities A and B 


Year 

2005 

2006 

2007 

2008 

2009 

2010 

t, years since 2005 

0 

1 

2 

3 

4 

5 

r*(f> = N a (,)/P a «) 

0.0130 

0.0128 

0.01276 

0.01271 

0.01259 

0.01246 


0.01600 

0.01749 

0.01799 

0.01899 

0.01949 

0.02099 
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(b) From Table 10.13, we see that between 2005 and 2010, City A had a lower per-capita crime 
rate than City B . The crime rate of City A is decreasing, whereas the crime rate of City B is 
increasing. Thus, even though Table 10.11 indicates that there are more crimes committed in 
City Table 10.13 tells us that City B is, in some sense, more dangerous. Table 10.13 also tells 
us that, even though the number of crimes is rising in both cities. City A is getting safer, while 
City B is getting more dangerous. 


Exercises and Problems for Section 10.3 

Exercises 


In Exercises 1-6, find the following functions. 

(a) /(x) + g(x) (b) /(x)-g(x) 

(c) /(x)g(x) (d) f(x)/g{x) 

1. f(x) = x + 5 g(x) » x - 5 

2. /(x) = x* g{x) = x 2 

3. f{x) = x + I g(x) « 3x 2 

4. /(x) = x 2 + 4 g(x) = x + 2 

5. fix) = x 1 + 4 g(x) - x 2 + 2 

6. f(x) = yfx g(x) = x 2 + 2 

In Exercises 7-12, find simplified formulas using 

u(x) = 2x — 1, c(x) — 1 — x, and m(x) = —. 


7. f(x) = u(x) + v(x) 

8. g(x) = i'ix)tv(x) 


9. h{x) = 2u(x) - 3r(x) 

10 . m = ^ 

nix) 

11. k(x) = (v(x)) 2 

12. /(x) = u(x) - n(x) - u (x) 


In Exercises 13-16, let w(x) = e x and t;(x) = 2x + 1. Find a 
simplified formula for the function. 

13. f(x) = u{x)u{x) 14. g(x) - u(x) 2 + c(x) 2 

15. h{x) = (t;(i/(x))) 2 16. k{x) = v(u{x) 2 ) 

17. Use Table 10.14 to make tables of values for x = —1,0, 
1,2, 3, 4 for the following functions. 

(a) h(x) = fix) + g(x) (b) j{x) = 2/(x) 

(c) k{x) - (g(x)) 2 (d) mix) = g(x)//(x) 


Table 10.14 


X 

-1 

0 

1 

2 

3 

4 

fix) 

-4 

-1 

2 

5 

8 

11 

Six) 

4 

1 

0 

1 

4 

9 


18. Figures 10.34 and 10.35 show the graphs of fix) and g(x) 
respectively. Let aix) — f(x) + g(x), dix) = /(x) - g(x), 
s(x) = /(x)g(x) and q(x) = /(x)/g(x). Find the follow¬ 
ing. 

(a) a{ I ) (b) d{2) 

(c) si- 1) (d) q(0) 



Figure 10.34 



Figure 10.35 


Find formulas for the functions in Exercises 19-24. Let f{x) = 
sin x and g(x) = x 2 . 


19. /(x) + g(x) 
21- /(x)/g(x) 
23. g(/(x)) 


20. g(x)/(x) 
22. /(g(x)) 

24. 1 - (fix)) 2 
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Problems 


25. Let /(x) = x +1 and g(x) = x 2 — 1. In parts (a)-{e), write 
a formula in terms of /(x) and g(x) for the function. Then 
evaluate the formula for x — 3. Write a formula in terms 
of x for each function. Check your formulas for x = 3. 

(a) h(x) is the sum of /(x) and g(x). 

(b) j(x) is the difference between g(x) and twice /(x). 

(c) k(x) is the product of /(x) and g(x). 

(d) m(x) is the ratio of g(x) to /(x). 

(e) n(x) is defined by n(x) = (/ (x)) 2 - g(x). 


26. Let /(x) = ——-. Find and simplify / + -r~:* 

x + 1 r Vx/ /(x) 

27. Use Table 10.15 to make tables of values for the following 
functions. 


(a) /(x) = r(x) + f(x) 

(c) h(x) = r(x)r(x) 

(e) k(x) = r(x) 2 


(b) 

(d) 

(f) 


g(x) = 4 - 2s(x) 

_ KxH-W 
s(x) 

l(x) = r(x) + s(x)t(x) 


Table 10.15 


X 

-2 

-1 

0 

1 

2 

3 

r(x) 

4 

5 

6 

7 

8 

9 

s(x) 

2 

2 

-2 

2 

-2 

2 

t(x) 

8 

5 

7 

-3 

2 

13 


Create tables for the functions in Problems 28-29 based on 
Table 10.16. 


Table 10.16 


X 

0 

1 

2 

3 

4 

5 

u(x) 

4 

3 

3 

5 

4 

4 

U’(x) 

2 

1 

3 

4 

0 

5 



20 40 60 80 100 


Figure 10.37 


30. /(g(65)) 

31. v(50) where v(x) = g(x)/(x) 

32. Using Figure 10.38, sketch a graph of h(x) = /(x)g(x). 
[Hint: Note where g(x) = 0 and g(x) — L] 



33. Using Figure 10.39, sketch a graph of h(x) = g(x)-/ (x). 
(Hint: Note where g(x) = /(x).) 


28. p(x) = v(x)uix) 29. q(x) = w~ l (v(x)) 


Evaluate the expressions in Problems 30-31 using Fig¬ 
ures 10.36 and 10.37, giving estimates if necessary. 

100 
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Figure 10.39 


Figure 10.36 
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34. Graph h(x) = f(x) + g(x) using Figure J0.40. 



35. Use Figure 10.41 to graph h(x) = g(x) - f(x). On the 
graph of h(x), label the points whose x-coordinates are 
x = a, x = b, and x = c. Label the y-intercept. 



36. Let f(t) be the number of men and g(t) be the number 
of women in Canada in year t. Let h(t ) be the average in¬ 
come, in Canadian dollars, of women in Canada in year t , 

(a) Find the function p(t ), which gives the number of 
people in Canada in year t. 

(b) Find the total amount of money m(t) earned by Cana¬ 
dian women in year t. 

37. An average of 50,000 people visit Riverside Park each day 
in the summer. The park charges $15.00 for admission. 
Consultants predict that for each $1,00 increase in the en¬ 
trance price, the park would lose an average of 2500 cus¬ 
tomers per day. Express the daily revenue from ticket sales 
as a function of the number of $ 1.00 price increases. What 
ticket price maximizes the revenue from ticket sales? 

38. Table 10.17 gives the upper household-income limits for 
the twentieth and the lower household-income limits of 
the ninety-fifth percentiles t years after 2006. 3 For in¬ 
stance, P 2n (5) = 20,035 tells us that in 2011 the maxi¬ 
mum income for a household in the poorest 209c of all 
households was $20,035. Let /(f) = P 95 (f) - P> 0 (/) and 
g(t) = P 95 (t)/P 20 (t). 

(a) Make tables of values for / and g. 

(b) Describe in words what / and g tell you about house¬ 
hold income. 


Table 10.17 


t (yrs) 

0 

1 

2 

Pi 0«)($) 

20,035 

20,291 

20,712 

P 9 s(0($) 

174,012 

177,000 

180,000 

t (yrs) 

3 

4 

5 

Piait) ($) 

20,453 

20,000 

20,262 

P 95 (0 ($) 

180,001 

180,485 

186,000 


39. In 1961 and 1962. large amounts of the radioactive iso¬ 
tope carbon-14 were produced by tests of nuclear bombs. 4 
If t is years since 1963, the amount of carbon-14, as a per¬ 
cent in excess of the normal level, is given by 

C(t) = 108(e~ ll,l# — e -u ' 7 '). 

(a) Graph ihe function. 

(b) Approximately when was the level of carbon-14 the 
highest? 

(c) What happens to the level of carbon-14 in the long 
run? 

40. Sketch two linear functions whose product is the function 
/ graphed in Figure 10.42(a). Explain why this is not pos¬ 
sible for the function q graphed in Figure 10.42(b). 




Figure 10.42 


41. Find formulas for H and h given that: 

F(x) = cosx fix) = — sin x 

G(x ) = yfx g(x) = — l —: 

2Vx 

H(x) = F (G(x)) ; h(x) = / (G(x)) ■ g(x). 


3 US Census Bureau, http://www.census.gov/hhes/www/income/data/historical/household/. accessed July 27. 2013. 

4 Adapted from William Bolton, Patterns in Physics (New York: McGraw-Hill. 1974). 
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42. Find simplified formulas for H and h given thal: 

Fix) = fix) 

G{x) - x 4 g(x) 

"M = h(.\) 

G(x ) 

Problems 43—4-4 involve the following formulas, which arise 
in calculus: 

H{. v) = F(x)G(x) 
h(x) = f(x)G(x)+ F(x)g(x) 

, f(x)G(x)- F(x)g(x) 

Ax) = - - -. 

(G(x))~ 

Find a formula for the function requested, given that 

Fix) = x\ f(x) = 3x : . 

/?(.y) = 3.\*“ sin ,v 4- x' cos _v. 



fjx)G(x) - F(x)y{x) 
(G(x)f 


43. H(x) 


44. jix) 


45. At the Mauna Loa Observatory, measurements of CO : 
levels (ppm) in the atmosphere reveal a slow exponential 
increase due to deforestation and burning of fossil fuels, 
and a periodic seasonal variation. 

(a) In 1960. the average C0 2 level was 316.75 parts per 
million and was rising by 0.4% per year. Write the 
average annual C0 2 level as an exponential function 
of lime, r, in years since 1960. 

(b) Each year, the CO : level oscillates once between 3.25 
ppm above and 3.25 ppm below the average level. 
Write a sinusoidal function for the seasonal variation 
in C0 2 levels in terms of time, t . 

(c) Graph the sum of your functions in parts (a) and (b). 

46. Table 10.18 gives data on strawberry production from 
2008 through 2012, 5 where t is in years since 2008. Let 
/ CA (t), / FL (t), and / us (t) be the harvested area in year 
t for strawberries grown in California, Florida, and the 
US overall, respectively. Likewise, let g CA (t), gp F (t), ancl 
g us (t) give the yield in thousands of pounds per acre for 
these three regions. 

(a) Let h CA (t) = / CA (0 • g CA (0- Create a table of val¬ 
ues for for 0 < t < 4. Describe in words what 

/? CA (t) tells you about strawberry production. 

(b) Let pit) be the fraction of all US strawberries (by 
weight) grown in Florida and California in year t. 
Find a formula for pit) in terms of f CA , / f L , / us . Use 
Table 10.18 to make a table of values for pit). 


Table 10.18 


Harvested area (acres) Yield (10(K) lbs per acre) 


t 

CA 

FL 

US total 

CA 

FL 

US total 

0 

37,600 

7100 

54,700 

60.5 

26.0 

46.5 

1 

39,800 

8800 

58,080 

62.0 

27.0 

48.2 

2 

38,600 

8800 

56,900 

67.0 

22.0 

50.1 

3 

38,000 

9900 

57,420 

68.0 

25.0 

50.8 

4 

38,500 

8700 

56,140 

72.0 

21.0 

53.7 


In Problems 47-53. you hire either Ace Construction or Space 
Contractors to build office space. Let fix) be the average to¬ 
tal cost in dollars of building a* square feet of office space, as 
estimated by Ace. Let h(x) be the total number of square feet 
of office space you can build with x dollars, as estimated by 
Space. 

47. Describe in words what the following statement tells you: 
/( 2000 ) = 200 . 000 . 

48. Let g(x) = f(x)/x. Using the information from Prob¬ 
lem 47, evaluate g(2000), and describe in words what 
g(2000) represents. [Hint: Think about the units.] 

49. Ace tells you that, due to the economies of scale, “Build¬ 
ing twice as much office space always costs less than 
twice as much.” Express this statement symbolically, in 
terms of / and x. [Hint: If you are building x square feet, 
how do you represent the cost? How would you represent 
twice the cost? How do you represent the cost of building 
twice as many square feet?] 

50. Suppose thal q > p and p > 1. Assuming that the contrac¬ 
tor's statement in Problem 49 is correct, rank the follow¬ 
ing in increasing order, using inequality signs:/(p), g(p), 

fiql £(</)• 

51. What does the statement A/(200,0()0) — 1500 tell you? 

52. Let jix) be the average cost in dollars per square foot of 
office space as estimated by Space Contractors. Give a 
formula for jix). (Your formula will have h{x) in it.) 

53. Research reveals that hi fix)) < x for every value of 
x you check. Explain the implications of this statement. 
[Hint: Which company seems more economical?] 

54. In Figure 10.43, the line l 2 is fixed and the point P moves 
along l 2 . Define f{0) as the y-coordinate of P. 

(a) Find a formula for fiO) if 0 < 0 < njl. [Hint: Use 
the equation for / 2 .j 

(b) Graph y = f(6) on the interval — k < 0 < k. 

(c) How does the y-coordinate of P change as 0 
changes? Is y = f{9) periodic? 


5 http://usda.mannlib.cornell.edu/MannUsda/viewDocumentInfo.do?documentID= 1381, accessed July 27, 2013. 
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55. Let /(x) = kx 2 + B and g(x) = C 2x and 

h{x) = kx 2 C 2x + BC 2x + C 2 L 
Suppose /(3) = 7 and g(3) = 5. Evaluate h{ 3). 


Figure 10.43 

CHAPTER SUMMARY 

• Composition of Functions 

Notation: h(t) = 

Domain and range; Decomposition. 

• Inverse Functions 

Definition: /“'((?) = t if and only if Q = /(/)• 
Invertibility; horizontal line test. 


Domain and range of an inverse function. 

Restricting domain of a function to construct an inverse. 
Graph of an inverse function. 

/“' (/(*)) = * and /(/“' (x)) = x. 

• Combinations of Functions 

Sums, differences, products, quotients of functions. 


REVIEW EXERCISES AND PROBLEMS FOR CHAPTER TEN 

Exercises 


1. Let h(x ) = 2 X and k(x ) = x 2 . Find formulas for h(k(x)) 
and k(h(x)). 

Find formulas for the functions in Exercises 2-7 and simplify. 
Let fix) = x 2 + 1, g(x) = f—, and h{x) = sfic. 


In Exercises 10-22, find a formula for the inverse function. 
Assume these functions are defined on domains on which they 
are invertible. 


2. /(g(x)) 
5. h(f(x)) 


x — 3 ’ 
3. g(/(x)) 
6. g(g(x)) 


4. f(h{x)) 

7. g(/(/t(x))) 


8. Using Tables 10.19 and 10.20, complete Table 10.21: 

Table 10.19 Table 10.20 Table 10.21 


10 . h{x) = 12x 3 

12. k{x) = 3-e 2x 
14. n(x) = log(x - 3) 

16. h(x) = 


11 . h{x) = 


2x + 1 
13. g(x) = e 3v+1 
15. h(x) = ln(l — 2x) 

x — 2 


V* + 1 


17. g(x) = 


X 

fix) 

y 

^(y) 

X 

0 

0 

0 

jt/2 

0 

k/ 6 

1/2 

1/4 

n 

jt/6 

k/A 

V2/2 

\/2/4 

0 

n/A 

tc /?> 

V3/2 

1/2 

x/3 

n/3 

nil 

1 

\/2/2 

n/A 

k/2 



3/4 

0 




3/3/2 

7t/b 




1 

0 



*(/(*)) 


18. f{x) = 


4 - 7x 
4 — x 


20 


19. fix) = 

21. 5(x) — 


2x + 3 

11 - yx 

3 

2 + log x 


9. For each of the following functions, use a graph to decide 
whether or not the function is invertible. 


(a) y — e x 


(b) y = cos(x 3 ) (c) y — x + lnx 


. /(x) = ln(l + i) 

22. qix) — ln(x + 3) — ln(x — 5) 

In Exercises 23-28, state whether the function is invertible. If 
so, give a formula for the inverse function. 

23. fix) — 6x 2 - 2x — 3 24. qix) — 3x 3 — 2 

25. mix) = 3x 3 - 2x 2 + 5x 26. p(x) — 5x 3 + 4 

27. r(x) = e x -1 28. 6(x) = ^ - 2 
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29. Check thill h '(/?(*)) = a if /i(a) = 


1 and h 1 (a) = - 

A' 2 + I 


for a- > 0. 



forO < a < 


30. Suppose fix) = ———. Find a Ibrmula for f 1 (_v). 

2a + I 

In Exercises 31-36, find simplified formulas if f{x) — e\ 
gix) — 2x — 1, and h{x) = yfx. 


31. g(/U)) 

34. figihix))) 


32. g(x)fix) 

35. figix))hix) 


33. £(£(*)) 

36. if{h{x))) 2 


38. uix)/u(x) 39. u ( d { x )) • iv(r(x)) 

m u'i2 + h)-tvm 

40. - 

h 

In Exercises 41—46, find a simplified formula for the function. 
Let mix) — 3x 2 - a, nix) = 2a, and o(a) = yj x + 2. 

41. fix) = mix) + nix) 42. #(a) = (o(a )) 2 

43. hi a) = w(a)«(a) 44. /(a) = /h(o(a))/7(a) 


37. Find formulas for the following functions, given that 


fu 

O = x~ + x. 

& 

[X) = 2x - 

3. 

h(x) = -X- 

(a) 

/< 2.v) 

(b) 

K(.v 2 ) 

(c) 

h(l-x) 

(d) 

(/(A)) 2 

(e) 


(f) 

(h(x)r' 

(g) 

f(x) ■ g(x) 

(b) 

li(f(x)) 




In Exercises 38—40, find simplified formulas if u{x) = 
t(a) = and m’(a) = In a. 


45. 7(a) = (mix))/n{x) 

46. ki a) = mi a) - /?(a) - o(a) 

In Exercises 47-50, find simplified formulas if fix) 


UJA — 1 ) 

g{ a) = ---, and hix) ~ 

4 

tan 2a 


47. f(x)h(x) 

48. 

hix) 

/UW) 


>r 49. higix)) - /(9a) 

50. 

h(x/2) cos x 


Problems 


51. Complete Table 10.22 if rit) - qipit)). 


Table 10.22 



52. Complete Table 10.23, Table 10.24, and Table 10.25 
given that hix) = j?(/(a)). Assume that different values 
of a lead to different values of fix). 

Table 10.23 Table 10.24 Table 10.25 


X 

fix) 

A 

g( a) 

A 

hi a) 

-2 

4 1 

-2 


-1 

2 

1 -1 

1 

0 

3 

2 

0 

2 

1 

5 

4 

0 1 


2 

1 5 

-1 

2 

-2 


Decompose the functions in Problems 53-60 into two new 
functions, u and u, where v is the inside function, £/( a) f- a, 
and i.j(a) x. 


53. 

fix) = 

V 3 

— 5a 

54. 

gU) = 

- sin(A 2 ) 

55. 

h(x) = 

sin“. 

A 

56. 

k(x) = 

. e sinx _(_ s j n 

57. 

Fix) = 

(2a 

+ 5)-' 

58. 

G(x ) = 

2 







i + v* 

59. 

H{x) = 

: 3 2V 

-i 

60. 

J(x) - 

= 8 — 2 | a| 


61. Using your knowledge of the absolute value function, 
explain in a few sentences the relationship between the 
graph of y = \ sin a| and the graph of y = sin a. 

62. Graph the following functions for — 2/r < a < In. 

(a) f{x) — sin a (b) g(A)=|sinA| 

(c) hix) = sin |a| (d) i(x) ~ |sin (a| | 

(e) Do any two of these functions have identical graphs? 
If so, explain why this makes sense. 
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63. Suppose p(x) = (1/x) + 1 and q(x) — x - 2. 

(a) Let r(x) = piq(x)). Find a formula for r(x) and sim¬ 
plify it. 

(b) Write formulas for s(x) and ;(x) such that p(x ) = 
s(/(x)), where s(x) f x and t(x) / x. 

(c) Let a be different from 0 and -1. Find a simplified 
expression for p(p(a)). 

64. Let /(x) - - and g(x) = sinx. Calculate the domain of 

f(g(x)) and the domain of g(/(x)). 

65. Suppose that h{x ) = /(g(x)), and that / is invertible. 

Complete the following table. 


X 

fix) 

gix) 

hix) 

0 

9 

1 


1 

0 


1 

2 

1 

0 



In Problems 66-67, a population is given by the formula P — 
fit) = 20 + 0.4; where P is the number of people (in thou¬ 
sands) and t is the number of years since 1985. 

66. Evaluate the following quantities. Explain in words what 
each tells you about the population. 

(a) /(25) (b) /-■( 25) 

(c) Show how to estimate f~ l (25) from a graph of /. 

67. (a) Find a formula for ; = /~ ! (P). 

(b) Construct tables of values for both functions for val¬ 
ues of ; from t ~ 0 years to t = 20 years, using 
five-year intervals. 

68. Let P = fit) = 14 ■ 2 ltn give the size in 1000s of an 
animal population in year 

(a) Find f~\P\ 

(b) Evaluate / -1 (24). Say what this tells you about the 
population. 

69. If; = g{v) represents the time in hours it takes to drive to 
the next town at velocity v mph, what does g _, (;) repre¬ 
sent? What are its units? 

70. Let f{x) = e x . Solve each of the following equations ex¬ 
actly for x. 

(a) (/(*))-'= 2 (b) /"'(x) = 2 

(c) /(x _1 ) = 2 

71. Simplify the expression cos 2 (arcsin /), using the property 
that inverses “undo’' each other. 


Solve the equations in Problems 72-77 exactly. Use an inverse 
function when appropriate. 


72. 7 sin(3x) = 2 
74. x 105 = 1.09 


76. *L±! = 8 


73. 2 X+5 = 3 
75. ln(x + 3) = 1.8 


77. 


yfx + y'x = : 


78. Let Q = f(t) = 20(0.96) r/3 be the number of grams of a 
radioactive substance remaining after; years. 

(a) Describe the behavior of the radioactive substance as 
a function of time. 

(b) Evaluate /(8). Explain the meaning of this quantity 
in practical terms. 

(c) Find a formula for /“‘(C?) in terms of Q. 

(d) Evaluate / _1 (8). Explain the meaning of this quan¬ 
tity in practical terms. 

79. (a) What is the formula for the area of a circle in terms 

of its radius? 

(b) Graph this function for the domain all real numbers. 

(c) What domain actually applies in this situation? On 
separate axes, graph the function for this domain. 

(d) Find the inverse of the function in part (c). 

(e) Graph the inverse function on the domain you gave 
in part (c) on the same axes used in part (c). 

(f) If area is a function of the radius, is radius a function 
of area? Explain carefully. 

80. A company believes there is a linear relationship be¬ 
tween the consumer demand for its products and the price 
charged. When the price was $3 per unit, the quantity de¬ 
manded was 500 units per week. When the unit price was 
raised to $4, the quantity demanded dropped to 300 units 
per week. Let D(p) be the quantity per week demanded 
by consumers at a unit price of $p. 

(a) Estimate and interpret D{5). 

(b) Find a formula for Dip) in terms of p. 

(c) Calculate and interpret £)~ l (5). 

(d) Give an interpretation of the slope of D(p) in terms 
of demand. 

(e) Currently, the company can produce 400 units every 
week. What should the price of the product be if the 
company wants to sell all 400 units? 

(f) If the company produced 500 units per week instead 
of 400 units per week, would its weekly revenues in¬ 
crease, and if so, by how much? 

81. Use Figure 10.44. 

(a) Evaluate figia)). 

(b) Evaluate g(f{c)). 

(c) Evaluate f~ ] {b) - g~ l ib). 

(d) For what positive value(s) of x is fix) < g(x)? 



x + 3 


Figure 10.44 
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82. Use Tabic 10.26 to make tables of values for the following Using Figures 10.45 and 10.46, graph the functions in Prob- 
functions. lems 90-93. 


(a) n{x) = f(x) + g(x) 

(b) pix) = 2f(x)gix) - fix) 

(c) q{x) = g(x)/fix) 


Table 10.26 


X 

1 

2 

3 

4 

fix) 

3 

4 

1 

2 

Six) 

2 

1 

4 

3 




Figure 10.45 Figure 10.46 


For Problems 83-87, let 


pix) 

rix) 


2x - 3 
2x - 1 
2x + 1 


qix) = yfx- 3 
six) = (x- l) 2 


90. /(x)-g(x) 
92. $(/(*)) 


91. fig(x)) 

93. gifix-2)) 


83. Find and simplify p{qix)). 

84. Find and simplify r~ l (x). 

85. Solve for x exactly: pix) — rix), 

86. Find uix) given that q(x) = piuix)). 

87. Graph and label pisix)). 

88. I ,et f{x) — e x . For each of the following, use the rules 
of logarithms and exponents (if possible) to find the ex¬ 
act solution to each equation. If this is not possible, use a 
graph to find an approximate solution. 

(a) /(3x) + /( 3x) = 1 (b) f(x) + /( 3x) = 1 

(c) /(3x)/(3x) = 2 (d) /(x)/(3x) = 2 


94. Using Figure 10.47, match the functions (a)-(g) and 
graphs (I)-(IV). There may be some functions whose 
graphs are not shown. 

y y = /u> 



Figure 10.47 


89. Let uix) - sin x, r(x) = cos x, and w(x) = x 2 , 

(a) Let fix) = sin : x. Is fix) equal to t/(n(x)) or to 
(«(x)) 2 ? Justify your answer. 

(b) Let pix) — sin(cos 2 x). Identify the functions (i)-(iv) 
that are equal to pix). 

(i) M(x)(r(x)) 2 

(ii) m((l>(x)) 2 ) 

(iii) uiw(D(x))) 

(iv) H(x)M’(t?(x)) 

(c) Calculate and simplify as far as possible: 

(i) (u(x) + u(x)) 2 

(ii) (u(x)) 2 + iu(x)) 2 

(iii) uix 2 ) + u{x 2 ) 


(a) y- - fix) 

(c) y = fi-x) - 2 
(e) y = -/“'(x) 

(g) y = “(/(*) ~ 2) 



-1 1 
(HD -v 


I 


(b) y = fi-x) 
(d) y — / -l (x) 
(f) y = /(x + 1) 



(IV) >’ 

I f. 


1 


-1 
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95. (a) On the same set of axes, graph /(x) = (x — 4) 2 - 2 
and g(x) = — (x - 2) 2 + 8. 

(b) Make a table of values for / and g for x = 

0 , 1 , 2 ,..., 6 . 

(c) Make a table of values for y — fix) - g(x) for 
x = 0, 1 , 2 ,..., 6 . 

(d) On your graph, sketch the vertical line segment of 
length /(x) — g(x) for each integer value of x from 0 
to 6. Check that the segment lengths agree with the 
values from part (c). 

(e) Plot the values from your table for the function y = 
/(x) - g(x) on your graph. 

(f) Simplify the formulas for fix) and g(x) in part (a). 
Find a formula for y = f(x) — g(x). 

(g) Use part (0 to graph y = f(x) - g(x) on the same 
axes as f and g. Does the graph pass through the 
points you plotted in part (e)? 


98. Use Figure 10.50 to graph c(x) = a(x) ■ h{x). [Flint: There 
is not enough information to determine formulas for a and 
b but you can use the method of Problem 97. J 



99. Use Figure 10.51 to graph the following functions. 


96. Figure 10.48 shows a weight attached to the end of a 
spring that is hanging from the ceiling. The weight is 
pulled down from the ceiling and then released. The 
weight oscillates up and down, but over time, friction de¬ 
creases the magnitude of the vertical oscillations. Which 
of the following functions could describe the distance of 
the weight from the ceiling, d, as a function of time, tl 

(i) d = 2 + cos(10r) (ii) d = 2 + e“'cos/ 

(iii) d = 2 + cos(e r ) (iv) d — 2 + e COh ' 



Figure 10.48 


97. (a) Find possible formulas for the functions in Fig¬ 
ure 10.49. 

(b) Let h(x) = /(x) • g(x). Graph /(x), g(x) and h(x) 
on the same set of axes. 



(a) y = g(x) - 3 (b) y = g(x) + x 



100. Describe the similarities and differences between the 
graphs of y = sin( 1 /x) and y = 1 / sin x. 

101. Is the following statement true or false? If fix) *g(x) is an 
odd function, then both fix) and g(x) are odd functions. 
Explain your answer. 


In Problems 102-103, find a simplified formula for g given 
that f(x) = x 2 -1- 5x + 6. 


102. g(f(x)) = 64 ■ 2- ■ 32* 

103. f{x) ~ g(x)h(x) where h(x) = 2x + 6. 

104. Assume that fix) = 3 ■ 9 V and that g(x) = 3 A . 

(a) If fix) = h (g(x)), find a formula for h{x). 

(b) If fix) = g Uix)), find a formula for j(x). 


105. In calculus, it is often necessary to write functions in the 
form y - f ( G{x )) * g(x). Do this for the following func¬ 
tions, giving formulas for /, g. and G. There may be more 
than one possible answer. 


(a) y = 6xe' xl 



2^ 


Figure 10.49 


(b) y = 
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106. Currency traders often move investments from one coun¬ 
try to another in order to make a profit. Table 10.27 gives 
exchange rates for US dollars, Japanese yen, and the Eu¬ 
ropean euro/ 1 In November, 2009, for example, 1 US 
dollar purchased 89.1823 Japanese yen or 0.6686 Euro¬ 
pean euro. Similarly, 1 European euro purchases 133.39 
Japanese yen or 1.4957 US dollars. Let 

fix) - Number of yen one can buy with x dollars 
g(x) = Number of euros one can buy with x dollars 
h{x) — Number of euros one can buy with x yen 

(a) Find formulas for /, g, and h. 

(b) Evaluate h(f{ 1000)) and interpret it in terms of cur¬ 
rency. 

Table 10.27 Exchange rate for US dollars, 

Japanese yen and euros, November 18, 2009 


Amount 

invested 

Dollars 

purchased 

Yen 

purchased 

Euros 

purchased 

1 dollar 

1.0000 

89.1823 

0.6686 

1 yen 

0.01121 

1.0000 

0.007496 

1 euro 

1.4957 

133.39 

1.0000 


(b) Is the sum of two odd functions even, odd, or neither? 
Justify your answer. 

(c) Is the sum of an even and an odd function even, odd, 
or neither? Justify your answer. 

In Problems 109-112, let fix) be an increasing function and 
let g(x) be a decreasing function. Are the following functions 
increasing, decreasing, or is it impossible to tell? Explain. 


109. fifix )) 
111 . /(x) + g(x) 


107. Letting h(x) = fix) + g(x), say which of the following 
statements must be true. Briefly explain your reasoning. 

(a) If / and g have the same domain, so does h. 

(b) If / and g have the same range, so does h. 

(c) If / and g lack zeros, so does h. 

(d) Where defined, ^ -I- —. 

Ax Ax Ax 

108. (a) Is the sum of two even functions even, odd, or nei¬ 

ther? Justify your answer. 


110 . g(/(x)) 

112 . fix)-g(x) 


113. For a positive integer x, let fix) be the remainder ob¬ 
tained by dividing x by 3. For example, /(6) = 0, because 
6 divided by 3 equals 2 with a remainder of 0. Likewise, 
/(7) = L because 7 divided by 3 equals 2 with a remain¬ 
der of 1. 

(a) Evaluate /(8), /(17), /( 29), /( 99). 

(b) Find a formula for/(3x). 

(c) Is f{x) invertible? 

(d) Find a formula in terms of /(x) for / (/ (x)). 

(e) Does /(x + y) necessarily equal fix) -1- /(y)? 

114. Suppose that /, g, and h are invertible and that 

fix) = gihix)). 

Find a formula for /“' (x) in terms of g _l and h ~ l . 

115. The von Bertalanffy growth model predicts the mean 
length L of fish of age t (in years): 6 7 

L = fit) = (1 — , for constant L^, k, t {) . 

Find a formula for f ~ ] . Describe in words what f~ ] tells 
you about fish. What is the domain of /*' ? 


6 www.x-rates.com, accessed November 18. 2009. Currency exchange rates fluctuate constantly. 

7 Per Sparre, Introduction to Tropical Fish Stock Assessment, Danish Institute for Fisheries Research, and Siebren C. Ven- 
ema, FAO Fisheries Department, available at www.fao.org/docrepAV5449E/w5449e00.htm., accessed November 2001. 
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STRENGTHEN YOUR UNDERSTANDING 


Let fix) = —, g(x) = y/x, and fr(x) = x — 5. Are the state- 
x 

ments in Problems 1-10 true or false? Give an explanation for 
your answer. 


25. The functions / and g given in Tables 10.28 and 10.29 
satisfy g(/(2)) = /(g(3)). 


1. /(4) + g(4) = (/ + g)(8). 

2 hjx) _ x - 5 

‘ f(x ) “ x 

3. m + g(4) = 2'-. 

4. f(g(x)) is defined for all x. 

5. g(/(x)) = \ 

6. /(x)g(x) = /(g(x)). 

7. 2/(2) = g(l). 

8. /(l)g(l)/i(l) = -4. 

9 /(3) + g(3) i + 

h{ 3) -2 

10. 4/i(2) = /i(8). 

Are the statements in Problems 11-37 true or false? Give an 
explanation for your answer. 


Table 10.28 Table 10.29 


t 

1 2 3 4 x 

12 3 4 

fit) 

3 12 4 gix) 

3 4 12 


26. If f is increasing and invertible, then / 1 is decreasing. 

27. If there is a vertical line that intersects a graph in more 
than one point, then the graph does not represent a func¬ 
tion. 

28. Every function has an inverse. 

29. If g(3) = g(5), then g is not invertible. 

30. If no horizontal line intersects the graph of a function in 
more than one point, then the function has an inverse. 

31. Most quadratic functions have an inverse. 

32. All linear functions of the form /(x) — mx + 6, m f 0 
have inverses. 


11. If /(x) = x 2 and g(x) = y/ x + 3. Then f{g(x)) is defined 
for all x. 

12. If /(x) = x 2 and g(x) = y/ x + 3. Then f(g{ 6)) = 9. 


13. In general, figix)) = g(f{x)l 


14. The formula for the area of a circle is A - nr 2 and the for¬ 
mula for the circumference of a circle is C = 2nr. Then 
the area of a circle as a function of the circumference is 


2 K 


15. lf/U) = x 2 +2 then/(/(!)) = 11. 

16. If h(x) = f(g(x)), h(2) = U and g(2) = | then fix) 
might be equal to x 2 + 1. 


17. If f{x) = - then f(x + fi) ~ — I —. 

x x h 

18. If fix) = x 2 + x, then /(X + ^ ~ = 2x + h. 


19. If f{x) = x 2 and g(x) = sinx then f(g(x)) — x 2 sinx. 


20. If f(x) and g(x) are linear, then f(g(x)) is linear. 


21. If fix) and g(x) are quadratic, then figix)) is quadratic. 

22. There is more than one way to write h{x) = 3(x 2 + 1 ) 3 as 
a composition h(x) = f{g(x)). 


33. The following table describes y as a function of x. 


Table 10.30 


X 

l 

2 

3 

4 

5 

6 

y 

3 

4 

7 

8 

5 

3 


34. The table in Problem 33 describes a function from x to y 
that is invertible. 

35. The graph in Figure 10.52 is the graph of a function. 





23. The composition f[g{x)) is never the same as the com¬ 
posite g(fix)). 

24. If / and g are both increasing, then h{x) = figix)) is 
also increasing. 


36. The function graphed in Figure 10.52 is invertible. 

37. For an invertible function g, it is always true that 
g"'(g(x)) = X. 
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432 Chapter Eleven POLYNOMIAL AND RATIONAL FUNCTIONS 


11.1 POWER FUNCTIONS AND PROPORTIONALITY 


The goal of this chapter is to learn about polynomial and rational functions such as 

y = x 3 + 3x 2 -l and y = - g— . 

4x 5 + 2 

Both types of functions are created from constant multiples of a power of x, so we start by studying 
these. We define: 


A power function is a function of the form 

/ (x) = kx p 9 where k and p are constants. 


Graphs of Power Functions 

We know that varying k stretches or compresses the graph of the function vertically but does not 
change its basic shape. If k < 0, the graph is reflected across the x-axis. To isolate the effect of the 
power p , we first study functions with k = 1. 

The Effect of the Power p 

Positive Integer Powers: y = x 2 , x 3 , x 4 , x s ... 

In the next example, we see that positive integer powers lead to two characteristic shapes. 


Example 1 

Solution 


Graph y = x 2 , y = x 3 , y — x 4 , y = x 5 . Describe and explain the similarities and differences in the 
graphs. 


The graphs of y = x 2 and y = x 4 in Figure 11.1 are both |J-shaped and symmetric about the y-axis. 
Since the power, 2 or 4, is even, the function takes only nonnegative function values. Thus, the graph 
lies above the x-axis, touching the x-axis only at the origin. As x increases in either the positive and 
or the negative direction, the y- values become infinitely large. That is, y oo as x ±oo. 



Figure 11.1: Graphs of positive even 
powers of x are (J-shaped 


Figure 11.2: Graphs of positive odd 
powers of x are “chair-shaped” 


The graphs of y = x 3 and y = x 5 in Figure 11.2 resemble the side view of a chair and are 
symmetric about the origin. Since the power, 3 or 5, is odd, the function values are positive for 
positive x and negative for negative x. Thus the graph lies below the x-axis for x < 0 and above 
the x-axis for x > 0. Functions with an odd power are increasing everywhere and pass through the 
origin. For x -► oo, the long-run behavior is the same as for even powers because the function values 
get infinitely large. But for x —oo, the function values go toward -oo. 
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Example 2 

Solution 


Generalizing, power functions with positive integer powers have the shapes in Figures 11 3 and 1 1.4: 

• For p a positive even integer, the graph of y — x p is [J-shaped. 

• For p a positive odd integer, the graph of y = x p is "ehair-shaped. 11 


y 



Figure 11.3: Positive even powers: 
Graph of y = x p is IJ-shaped 



Figure 11.4 : Positive odd powers: 
Graph of y = x p is "chair-shaped" 


Negative Integer Powers: y = x~ l , x~ 2 , x~ 3 , x~ 4 , x~ 5 ,... 

The graphs of power functions with negative integer exponents also have two distinct shapes, one 
for odd and one for even powers. See Figures Figure 1 1.6 and 1 1 .5. 

Since y — x~ p = 1 /x p for x # 0, we can use our knowledge of functions with positive powers 
to understand the graphs of their reciprocals, which have negative powers. 



Describe and explain the features of the graph of y = x 2 in terms of the behavior of y = x 2 . 

Figures 1 1.7 and 1 1.8 show the graphs of y = x -2 and y = x 2 side by side. The two functions are 
reciprocals of each other. Since y = x 2 is nonnegative for all x, the function 

—2 l 

X 2 

is also nonnegative for all x and its graph lies above the x-axis. Since the graph of y — x 2 goes 
through the origin, y = x~ 2 is undefined at x = 0 and the y-axis is a vertical asymptote. 

As x becomes large in the positive and negative direction, we saw that x 2 becomes increasingly 
large, so x -2 = 1 /x 2 approaches zero. As a result, y = 0 is a horizontal asymptote of y = x -2 . 
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y 



y 



Graphs of the Special Cases y - x° and y = x 1 


We look at the special cases p ~ 0 and p = 1, in which the power function is linear. The graph of 
y = x° = 1 is a horizontal line through the point (1,1). The graph of y = x ] — x is a line through 
the origin with slope 1. 


y 



(l.i) y = 






Figure 11.9: Graph of y = x° = 1 



Graphs of Positive Fractional Powers 

We now consider power functions with fractional powers. Many models in the biological and physical 
sciences, such as Examples 8 and 9 in this section, use fractional powers. For applications, we are 
usually interested in domains of nonnegative values, x > 0. 


Example 3 


Solution 


Graph y = x 1 / 2 and y ~ x 2 5 for x > 0 and compare their graphs to the graphs of power functions 
with integer powers. 


Figure 11.11 shows that the graph of y — x 1 / 2 bends in a direction opposite to that of the graph 
of y — x 2 . The graph of y = x 2 is concave up, whereas the graph of y = x'^ 2 is concave down. 
(Problem 29 on page 440 analyzes the concavity using rates of change.) Any power function with p 
between 0 and 1 has a graph that is concave down. 



Figure 11.11: Fractional power 0 < p < 1: 
Graph of y = x l/1 


Figure 11.12: Fractional power p > 1: 
Graph of y = x 2 5 
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Figure I 1.12, on the other hand, shows that the graph of y = x 2 ' 5 has the same shape as y — x 2 . 
Any power function with p > I has a graph which is concave up. 

As x increases, both y = .v 1 / 2 and y — x 2 5 become infinitely large. All power functions with 
p > 0 have the same long-run behavior: As .v —♦ oo, the value of x f) —• oo. 

Dominance 

All power functions y = x p with a positive power, p, grow infinitely large for large values of a\ 
However, they grow large at different rates. The larger the value of p. the sleeper the graph and the 
faster the function values grow in the long run. See Figure 11.13. We say that y — x 2 dominates 
y = x because x 2 is greater in the long run. For the same reason, y = x dominates y — x 1 /". In 
general, if 0 < p < q, the function y — x q dominates y = x p , 
y 



Figure 11.13: Comparing growth: x 2 dominates x and x dominates x l/2 

So far we have considered only power functions y = kx f) with k = 1. The next example shows 
that even for large positive /c, the function with the higher power eventually dominates ones with 
smaller powers. 


Example 4 

Solution 


Explain why the power function y = x 3 dominates y = lOOx 2 . Find a window that shows this 
behavior and the intersection points of the two graphs. 

We find the intersection points of the two graphs by setting the y-values equal: 

X 3 = lOOx" 
x 2 (x- 100) = 0 
.v = 0 and x = 100. 

Nole that _v 3 = x • x 2 . Therefore, for x > 100, we see that x • x 2 > 100x 2 . so x 3 dominates 100x 2 . 

To show the points of intersection, the viewing window must include x = 0 and x = 100. 
Suppose we choose a window with 0 < x < 120. Since x = 120 gives output values y = 120 3 = 
1,728,000 and y — 100 ■ 120 2 = 1,440,000, we can choose the window with 0 < y < 1,500,000. 
See Figure 11.14. 

y 



Figure 11.14: Dominance of y = x 3 over y = 100x 2 
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Finding the Formula for a Power Function 

As for linear and exponential functions, the formula of a power function can be found using two 
points on its graph. 

Example 5 Find a possible formula for the power function / whose values are given in the table: 


X 

2 

3 

4 

5 

m 

16 

54 

128 

250 


Solution We need to solve f(x) — kx p for p and k. Since /(3) = 54 we have 54 = k3 p and since /(2) = 16 
we have 16 = k2 p . Taking the ratio enables us to cancel /c, giving an equation for p : 

/(3) _ k ■ 3 P = 3 P _ 54 
/(2) “ k * 2 p “ 2 p ” 16 



Solving for p might require logarithms, but in this case, since 3 3 = 27 and 2 3 = 8, we can see p = 3. 
Thus, f(x) = kx 3 . To find k , use any point from the table. For example, /(2) = k ■ 2 3 = 8/c = 16, 
so k — 2. Thus, 

/U) = 2x 3 . 


Asymptotes and Limit Notation 

The behavior of power functions near asymptotes can be described using limit notation. For the 
asymptotes of functions like 1 /x and 1 /x 2 , we can see numerically (Problem 27 on page 440) that 
the values of 1 /x and \/x 2 can be made as close to zero as we like by choosing a sufficiently large x 
(positive or negative). Graphically, this means that the curves y = 1/x and y — 1 /x 2 get closer and 
closer to the x-axis for large values of x. We write 


-—* 0 as x ■ 
x 


±oo 


and — 

x- 


0 as x —> ±oo. 


Using limit notation, we say 


lim ( - ) =0, lim (!) = 0 and lim ( -!• J =0, lim ( ) =0. 

-X—-CO \ x / A'—--oo \ x/ A' * CO \x 2 / -V—oo \x 2 / 

On the other hand, as x gets close to zero, the values of 1 /x and 1 /x 2 get very large in magnitude. 
(See Problem 28 on page 440.) The y-axis is a vertical asymptote for each graph. We write 


oo as x 


0 + 


Using limit notation, we write 


lim 


We see that — 

v2 


oo as x 


(±)=. 
-o+ Vx / 

0, namely 


and 

1 

-► — oo as x 

X 

and 

lim (!) =- 

-V—*()- V X / 

/ 1 \ 


= 00 . 


Power Functions and Proportionality 

We use the properties of power functions to study polynomials and rational functions. In addition, 
there are many applications of power functions and proportionality. An example of proportionality 
is when the area, A, of a circle is given as a constant multiple of the square of the radius, r: 

A — nr 2 . 


In this case, the constant is k. We make the following definition: 


1 Sonic authors say that these limits do not exist. 
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Example 6 


Solution 


A quantity y is (directly) proportional to x n if 

y = kx n , where k and n are constants. 

k is called the proportionality constant. Thus, y is a power function of x. 

Notice that if n is positive, then x and y increase together. If n is negative, the behavior is 
different. 

For example, the weight, w , of an object 2 is proportional to the object’s distance, d , from the 
earth’s center to the power of negative 2. That is, 

w = kd~ 2 . 

Because d~ 2 = 1 /d 2 , we can also write this relationship in the another form: 



which is an example of inverse proportionality. We make the following new definition: 

A quantity y is inversely proportional to x n if 

k 

y = —, where k and n are constants. 
k is the proportionality constant. 

Thus, if y is inversely proportional to x", then y is also (directly) proportional to x - *. In Exam¬ 
ple 6 we see that if variables are inversely related, when one increases, the other decreases. 


The weight, w , of an object is inversely proportional to the square of the object’s distance, d , from 
the earth’s center. An object weighs 44 pounds on the surface of the earth, which is 3960 miles from 
the earth’s center. Make a table of values and a graph of w — f (d) for 4000 < d < 8000. 


We have 



Substituting w = 44 when d = 3960 enables us to find k: 


44 = —so k = 44 • 3960 2 = 6.900 • 10 8 . 
3960 2 

Using this value of /c, we get the data in Table 11.1 and the graph in Figure 11.15. 


Table 11.1 Weight of an object, 

w, is inversely proportional to 
the square of the distance, d, 
from the earth's center 


d , miles 

w = /(d), lbs 

4000 

43.1 

5000 

27.6 

6000 

19.2 

7000 

14.1 

8000 

10.8 


wflb) 



Figure 11.15: Weight, w, is inversely proportional to 
the square of the object’s distance, d, from the 
earth’s center 


2 There is a distinction between mass and weight. For example, astronauts in orbit may be weightless, but still have mass. 


















Chapter Eleven POLYNOMIAL AND RATIONAL FUNCTIONS 


Example 7 


Solution 


Which of the following functions are power functions? For each power function, give the value of 
the constant of proportionality, k, and the power, p, in the formula y — kx p . 

(a) f(x)=l3ifx (b) g(x) = 2{x + 5) 3 (c) u(x) = */^ (d) v{x) = 6 • 3* 

V 

The functions / and it are power functions; the functions g and v are not. 

(a) The function f(x) — 13 sfx is a power function because we can write its formula as 

f(x)= 


Here, k — 13 and p — 1 /3. 

(b) Although the value of g(x) = 2(x + 5) 3 is proportional to the cube of x + 5, it is not proportional 
to a power of x. We see this by rewiting (a* + 5) 3 = a 3 + 15x 2 + 75x + 1 25. Since there are terms 
involving a 2 , a, and a constant, we cannot write g(x) in the form g(x) = kx p . Thus, g is not a 
power function. 

(c) We can rewrite the formula for «(x) = y25 /a 3 as 


u{x) — 




= 5a 


" 3/2 


Thus, u is a power function. Here, k — 5 and p = —3/2. 

(d) Although the value of v(x) = 6*3 Y is proportional to a power of 3. the power is not a constant—it 
is the variable a. In fact, c(x) = 6 • 3 X is an exponential function, not a power function. Notice 
that y — 6 * a 3 is a power function. However, 6 • x 3 and 6 * 3 V are quite different. 


Example 8 


Solution 


Geometry tells us that the radius of a sphere is directly proportional to the cube root of its volume. 

(a) Use this proportionality relationship and the fact that a sphere of radius 18.2 cm has a volume 
of 25,252.4 cm 3 to find the radius of a sphere whose volume is 30,000 cm 3 . 

(b) Confirm that the value of the proportionality constant found in part (a) is the same as that ob¬ 
tained from the formula for the volume of a sphere. 


(a) Since the radius of the sphere is proportional to the cube root of its volume, we know that 

r — /cF 1 / 3 , for k constant. 

We also know that r = 18.2 cm when V = 25,252.4 cm 3 , so we have: 

18.2 = Zc(25,252.4) 1//3 , 

giving the value of k: 


k = 


18.2 


- 0.620. 


(25,252.4) 1 / 3 

Thus, when V = 30,000, the radius of the sphere is r = 0.620(30.000) 1//3 = 19.265 cm. 
(b) Since the formula for the volume of a sphere is 


V = !*r\ 


we have 




-v) ' = (—) ' K l/3 . 

\4 k / V An / 

Thus, the constant of proportionality is (3/(4^)) ] ^ 3 — 0.620, as in part (a). 


Example9 Water is leaking out of a container with a hole in the bottom. Torricelli’s Law states that at any 
instant, the velocity v with which water escapes from the container is a power function of d , the 
depth of the water at that moment. When d = 9 feet, then v = 24 ft/sec; when d = 1/4 foot, then 
v — 4 ft/sec. Express u as a function of d. 
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Solution Torricelli's Law tells us that r = kd ( \ where k and p are constants. Since v = 24 when cl ~ 9 we 
have 24 = k9 p and since r = 4 when d — 1/4 we have 4 — k( 1 /4) /; . Taking the ratio gives 

24 _ k9 p 
4 " k( \/4) p 
6 = 36'\ 

Since 36'/ 2 = 6, we must have p = 1/2, so r = kc! ] / 2 . Substituting r = 24 and cl = 9 gives 

24 = k9^ 2 , so k = 8. 

Therefore we have 

v ~ 8r/ ly/2 . 

Note : Torricelli’s Law is often written in the form r = \/2gcL where g = 32 ft/sec 2 is the acceleration 
due to gravity. Since \jl * 32 d = \J 64 cl = 8 \fcL these two forms are equivalent. 

Exercises and Problems for Section 11.1 

Skill Refresher 


In Exercises S1-S4, simplify the expression. 


SI. \fl6T- 

S2. 

(3a-v77)“ 

S3. (O.I) : (4*rf 

S4. 

1 (5ir' /2 ) (2 u*C) 

In Exercises S5-S6. solve for x. 



S5. !M=2 

S6. 

5x~ : = 500 


x- 


Exercises 


In Exercises S7-S10, is the statement true or false? 


S7. t'l 4 = t' 2 

X 

II 

S9. = -m 4 

S10. 5,-“ 4 = — 

2 m- 2 

5.7 4 


1. Write y = 3 


in the form y = ax p and stale 


^5y/Tx, 

the values of a and p. 

2. Write y — \J /r(2x) 3 in the form y — ax p and state the 
values of a and p. 




In Exercises 3-8, is the function a power function? If so, write 
it in the form f(x) — kx p . 


5. f(x) = 4(x + 7) 2 
7. h{x) = 22{T) 2 


4. R(t) = - 4 = 

V 16f 

6. T(s) = (f>s~ 2 ){es~*) 



In Exercises 13-14, find a possible formula for the power func¬ 
tion with the values given. 

13. /(I) = and /(2) =* | 


14. S (-i) = 25andg(2) = -^ 


In Exercises 9-12, does the power function appear to have an 
odd, even, or fractional power? 




In Exercises 15-16, find a power function through the two 
points. 


10 . 


15. (1,3) (4, 13) 


16. (7,8) (1,0.7) 
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In Exercises 17-20, find a possible formula for the power func¬ 
tion. 


X 

0 

1 

2 

3 

j(x) 

0 

2 

16 

54 


X 

2 

3 

4 

5 

/(x) 

12 

27 

48 

75 


X 

-6 

-2 

3 

4 

g(x) 

36 

4/3 

-9/2 

-32/3 


X 

-2 

- 1/2 

1/4 

4 

h(x) 

- 1/2 

-8 

-32 

-1/8 


Problems 


27. (a) For the functions f(x) = 1/x and g(x) = 1 / x 2 , 

make a table of values for x = 0,10,20, 30,40,50. 

(b) What value does each function appear to be ap¬ 
proaching as x increases? What does this suggest 
about the limit of each function as x -► oo? What 
about the limit as x —oo? 

(c) Which function appears to be approaching its limit 
more rapidly as x increases? 

28. (a) For the functions /(x) = 1/x and g(x)=l/x 2 , 

make a table of values for x = 0.1,0.05,0.01,0.001, 
0.0001,0. 

(b) What value does each function appear to be ap¬ 
proaching as x approaches zero from the right? What 
does this suggest about the limit of each function as 
x —► 0 + ? What about the limit as x -► 0“? 

(c) Which function appears to be approaching the value 
more rapidly as x goes to 0 from the right? 

29. (a) Find the average rate of change of /(x) = x'^ 2 be¬ 

tween successive values of x for x = 0, 2, 4, 6, 8. Do 
the same for g(x) = x 2 . 

(b) What do these rates of change suggest about the con¬ 
cavity of the graphs of /(x) = x 1 ^ 2 and g(x) = x 2 ? 

30. Compare the graphs of y = x 2 , y = x 4 , and y — x 6 . 
Describe the similarities and differences. 

31. Describe the behavior of y — x~ 3 and y — x 1 / 3 as 
(a) x -► 0 from the right (b) x -► oo 

32. Describe the behavior of y = x -U) and y — — x 10 as 

(a) x -> 0 (b) x -► oo (c) x —► 


21. Suppose c is directly proportional to the square of d. If 
c = 45 when d — 3, find the constant of proportionality 
and write the formula for c as a function of d. Use your 
formula to find c when d = 5. 

22. Suppose c is inversely proportional to the square of d. If 
c — 45 when d — 3, find the constant of proportionality 
and write the formula for c as a function of d. Use your 
formula to find c when d = 5. 

23. If y is directly proportional to x, and y = 6 when x = 4, 
find the constant of proportionality, write a formula for y 
in terms of x, and find x when y — 8. 

24. If y is inversely proportional to x, and y — 6 when x = 4, 
find the constant of proportionality, write a formula for y 
in terms of x, and find x when y = 8. 

25. Find (a) lim x“ 4 (b) lim 2x“ ] 

26. Find (a) lim(r 3 + 2) (b) lim (5 - ly~ 2 ) 

oo )•->—00 


33. Figure 11.16 shows the power function y = c(t ). Is c(t) = 
\/t the only possible formula for cl Could there be oth¬ 
ers? 



34. (a) Figure 11.17 shows g(x), a mystery power function. 
If you learn that the point (-1,3) lies on its graph, do 
you have enough information to write a formula for 
g(x)l 

(b) If you are told that the point (1, —3) also lies on the 
graph, what new deductions can you make? 

(c) If the point (2, -96) lies on the graph g, in addition 
to the points already given, state three other points 
that also lie on it. 



—oo 



































11.1 POWER FUNCTIONS AND PROPORTIONALITY 


35. (a) Match the functions x, x 2 , x 3 , x l//2 , x'^ 3 . x 3 ^ 2 with 
the graphs in Figure 1 1.1 8. Justify your choice. 

(b) What is the relationship between the concavity of 
y = x 2 and y — x !//2 ? Between the concavity of 
y ~ x 3 and y = x 1 F for x > 0? Explain why this 
happens. 



Figure 11.18 


= V 1 / 2 



s 

i + 




I X 




Figure 11.22 

Problems 39—4-0 refer to the power functions /, g. u\ r in Fig¬ 
ure 1 1.23. All four graphs contain the point (I. I). 



36. Figures 1 F19 and 11.20 show the graphs of y = 

y = x l /\y = x '/\y = x l F. 

(a) What is the domain of each of these four functions? 

(b) Using your answer to part (a), match the functions to 
the graphs. 

(c) What are the points of intersection in the graphs? 


39. Rank the four functions in order of /;, the power, from 
least to greatest. 

40. For which (if any) of the four functions is the power p 
odd'? 

41. For the power function F{x) = Ax", let f(x) = nkx"' { . 

Find f given that F(x) — —-—. 

</lx 


42. For the power function f(x) = Ax", let F{x) = 


Ax" 


n + 1 


Figure 11.20 

37. Figure 11.21 shows graphs of two power functions, 
J'(x) = x r and g = x\ Given that .v < r < 0, is x () 
larger or smaller than x, ? 


Figure 11.21 

38. Figure 1 1.22 shows graphs of two power functions, 
p(x ) = x m and ^(x) = x". Given that 0 < x 0 < x h 
rank 0, m, and n in order from smallest to largest. 


Find F given that f{x) — -. 

4 

43. The cost of denim fabric is directly proportional to the 
amount that you buy. Let C(x) be the cost, in dollars, of 
x yards of denim fabric. 

(a) Write a formula for the cost, C(x), in terms of x. Your 
answer will contain a constant, A. 

(b) A particular type of denim costs $28.50 for 3 yards. 
Find A and rewrite the formula for C(x) using it. 

(c) Graph C(x). 

(d) How much does it cost to buy 5.5 yards of denim? 

44. The musical pitch, P, of a guitar string can be varied by 
changing its density, p . The pitch is inversely proportional 
to the square root of the density, so a string that is denser 
produces a lower pitch. Write an expression for the pitch 
in terms of the density. 

45. Do you expect the number of calories in a serving of 
broiled ground beef to be proportional, or inversely pro¬ 
portional, to the numbers of ounces of beef? Which? Ex¬ 
plain. If three ounces of broiled ground beef contains 245 
calories, 3 write a formula for the relationship and find the 
number of calories in 4 ounces of broiled hamburger. 


3 The World Almanac Book of Facts. 1999,p. 718. 
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46. The circulation time of a mammal—that is, the average 
time it takes for all the blood in the body to circulate once 
and return to the heart—is governed by the equation 

t = I7.4w l/4 , 

where m is the body mass of the mammal in kilograms, 
and t is the circulation time in seconds. 4 

(a) Complete Table 11.2, which shows typical body 
masses in kilograms for various mammals. 5 

(b) If the circulation time of one mammal is twice that of 
another, what is the relationship between their body 
masses? 


Table 11.2 


Animal 

Body mass (kg) 

Circulation time (sec) 

Blue whale 

91000 


African elephant 

5450 


White rhinoceros 

3000 


Hippopotamus 

2520 


Black rhinoceros 

1170 


Horse 

700 


Lion 

180 


Human 

70 



47. In 2004, Agutter and Wheatley 6 reported 

The relationship between body mass, M , and 
standard metabolic rale, B, among living organ¬ 
isms remains controversial, though it is widely 
accepted that in many cases B is approximately 
proportional to the three-quarters power of M. 

(a) Write a function that represents this relationship. 

(b) The average mass of an African forest elephant is 4.6 
metric tons 7 and that of a typical mouse is 20 grams. 
Use part (a) to determine how many times greater the 
metabolic rale of an elephant is than that of a mouse. 
(1 metric ton = 1,000,000 grams.) 

48. A 30-second commercial during Super Bowl XLIV in 
2010 cost advertisers up to $3 million. For the first Super 
Bowl in 1967, an advertiser could have purchased approx¬ 
imately 34.439 minutes of advertising time for the same 
amount of money. 8 

(a) Assuming that cost is proportional to time, find the 
cost of advertising, in dollars/second, during the 
1967 and 2010 Super Bowls. 


(b) How many times more expensive was Super Bowl 
advertising in 2010 than in 1967? 

49. At a constant speed, is the time to drive from Long Island 
to Albany. NY, proportional, or inversely proportional, to 
the speed? Explain. At 55 mph, it takes 3.5 hours to make 
the trip. Write a formula for the relationship and find how 
fast you would have to drive to get to Albany in 3 hours. 

50. Evaporating water into air cools the air; a swamp cooler 
works by evaporation. The wet-bulb temperature of air is 
the temperature that the air would have if it were cooled 
to saturation (100% humidity) by evaporating water into 
it. The amount of cooling possible with a swamp cooler is 
proportional to the difference between the actual air tem¬ 
perature, 7\ and the wet-bulb temperature. W. A particu¬ 
lar swamp cooler can cool air at a temperature of 40° Cel¬ 
sius to 23° Celsius if the wet-bulb temperature is 20° Cel¬ 
sius. Determine the lowest temperature that this swamp 
cooler could achieve: 

(a) In Phoenix, where the actual temperature is 48°C and 
the wet-bulb temperature is 22°C. 

(b) In Miami, where the actual temperature is 32°C and 
the wet-bulb temperature is 26°C. 

51. Ship designers usually construct scale models before 
building a real ship. The formula that relates the speed 
u to the hull length / of a ship is 

u = kyfl, 

where k is a positive constant. This constant k varies de¬ 
pending on the ship’s design, but scale models of a real 
ship have the same k as the real ship after which they are 
modeled. 9 

(a) How fast should a scale model with hull length 4 me¬ 
ters travel to simulate a real ship with hull length 225 
meters traveling 9 meters/sec? 

(b) A new ship is to be built whose speed is to be 10% 
greater than the speed of an existing ship with the 
same design. What is the relationship between the 
hull lengths of the new ship and the existing ship? 

52. Two oil tankers crash in the Pacific Ocean. The spreading 
oil slick has a circular shape, and the radius of the circle 
is increasing at 200 meters per hour. 

(a) Express the radius of the spill, r, as a power function 
of time, f, in hours since the crash. 


4 K. Schmidt-Nielsen. Scaling, Why is Animal Size So Important ? (Cambridge: CUP. 1984). 

5 R. McNeill Alexander, Dynamics of Dinosaurs and Other Extinct Giants (New York: Columbia University Press, 1989). 

6 P. S. Agutter and D. N. Wheatley (2004), “Metabolic scaling: consensus or controversy?" Theor. Biol. Med. Mod. 1:13. 
PM1D: 15546492 

7 www.pbs.org/wnet/naturc/clcphants/lifc.html, accessed June 14, 2010. 

8 www.dailfinance.com/2009/09/20/cbs-super-bowl-ad-sales-slip-behind-last-years-pace, accessed November 27, 2009. 

y R. McNeill Alexander, Dynamics of Dinosaurs and Other Extinct Giants (New York: Columbia University Press. 1989). 
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(b) Express the area of' the spill, A , as a power function 
of lime, /. 

(c) Cleanup efforts begin 7 hours after the spill. How 
large an area is covered by oil at that lime*.' 

53. A volcano erupts in a powerful explosion. The sound from 
the explosion is heard in all directions for many hundreds 
of kilometers. The speed of sound is about 340 meters per 
second. 

(a) Fill in Table 1 1.3 showing the distance, cL that the 
sound of the explosion has traveled at lime /. Write a 
formula tor d as a function of /. 

(b) How long after the explosion will a person living 200 
km away hear the explosion? 

(c) Fill in Table 11.3 showing the land area, /4, over 
which the explosion can be heard as a function of 
lime. Write a formula for A as a function of /. 

(d) The average population density around the volcano is 
31 people per square kilometer. Write a formula for 
P as function of/, where P is the number of people 
who have heard the explosion at time /. 

(e) Graph the function P = /(/). How long will it take 
until 1 million people have heard the explosion? 


Table 11.3 


Time, t 

5 sec 

10 sec 

1 min 

5 min 

Distance, d (km) 





Area, A (km 2 ) 






54. In a microwave oven, cooking time is inversely propor¬ 
tional to the amount of power used. It takes 6.5 minutes 
to heat a frozen dinner at 750 watts. 

(a) Write a formula for the cooking lime, /, as a function 
of power level, u\ 

(b) Fill in Table 11.4 with the cooking times needed to 
heat the frozen dinner at various power levels. 

(c) Graph the function / = f{w), 

(d) If it takes 2 minutes to heal a rhubarb crumble at 250 
watts, how long will it take at 500 watts? 


Table 11.4 


Power, w (watts) 

250 

300 

500 

650 

Time, / (mins) 






55. An average hailstone is a sphere of radius 0.3 centimeter. 
Severe thunderstorms can produce hailstones of radius 
0.05 centimeter. The largest hailstone found in the IJS had 
radius 7.05 centimeters. Table 11.5 gives the masses of 
these hailstones in grams. 111 

(a) Using the data given, check that mass, m. is propor¬ 
tional to the cube of the radius, r, 

(b) Find the constant of proportionality and write m as a 
junction of r. 

(c) The largest recorded hailstone was found in India in 
1930 and weighed 3.4 kilograms. What was its ra¬ 
dius? 

(d) Calculate the density of ice in grams per cubic cen¬ 
timeter. (Hint: Density is mass per unit volume.) 


Table 11.5 


Radius, r (cm) 

0.3 

0.95 

7.05 

Mass, m (gm) 

0.058 

1.835 

750 


56. The following questions involve the behavior of the power 
function y — x~ p , for p a positive integer. If a distinction 
between even and odd values of p is significant, the sig¬ 
nificance should be indicated. 

(a) What is the domain of y = x~ p, l What is the range? 

(b) What symmetries does the graph of y — x~ p have? 

(c) What is the behavior of y = x~ p as x -+ 07 

(d) What is the behavior of y = x" ; ’ for large positive 
values of x? For large negative values of x? 

57. Let fix) — 16x 4 and g(x) = 4x 2 . 

(a) If f(x) — g (ft(x)), find a possible formula for /?(x), 
assuming h(x) < 0 for all x. 

(b) If f{x) = j (2g(xJ), find a possible formula for j{x). 
assuming j(x) is a power function. 

58. Consider the power function y — t(x) = k • x p/1> where p 
is any integer, p f 0. 

(a) For what values of p does t{x) have domain restric¬ 
tions? What are those restrictions? 

(b) What is the range of /(x) if p is even? If p is odd? 

(c) What symmetry does the graph of /(x) exhibit if p is 
even? If p is odd? 


11.2 POLYNOMIAL FUNCTIONS 

A polynomial function is a sum of power functions whose exponents are nonnegative integers. We 
use what we learned about power functions to study polynomials. 

10 C. Donald Ahrens, Essentials of Meteorology (Wadsworth: Belmont, CA, 1998). 
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Example 1 


Solution 


You make five separate deposits of $ 1000 each into a savings account, one deposit per year, beginning 
today. What annual interest rate gives a balance in the account of $6000 five years from today? 
(Assume the interest rate is constant over these five years.) 

Let r be the annual interest rate. Our goal is to determine what value of r gives you $6000 in five 
years. In year t = 0, you make a $1000 deposit. One year later, you have $1000 plus the interest 
earned on that amount. At that time, you add another $1000. 

To picture how this works, imagine the account pays r = 5 % annual interest, compounded 
annually. Then, after one year, your balance would be 

Balance = (100% of Initial deposit) + (5% of Initial deposit) + Second deposit 

= 105% of Initial deposit + Second deposit 
s___ s \ _/ 

$1000 $1000 

- 1.05(1000)+ 1000. 

Here 1.05 = 1 + 0.05 is the annual growth factor. Let x represent the annual growth factor, 1 + r. 
Then we write the balance after one year in terms of x: 

Balance after one year = lOOOx + 1000. 

After two years, you would have earned interest on the first-year balance. This gives 

Balance after earning interest = (lOOOx + 1000)x = lOOOx 2 + lOOOx. 

'- - -' 

First-year balance 


The third $1000 deposit brings your balance to 

Balance after two years = lOOOx 2 + lOOOx + 1000. 

Third deposit 

A year’s worth of interest on this amount, plus the fourth $1000 deposit, brings your balance to 
Balance after three years = (lOOOx 2 + lOOOx + 1000)x + 1000 

Second-year balance Fourth deposit 

= 1000x 3 + lOOOx 2 + lOOOx + 1000. 

The pattern is this: Each of the $1000 deposits grows to $1000x" by the end of its « th year in the 
bank. Thus, 

Balance after five years = lOOOx 5 + lOOOx 4 + lOOOx 3 + 1000x 2 + lOOOx. 

If the interest rate is chosen correctly, then the balance will be $6000 in five years. This gives us 
lOOOx 5 + lOOOx 4 + lOOOx 3 + lOOOx 2 + lOOOx = 6000. 

Dividing by 1000 and moving the 6 to the left side, we have the equation 

X 5 + x 4 + x 3 + X 2 + X - 6 = 0. 

Solving this equation for x determines how much interest we must earn. Using a computer or calcu¬ 
lator, we find where the graph of Q(x) = x 5 + x 4 + x 3 + x 2 + x — 6 crosses the x-axis. Figure 11.24 
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shows that this occurs at x « 1.0614. Since x = 1 + /*, this means r = 0.0614. So the account must 
earn 6.149? annual interest 11 for the balance to be $6000 at the end of five years. 



Q(x) 


Figure 11.24: Finding where 0(x) crosses the x-axis, for x > 0 

You may wonder if Q crosses the x-axis more than once. For jc > 0, graphing Q on a larger 
scale suggests that Q increases for all values of x and crosses the x-axis only once. For x > 1, we 
expect Q to be an increasing function, because larger values of x indicate higher interest rates and 
therefore larger values of Q(x). Having crossed the axis once, the graph of Q does not “turn around' 1 
to cross it again. 


The function Q(x) = x 5 + x 4 + x 3 + x 2 + x - 6 is the sum of power functions; Q is called a 
polynomial. (Note that the expression —6 can be written as —6x°, so it, too, is a power function.) 

A General Formula for the Family of Polynomial Functions 

The general formula for a polynomial function can be written as 

p{x) - a n x n + a n _ |X /1_1 + ... + </,x + a {h 

where n is called the degree of the polynomial and a n is the leading coefficient . For example, the 
function 

g(x) = 3x 2 4- 4x 5 + x - x 3 + 1, 

is a polynomial of degree 5 because the term with the highest power is 4x\ It is customary to write 
a polynomial with the powers in decreasing order from left to right: 

g(x) = 4x 5 - x 3 + 3x 2 + x + 1. 

The function g has one other term, 0 • x 4 , which we don't bother to write down. The values of g’s 
coefficients are a 5 = 4, a 4 = 0, = — 1, a 2 — 3, a t = 1, and a 0 = 1. In summary: 


The general formula for the family of polynomial functions can be written as 
p(x) = a n x n + a n _ { x n ~ x + ... + a } x + a 0 , 

where n is a positive integer called the degree of p and where a n 0. 

• Each power function a ,x' in this sum is called a term. 

• The constants a n , a n _^ ..., a () are called coefficients. 

• The term a {) is called the constant term. The term with the highest power, a n x n , is called 
the leading term, and the term a n is called the leading coefficient. 

• To write a polynomial in standard form, we arrange its terms from highest power to 
lowest power, going from left to right. 


ll This is 6. }49c interest per year, compounded annually. 
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Example 2 


Solution 


The Long 


Like the power functions from which they are built, polynomials are defined for all values of x. 
Except for polynomials of degree zero (whose graphs are horizontal lines), the graphs of polynomials 
do not have horizontal or vertical asymptotes; they are smooth and unbroken. The shape of the graph 
depends on its degree; typical graphs are shown in Figure 11.25. 



Quadratic 
(* = 2 ) 



(n = 3) 



Quartic Quintic 

(n = 4) (>? - 5) 


Figure 11.25: Graphs of typical polynomials of degree n 


Which of the following functions are polynomials? For each polynomial, state the degree, the leading 

coefficient, and the constant term. 

(a) / (x) = 3x 5 + 4x 3 + 2x _1 (b) g(x) = x 2 + yflx 3 + 1 (c) h(x) = 2(x + 5)(x — l) 2 

The functions g and h are polynomials; the function / is not. 

(a) The function f(x) = 3x 5 + 4x 3 + 2x _1 is not a polynomial since the power of the last term is 
- 1 . 

(b) The function g(x) = x 2 + yflx* + 1 is a polynomial with degree 3 because the term with the 
highest power is y/lx*. The leading coefficient is yfl and the constant term is 1. 

(c) The function h(x) is a polynomial since h(x) = 2(x + 5)(x - 1 ) 2 — 2x 3 +6x 2 - 18x + 10. Hence 
its degree is 3, the leading coefficient is 2, and the constant term is 10. Note that to determine the 
leading term of a polynomial given in its factored form we do not necessarily have to multiply 
out each term. The leading term of h(x) is the product of the leading terms of each factor, namely 
2 • x • x 2 = 2x 3 . Similarly, the constant term of h(x) is the product of the constant terms of each 
factor, namely 2 • 5 • (— 1 ) 2 = 10. The constant term can also be obtained by setting x = 0. 


Run Behavior of Polynomial Functions 


We have seen that, as x grows large, y = x 2 increases fast, y = x 3 increases faster, and y = x 4 
increases faster still. In general, power functions with larger positive powers eventually grow much 
faster than those with smaller powers. This tells us about the behavior of polynomials for large x. 
For instance, consider the polynomial g(x) — 4x 5 — x 3 + 3x 2 + x + 1. Provided x is large enough, 
the value of the term 4x 5 is much larger than the value of the other terms combined. For example, if 


x = 100, 


4x 5 = 4(100) 5 = 40,000,000,000, 


and the other terms in g(x) are 

-x 3 + 3x 2 + x + 1 = -(100) 3 + 3( 100) 2 + 100+1 

= -1,000,000 + 30,000 +100+1= -969,899. 


Therefore g( 100) = 39,999,030,101, which is approximately equal to the value of the 4x 5 term. In 
general, if x is large enough, the most important contribution to the value of a polynomial is made 
by the leading term; we can ignore the lower-power terms. 
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When viewed on a large enough scale, the graph of the polynomial 
p(x ) = a„x n + a n _ i x n ~ l + — + a x x + a 0 
looks like the graph of the power function 

y = a n x n . 

This behavior is called the long-run behavior of the polynomial. To determine the values that 
p(x) takes on as x grows large (either positive or negative) we check the values of its leading 
term, a n x n , as x oo and as x -oo, respectively. 

Using limit notation, the long-run behavior of a polynomial, p(x), can be written as: 
lim p(x) — lim a n x n and lim p(x) = lim a n x n . 

x—► oo x-m» x-*-oo x-^-oo 


Example 3 


Find a window in which the graph of fix) = x 3 +x 2 resembles the power function y = x 3 . 


Solution Figure 11.26 gives the graphs of f(x) = x 3 + x 2 and y = x 3 . On this scale, / does not look like a 
power function. On the larger scale in Figure 11.27, the graph of / resembles the graph of y = x 3 . 
On this larger scale, the “bumps” in the graph of / are too small to be seen. On an even larger scale, 
as in Figure 11.28, the graph of / is indistinguishable from the graph of y = x 3 . 


y 



y 



y 



Figure 11.26: On this scale, 

/(x) = x 3 + x 2 does not look like 
a power function 


Figure 11.27: On this scale, 

/(x) = x 3 + x 2 resembles the 
power function y = x 3 


Figure 11.28: On this scale, 
f{x) = x 3 + x 2 is nearly 
indistinguishable from y - x 3 


Zeros of Polynomials 

The zeros of a polynomial p are values of x for which p{x) = 0. The zeros are also the x-intercepts, 
because they tell us where the graph of p crosses the x-axis. Factoring can sometimes be used to 
find the zeros of a polynomial; however, the graphical method of Example 1 can always be used to 
estimate the zeros. In addition, the long-run behavior of the polynomial can give us clues as to how 
many zeros (if any) there may be. 


Example 4 Given the polynomial 

q(x) - 3x 6 - 2x 5 + 4x 2 - 1, 

where q( 0) = —1, is there a reason to expect a solution to the equation g(x) = 0? If not, explain why 
not. If so, how do you know? 

Solution The equation g(x) = 0 must have at least two solutions. We know this because on a large scale, q 
looks like the power function y = 3x 6 . (See Figure 11.29.) The function y = 3x 6 takes on large 
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positive values as x grows large (either positive or negative). Since the graph of q is smooth and 
unbroken, it must cross the x-axis at least twice to get from q(0) = -1 to the positive values it 
attains as x oo and x —oo. 



q(x) = 3x 6 - 2x s + 4x 2 - 1 


Figure 11.29: Graph must cross x-axis at least twice since q{ 0) = —1 and q(x) looks like 3x 6 for large x 


A sixth-degree polynomial such as q in Example 4 can have as many as six real zeros. We 
consider the zeros of a polynomial in more detail in Section 11.3. 


Exercises and Problems for Section 11.2 

Skill Refresher 

Expand the following expressions. 

SI. (x — l)(x + 2) S2. x(x + 1 )(x — 1) 

S3. x(2x + l)(3x - 1) S4. x(x + 3)(x — 4) 

Exercises 


Without expanding, find the 

S5. |x(x + l)(x - 1) 

S7. x(2x + l)(3x - 1) 


coefficient of the x 3 term. 

S6. x(2x + 1 )(x - 1) 
S8. 3x(2x+ 1 )(2 - x) 


Are the functions in Exercises 1-6 polynomials? If so, of what 
degree? 

1. y = 5* - 2 2. j; = 5 + x 

3. y = 4x 2 + 2 4. y = It 6 - 8r + 7.2 

5. y = 4x 4 - 3x' + 2e x 6. y = 4x 2 - 7Vx* + 10 

In Exercises 7-12, state the leading term. 

7. x 3 + 2x 2 -5x 4 -7 

8. x 2 — 3x 3 + 5x + 7x 3 

9. 5x 4 - 3x 2 - 2x J + 1 - 3x 4 

10. (x- l)(2x + l)(3x - 5) 

11. (3x 2 + 3) 2 + (2x 3 + 5) 3 

12. (4x - 7)(x + 1 )(2x + I )(3x + 2) + 2x 5 

In Exercises 13-14, give the leading term assuming that n is a 
positive integer. 

13. 4x" +3 + 4x"~ l - 7x 2 


14. 3x 4 + 5x" +2 - 6x" +5 - 8x 3 

In Exercises 15-17, determine the leading term and state 
which terms from each factor contribute to it. For example, the 
leading term of (x 2 + x + l) (4x 3 + 2x + 3) is x 2 *4x 3 = 4x 5 , 
so the contributing terms are x 2 and 4x 3 . 

15. (2x + 5)(5x + 3)(4x + 2) 

16. (2x 2 + 4x + I) (3x + 5x 2 +3) 

17. (x 2 + 3x+ 1) (x 2 + 2x 3 + 1) 

For the polynomials in Exercises 18-20, state the degree and 
the number of terms, and describe the long-run behavior, 

18. y = 2x 3 - 3x + 7 

19. y = 1 - 2x 4 + x 3 

20. >> = (x+4)(2x-3)(5 -x) 

21. Find 

(a) lim(3x 2 - 5x -b 7) (b) lim (lx 2 - 9x 3 ) 

A—‘OO A' *~OC 
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Problems 


22. Estimate the zeros of fix) = .v 4 - 3a 2 - x + 2. 

23. Estimate the minimum value of #(a) jse x 4 - 3.x K — 8. 

24. Find the equation of the line through the y-intercept of 
y = A' 4 — 3x ? - I + x 1 and the x-intercept of y = 2 a - 4. 


25. Let u(x) — -^(x - 3)(a + 1 )(a + 5) 


and r(x) 


-!x(a--5). 


32. Find four different viewing windows on which f(x) 
(a + 2)(a - 1 )(x - 3) 2 resembles graphs (a)-(d). 


(a) Graph u and r for -10 < a < 10, -10 < y < 10. 
How are the graphs similar? How are they different? 

(b) Compare the graphs of m and o on the window -20 < 
a < 20, -1600 < y < 1600, the window -50 < 
a < 50, -25,000 < y < 25,000, and the window 
—500 < a < 500, -25,000,000 < y < 25,000.000. 
Discuss. 


(a) 



(b) 




26. Compare the graphs of /(a) = a 3 + 5a 2 - a — 5 and 
g(A) = — 2a ; - 10a 2 + 2a + 10 on a window that shows 
all intercepts. How are the graphs similar? Different? Dis¬ 
cuss. 


27. Let /(a) = 


50,000 


).A + (±)a-. 




30 . 




In Problems 33-36. using what you know about the long-run 
behavior of a polynomial, match the given function to one of 
the graphs in Figures (I)-(IV). Explain your reasoning. 

(i) y (id y 


(a) For small values of a, which term of / is more im¬ 
portant? Explain your answer. 

(b) Graph y = /(a) for -10 < a < 10, -10 < y < 10. 
Is this graph linear? How does the appearance of this 
graph agree with your answer to part (a)? 

(c) How large a value of a is required for the cubic term 
of / to be equal to the linear term? 

In Problems 28-31, find a viewing window on which the graph 
of f{x) = a 3 + a 2 resembles the plot. 


28. 




40,000 


-10 


F -v 

10 


-40,000 



33. 0.3a 4 - 2a 2 + 17 
35. 4x 5 + 2 a 3 - 7a - 5 


34. -3a 3 + lx 2 - 2a + 5 
36. -8a 6 -4a 3 + 12x 2 


37. The polynomial function / (a) = a 3 +a+ 1 is invertible— 
that is, this function has an inverse. 

(a) Graph y - fix). Explain how you can tell from the 
graph that / is invertible. 

(b) Find /(0.5) and an approximate value for / _I (0.5). 

38. If f{x) = x 2 and g(x) — (a -I- 2)(x — 1 )(x — 3). find all a 
for which fix) < £(a). 

39. In calculus, we often consider pairs of polynomials. If 

Fix) — 3a 4 — 4x 3 + 5a — 4, find u 4 , a p a (] . Then 

use these values to construct the cubic polynomial 


fix) — 4a 4 x 2 + 3a } x 2 + 2a 2 x + a r 
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40. (a) Suppose /(x) =t ax 2 + bx + c. What must be true 

about the coefficients if / is an even function? 

(b) Suppose g(x) = ax } + bx 2 + cx + d. What must be 
true about the coefficients if g is an odd function? 

41. Let / and g be polynomial functions. Are the following 
compositions also polynomial functions? Explain your 
answer. 

f{g{x)) and £(/(*)) 

42. Let g be a polynomial function of degree n. where n is a 
positive odd integer. For each of the following statements, 
write true if the statement is always true, false otherwise. 
If the statement is false, give an example that illustrates 
why it is false. 

(a) g is an odd function. 

(b) g has an inverse. 

(c) lim g(x) = oo. 

-V —’ CO 

(d) If lim g(x) = -oo. then lim g{x) = oo. 

X—+—&0 A—► CO 

43. The town of Liddlevilie was founded in 1890. Its popu¬ 
lation y (in hundreds) was modeled, for t in years since 
1890, by 

y= I - 0.587 + 4.897 2 - 1.8727’ + 0.2477 4 - 0.011 If 5 . 

(a) Graph the function for 0 < t < 8, — 2 < y < 12. 

(b) What was the population of Liddlevillc when it was 
founded? 

(c) When did the population of Liddlevi He reach zero? 
Give the year and the month. 

(d) What was the largest population of Liddlevillc after 
1890? When did Liddleville reach that population? 
Give the month and year. 

(e) What population was predicted for 1898? Comment. 

44. (a) The total cost, in millions of dollars, of producing x 

thousand units of an item is C(x) = 4(x - l) 2 + 4. 
Graph C(x). 

(b) The revenue (in millions of dollars) from selling x 
thousand units of the item is R(x) — lOx. What does 
this tell you about the price of each unit? 

(c) Profit is revenue minus cost. For what values of 
x does the firm make a profit? Break even? Lose 
money? 

45. Let V represent the volume in liters of air in the lungs dur¬ 
ing a 5-second respiratory cycle. If t is time in seconds, 
V is given by 

V = 0.17297 + 0.1522r - 0.03 747-’. 

(a) Graph this function for 0 < t < 5. 

(b) What is the maximum value of V on this interval? 
What is its practical significance? 

(c) Explain the practical significance of the t~ and V- 
intercepts on the interval 0 < t < 5. 


46. The volume, V\ in milliliters, of 1 kg of water as a func¬ 
tion of temperature T is given, for 0 < T < 30°C, by: 

V = 999.87 — 0.064267 + 0.0085143T 2 *-0.00006797’’. 

(a) Graph V . 

(b) Describe the shape of your graph. Docs V increase 
or decrease as T increases? Does the graph curve up¬ 
ward or downward? What does the graph tell us about 
how the volume varies with temperature? 

(c) At what temperature does water have the maxi¬ 
mum density? How does that appear on your graph? 
(Density = Mass/Volume. In this problem, the mass 
of the water is 1 kg.) 

47. Table 11.6 gives c, the speed of sound (in m/sec) in water 

as a function of the temperature T (in °C). 12 

(a) An approximate linear formula for v is given by v = 
1402.385+5.0388137? Over what temperature range 
does this formula agree with the values in Table 11.6 
to within 1°C? 

(b) The formula in part (a) can be improved by adding 
the quadratic term -5.799136 • 10 _2 T 2 . Repeat part 

(a) using this adjusted formula. 

(c) The formula in part (b) can be further improved by 
adding the cubic term 3.287156- 10“ 4 T \ Repeat part 
(a) using this adjusted formula. 

(d) The speed of sound in water at 50°C is 1542.6 m/s. 
If we want to improve our formula still further by 
adding a quartic (fourth-degree) term, should this 
term be positive or negative? 


Table 11.6 


T 

0 

5 

10 

15 

20 

25 

30 

V 

1402.4 

1426.2 

1447.3 

1466.0 

1482.4 

1496.7 

1509.2 


X 3 X 5 

48. Let /(x) — x-1-. 

7 6 120 

(a) Graph y — f(x) and y = sin x for -2 k < x < 2 k , 
-3 < y < 3. 

(b) The graph of / resembles the graph of sin x on a 
small interval. Based on your graphs from part (a), 
give the approximate interval. 

(c) Your calculator uses a function similar to / in order 
to evaluate the sine function. How reasonable an ap¬ 
proximation does / give for sin(/r/8)? 

(d) Explain how you could use the function / to approx¬ 
imate the value of sin 0, where 0 = 18 radians. [Hint: 
Use the fact that the sine function is periodic.! 


12 Datafrom the Marczak formula at the UK National Physical Laboratory: www.npl.co.uk. accessed 2001. 
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49. For certain A-values, the function /(x) — 1/(1 -Fa) can 
he well approximated by the polynomial 

p{ A ) I A t X~ - A"' + A J - A‘\ 

(a) Show that /;((). 5) x /(0.5) = 2/3. To how many 
decimal places do and /(0.5) agree? 


(b) Calculate p( 1 ). How well does p( 1) approximate 
/<1 )? 

(c) Graph /;(x) and fix) together on the same set of axes 
for -1 < a < 1. Based on your graph, for what range 
of values of x does /;(x) appear to give a good esti¬ 
mate for /(a*)? 


11.3 THE SHORT-RUN BEHAVIOR OF POLYNOMIALS 


The long-run behavior of a polynomial is determined by its leading term. However, polynomials with 
the same leading term and the same long-run behavior may have very different short-run behaviors. 


Example 1 Compare the graphs of the polynomials /, g, and h given by 

/(x) = x 4 — 4x 3 + 16 a* — 16 , g(x) = a 4 — 4x 3 — Ax 2 + 16 x, h(x) — x 4 + a 4 - 8x 2 - 12 a. 


Solution 


Each of these funetions is a fourth-degree polynomial, and eaeh has a 4 as its leading term. Thus, all 
their graphs resemble the graph of a 4 on a large scale. See Figure 11.30. 

However, on a smaller scale, the functions look different. Sec Figure 11.3 1. Two of the graphs 
go through the origin while the third docs not. The graphs also differ from one another in the number 
of bumps eaeh one has and in the number of times eaeh one crosses the A-axis. 





Figure 11.31: On a smaller scale, the polynomials /, g, and h look quite different from one another 


Factored Form, Zeros, and the Short-Run Behavior of a Polynomial 

To predict the long-run behavior of a polynomial, we use the highest-power term. To determine the 
zeros and the short-run behavior of a polynomial, we write it in factored form with as many linear 
factors as possible. 


Example 2 Investigate the short-run behavior of the third-degree polynomial u(x) = a 3 — a 2 — 6a. 

(a) Rewrite m(a) as a product of linear factors. 

(b) Find the zeros of */(x). 

(e) Use the factored form to describe the graph of w(x). Where does it cross the A-axis? The y-axis? 
Where is u(x) positive? Negative? 
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Solution 


(a) By factoring out an jc and then factoring the quadratic, x 2 - jc — 6, we rewrite h(x) as 

u(x) — x 3 - x 2 - 6x = x(x 2 - x - 6) = x(x - 3)(x + 2). 

Thus, we have expressed w(x) as the product of three linear factors, x, x - 3, and x + 2. 

(b) The polynomial equals zero if and only if at least one of its factors is zero. We solve the equation 

x(x - 3)(x + 2) = 0, 

giving 

x = 0, or x - 3 = 0, or x + 2 = 0, 
so 

x — 0, or x = 3, or x = —2. 

These are the zeros, or x-intercepts, of u. To check, evaluate w(x) for these x-values; you should 
get 0. There are no other zeros. 

(c) To describe the graph of w, we give the x- and y-intercepts, and the long-run behavior. 

The factored form, w(x) = x(x - 3)(x + 2), shows that the graph crosses the x-axis at x = 0, 
3, -2. The graph of u crosses the y-axis at w(0) = 0 3 - 0 2 — 6 • 0 = 0; that is, at y = 0. For large 
values of x, the graph of y = u(x) resembles the graph of its leading term, y = x 3 . Figure 11.32 
shows where a is positive and where u is negative. 

y 



Figure 11.32: The graph of u{x) = x : ' - x 2 - 6x has zeros at x = -2, 0, 
and 3. Its long-run behavior resembles y = x 3 


In Example 2, each linear factor produced a zero of the polynomial. Now suppose that we do 
not know the polynomial p, but we do know that it has zeros at x = 0, —12, 31. Then we know that 
the factored form of the polynomial must include the factors (x -0) or x, and (x — (—12)) or (x + 12), 
and (x — 31). It may include other factors too. In summary: 


Suppose p is a polynomial. If the formula for p has'a linear factor, that is, a factor of the form 
(x - k), then p has a zero at x = k. 

Conversely, if p has a zero at x = /c, then p has a linear factor of the form (x — k). 


The Number of Factors, Zeros, and Turning Points 

The number of linear factors is always less than or equal to the degree of a polynomial. For example, 
a fourth-degree polynomial can have no more than four linear factors. This makes sense because if 
wc had another factor in the product and multiplied out, the highest power of x would be greater 
than four. Since each zero corresponds to a linear factor, the number of zeros is less than or equal to 
the degree of the polynomial. 

Between any two consecutive zeros of a polynomial, there is at least one “bump;' or turning 
point . For example, in Figure 11.32, the function is zero at x = 0 and negative at x = 1, and must 
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Example 3 


change direction to come back up and cross the x-axis at x = 3. Using calculus, it can be shown that 
any third-degree polynomial has no more than two bumps. In general: 


The graph of an n th -degree polynomial has at most n zeros and turns at most (n - 1) times. 


Multiple Zeros 

The functions s(x) = (x - 4) 2 and t(x) = (x + l) 3 are both polynomials in factored form. Each is 
a horizontal shift of a power function. We refer to the zeros of s and t as multiple zeros , because in 
each case the factor contributing the value of y = 0 occurs more than once. For instance, we say that 
x = 4 is a double zero of s , since 

s(x) = (x - 4) 2 = (x - 4)(x - 4). 

'•-v-' 

Occurs twice 

Likewise, we say that x = -1 is a triple zero of f, since 

r(x) = (x+l) 3 = (x+ l)(x+ IXx+1). 

v -v-' 

Occurs three times 


The graphs of s and t in Figures 11.33 and 11.34 show typical behavior near multiple zeros. 



In general: 

If p is a polynomial with a repeated linear factor, then p has a multiple zero. 

• If the factor (x - k) occurs an even number of times, the graph of y — p(x) does not cross 
the x-axis at x = k, but instead “bounces” off the x-axis at x = k. (See Figure 11.33.) 

• If the factor (x - k) occurs an odd number of times, the graph of y = p(x) crosses the 
x-axis at x = k, but it looks flattened there. (See Figure 11.34.) 


Describe in words the zeros of the 4 th -degree polynomials /(x), g(x), and h(x ), in Figure 11.35. 




Figure 11.35: Three 4 lh -degree polynomials 
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Solution The graph suggests that / has a single zero at x = -2, The flattened appearance near x = 2 suggests 
that / has a multiple zero there. Since the graph crosses the x-axis at x = 2 (instead of bouncing off 
it), this zero must occur an odd number of times. Since / is 4 lh degree, / has at most 4 factors, so 
there must be a triple zero at x = 2. 

The graph of g has four single zeros. The graph of h has two single zeros (at x = 0 and x = 3) 
and a double zero at x = —2. The multiplicity of the zero at x = ~2 is not higher than two because 
h is of degree n — 4. 


Finding the Formula for a Polynomial from its Graph 

The graph of a polynomial often enables us to lind a possible formula for the polynomial. 


Example4 Find a possible formula for the polynomial function / graphed in Figure 11 .36. 



Figure 11.36: Features of the graph lead to a possible formula for this polynomial 

Solution Based on its long-run behavior, / is of odd degree greater than or equal to 3. The polynomial has 
zeros at x = — 1 and x = 3. We see that x = 3 is a multiple zero of even power, because the graph 
bounces off the x-axis here instead of crossing it. Therefore, we try the formula 

fix) = k(x+ l)(x-3) 2 

where k represents a stretch factor. The shape of the graph shows that k must be negative. 

To find k , we use the fact that /(0) = —3, so 

/(0) = k(0 + 1 )(0 — 3) 2 = -3, 

which gives 

9fc=-3 so k = ~\- 

Thus, /(x) = — - (x + 1 )(x — 3)“ is a possible formula for this polynomial. 


The formula for / we found in Example 4 is the polynomial of least degree we could have 
chosen. However, there are other polynomials, such as y — — ^(x + l)(x —3) 4 , with the same overall 
behavior as the function shown in Figure 11.36. 

Exercises and Problems for Section 11.3 

Skill Refresher 


In Exercises S1-S3, factor the expressions. 

SI. x 6 - x 4 S2. x 3 - 6x : + 5x 

S3. 16x - x 3 


In Exercises S4-S6, solve the equations. 

S4. 2x 3 - 2x = 0 S5. (2x + 4)(x - 1) : = 0 

56. -x 3 - x 2 + 4x +4 = 0 

57. Let f(x) = k{x - l)(x + l) 2 . Assume /(x) = 10, when 
x = 3. Use this information to find the value of k. 
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Exercises 

In Exercises 1-4. find the zeros of the functions. 

1. y= 7(x + 3)U-2)(x + 7) 

2. >>= r : + lx 1 + I2x 

3. y = (x 1 + 2.x - 7)(x’ + 4x : - 21.x) 

4. y = a{x + 2)(x — /jJ, where a H b are non zero constants 

5. Factor fix) = 8x 3 -4x 2 — 60x completely, and determine 
the zeros of /. 

6. Use the graph of g(x) in Figure 11.31 on page 451 to de¬ 
termine the factored form of 

g(x) = x 4 — 4x 3 — 4x 2 + 16x. 

7. Use the graph of h(x) in Figure 11.31 on page 451 to de¬ 
termine the factored form of 

h(x) = x 4 + x 3 - 8x 2 - 1 2x. 


8. Use the graph of f(x) in Figure 11.31 on page 451 to de¬ 
termine the factored form of 

fix) = x 4 -4x 3 + 16x — 16. 

9. Find a possible formula for a polynomial with zeros at 
(and only at) x = —2,2,5, a y-intercept at y = 5, and 
long-run behavior of y —► -oo as x ±oo. 

In Exercises 10-12, graph the polynomials without a calcula¬ 
tor. Label all x-intercepts and y-intercepts. 

10. f(x) - —5(x : - 4)(25 - x 2 ) 

11. g(x) = 5(x — 4)(x : — 25) 

12. y = 0.5(x — 2) : {x + 3)(x + 2) 


Problems 


13. Without using a calculator, decide which of the equations 
A-E best describes the polynomial in Figure 11.37. 

A y = (x + 2)(x + l)(x — 2){x — 3) 

B y = x(x + 2)(.x + 1 )(x - 2)(x - 3) 

C y=-'-(x + 2)(x+ l)(x - 2)(x - 3) 

D y= i(x + 2)(x+ 1 )(x - 2)(x - 3) 

E y = -(x + 2)(x + 1 )(x - 2)(x - 3) 



14. (a) Let /(x) = (2x - l)(3x - \)(x - 7)(x - 9). What are 

the zeros of this polynomial? 

(b) Is it possible to find a viewing window that shows all 
of the zeros and all of the the turning points of /? 

(c) Find two separate viewing windows that together 
show all the zeros and all the turning points of /. 

15. Letp(x) = x 4 +10x 3 -68x 2 +102x-45. By experimenting 
with various viewing windows, determine the zeros of p 
and use this information to write p(x) in factored form. 

16. (a) Experiment with various viewing windows to deter¬ 

mine the zeros of /(x) = 2x 4 + 9x 3 — lx 2 — 9x + 5. 
Then write / in factored form. 

(b) Find a single viewing window that clearly shows all 
of the turning points of /. 


In Problems 17-22, find a possible formula for each polyno¬ 
mial with the given properties. 

17. / has degree < 2, /(0) = 0 and /(1) = 1. 

18. / has degree < 2, /(0) = /(1) = /(2) = 1. 

19. / has degree < 2, /(0) = /(2) = 0 and /(3) = 3. 

20. / is third degree with /(—3) = 0, /(l) = 0, /(4) = 0, 
and /(2) = 5. 

21. g is fourth degree, g has a double zero at x = 3, g(5) = 0, 
g(-l) = 0, and g(0) = 3. 

22. Least possible degree through the points (—3,0), (1,0), 
and (0, -3). 

23. Find at least two different third-degree polynomials hav¬ 
ing zeros at x = — 1 and x = 2 (and nowhere else), and 
y-intercept at y = 3. 

For Problems 24-29, find the real zeros (if any) of the polyno¬ 
mials. 

24. y = 4x 2 - 1 25. y = x 4 + 6x 2 + 9 

26. y = (x 2 — 8x + 12)(x — 3) 

27. y = x 2 + 5x + 6 

28. y — 4x 2 + 1 

29. y = ax 2 (x 2 + 4)(x + 3), where a is a nonzero constant. 
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In Problems 30-39, give a possible formula for the polynomial. 41. The polynomial 



40, Which of these functions have inverses that are functions? 
Discuss. 

(a) /(x) = (x- 2) 3 +4. 

(b) g(x) = x 3 - 4x 2 + 2. 


/(x) = (x - 5 ) 2 (x - 3) 2 (x - 1 )(x - r)(x + 3)' • g(x) 

is an even function. What can you say about the constants 
r, 5 and the second-degree polynomial function g(x)? 

42. In each of the following cases, find a possible formula for 
the polynomial /. 

(a) Suppose / has zeros at x = —2, x ~ 3, x = 5 and a 
y-intercept of 4. 

(b) In addition to the properties in part (a), suppose / 
has the following long-run behavior: As x -> ±oo, 
y -► -oo. [Hint: Assume / has a double zero.] 

(c) In addition to the properties in part (a), suppose / 
has the following long-run behavior: As x -► ±oo, 
y -► Too. 

43. You wish to pack a cardboard box inside a wooden crate. 
In order to have room for the packing materials, you need 
to leave a 0.5-ft space around the front, back, and sides of 
the box, and a 1 -ft space around the top and bottom of the 
box. If the cardboard box is x feet long, (x -I- 2) feet wide, 
and (x — 1) feet deep, find a formula in terms of x for the 
amount of packing material needed. 

44. An open-top box is to be constructed from a 6-in by 8- 
in rectangular sheet of tin by cutting out squares of equal 
size at each corner, then folding up the resulting flaps. 
Let x denote the length of the side of each cut-out square. 
Assume negligible thickness. 

(a) Find a formula for the volume of the box as a func¬ 
tion of x. 

(b) For what values of x does the formula from part (a) 
make sense in the context of the problem? 

(c) Sketch a graph of the volume function. 

(d) What, approximately, is the maximum volume of the 
box? 

45. Take an 8.5- by 11-inch piece of paper and cut out four 
equal squares from the corners. Fold up the sides to cre¬ 
ate an open box. Find the dimensions of the box that has 
maximum volume. 

46. Consider the function a(x) = x 5 + 2x 3 — 4x. 

(a) Without using a calculator or computer, what can you 
say about the graph of al 

(b) Use a calculator or a computer to determine the zeros 
of this function to three decimal places. 

(c) Explain why you think that you have all the possible 
zeros. 

(d) What are the zeros of b(x) = 2x 5 -I- 4x 3 - 8x? Does 
your answer surprise you? 

47. Give the domain for g(x) = In ((x — 3) 2 (x + 2)) . 


























11.4 RATIONAL FUNCTIONS 


48. Given that a,b, and c are constants, a < b < c, state the 
domain of 

>’ = >Jix - a)(x - b)(.\ - c). 

|Hint: Graph y = {x - a)(x - b)(x — c).| 

49. The following statements about fix) are true: 

• f(x) is a polynomial function 

• fix) ~ 0 at exactly four different values of a* 

• f{x) —► — oo as x —► ±oo 


For each of the following statements, write true if the 
statement must be Wue, never true if the statement is never 
true, or sometimes true if it is sometimes true and some¬ 
times not true, 

(a) f{x) is an odd function 

(b) fix) is an even function 

(c) fix) is a fourth-degree polynomial 

(d) J\x) is a fifth-degree polynomial 

(e) /(— x) — > —oo as x —► ±oo 

(f) f{x) is invertible 


11.4 RATIONAL FUNCTIONS 


The Average Cost of Producing a Therapeutic Drug 

A pharmaceutical company wants to begin production of a new drug. The total cost C, in dollars, of 
making q grams of the drug is given by the linear function 

C(q) = 2,500,000 + 2()()()<y. 

The fact that C(0) = 2,500,000 tells us that the company spends $2,500,000 before it starts making 
the drug. This quantity is known as the fixed cost because it does not depend on how much of the 
drug is made. It represents the cost lor research, testing, and equipment. In addition, the slope of 
C tells us that each gram of the drug costs an extra $2000 to make. This quantity is known as the 
variable cost per unit. It represents the additional cost, in labor and materials, to make an additional 
gram of the drug. 

The fixed cost of $2.5 million is large compared to the variable cost of $2000 per gram. This 
means that it is impractical for the company to make a small amount of the drug. For instance, the 
total cost for 10 grams is 


Ci 10) = 2,500,000 + 2000 • 10 = 2,520,000, 


which works out to an average cost of $252,000 per gram. The company would probably never sell 
such an expensive drug. 

However, as larger quantities of the drug are manufactured, the initial expenditure of $2.5 million 
seems less significant. The fixed cost averages out over a large quantity. For example, if the company 
makes 10,000 grains of the drug, 


Average cost = 


Cost of producing 10,000 grams 

10,000 


2,500,000 + 2000* 10,000 

10,000 


= 2250, 


or $2250 per gram of drug produced. 

We define the average cost, a(q), as the cost per gram to produce q grams of the drug: 


. , Average cost of Total cost C{q) 2,500,000 + 2000(7 

a(<?) = = ct— Z -7-=- = -■ 

producing q grams Number of grams q q 

Figure 11.38 gives a graph of y — a(q) for q > 0. The horizontal asymptote reflects the fact that for 
large values of q , the value of a(q) is close to 2000. This is because, as more of the drug is produced, 
the average cost gets closer to $2000 per gram. See Table 11.7. 

The vertical asymptote of y = a(q) is the y-axis, which tells us that the average cost per gram is 
very large if a small amount of the drug is made. This is because the initial $2.5 million expenditure 
is averaged over very few units. We saw that producing only 10 grams costs a staggering $252,000 
per gram. 
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y , average cost 
(dollars per gram) 



Figure 11.38: The graph of y = a(q ), a rational 1'unction, has a horizontal asymptote at y = 2000 and a vertical 

asymptote at q = 0 

Table 11.7 As quantity q increases , the average cost a(q) draws closer to $2000 per gram 


Quantity, q 

Total cost, C{q) = 2,500,000 4 2000*7 

Average cost, a{q) — C(q)/q 

10,000 

2,500,000 4 20,000,000 = 22,500,000 

2250 

50,000 

2,500,000 4 100,000,000 = 102,500,000 

2050 

100,000 

2,500,000 4 200,000,000 = 202,500,000 

2025 

500,000 

2,500,000 4 1,000,000,000 = 1,002,500,000 

2005 


What Is a Rational Function? 


The formula for a(q) is the ratio of the polynomial 2,500,000 4- 2000*7 and the polynomial q. Since 
a(q) is given by the ratio of two polynomials, a(q) is an example of a rational function. In general: 


A function r is called a rational function if r can be written as the ratio of two polynomial 
functions p{x) and q(x ), that is, if 


r(x) = 


P(x) 

qW 


We assume that q(x) is not the constant polynomial q(x) = 0. 


The Long-Run Behavior of Rational Functions 

In the long run, every rational function behaves like a power function. For example, consider 

N 6x 4 4- x 3 4-1 
/w ~ — 

Since the long-run behavior of a polynomial is determined by its highest-power term, for large x the 
numerator behaves like 6x 4 and the denominator behaves like 2x 2 . The long-run behavior of / is 


/(*) = 


6x 4 + x 3 + l 6x 4 


-5x + 2x 2 ''2 x 2 ^ 3X '’' 

so /(x) -+ oo as x —► ±oo. 

Using limit notation, the information about the long-run behavior of /(x) is given as follows: 

lim /(x) = lim (3x 2 ) = oo. 

x-+±oo x-+±oo 


See Figure 11.39. 
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y fM 



Figure 11.39: In the long run, the graph of /(.*) looks like the graph of 3x : 


In genera], if r is any rational function, then for large enough values of x. 


a„x" + a n _ i x n ' + -+00 
+-+b () 


b,„x>» 


b m 


This means that on a large scale r resembles the function y 
of the form y = kx ! \ where k = a n /b m and p — n — m. In 



summary: 


, which is a power function 


For x of large enough magnitude (either positive or negative), the graph of the rational function 
r looks like the graph of a power function. If r(x) = p(x)/q(x), then the long-run behavior 
of y = r(x) is given by 

Leading term of p 

y — -• 

Leading term of q 


Using limits, the long-run behavior of a rational function, r(x) = p(x)/q(x)* is given as: 

p(x) Leading term of p 

lim -= lim - ; -—. 

.v^±oo q(x) -V * ±oo Leading term of q 

Note that this limit, if it exists, gives the horizontal asymptote of r(x). 


Example 1 


For positive x, describe the long-run behavior of the rational function 


/■(*) = 


x + 3 

x + 2 


Solution 


If x is a large positive number, then 


r(x) = 


Big number + 3 
Same big number + 2 


For example, if x = 100, we have 


Big number 
Same big number 


r(x)= — = 1.0098... « 1. 

102 

If x = 10,000, we have 

= 10 ’ 003 = 1.00009998 ... « 1, 

10,002 

For large positive x-values, r(x) « 1. Thus, for large enough values of x, the graph of y = r(x) looks 
like the line y — 1, its horizontal asymptote. We write limr(x) = 1. See Figure 11.40. However, 
for x > 0, the graph of r is above the line since the numerator is larger than the denominator. 
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1.5 

I 


y 



y- 


x + 3 
x + 2 


v = 1: Horizontal 
asymptote 


-1-1 - - ‘-L_ x 

5 10 15 20 25 

Figure 11.40: For large positive values of x, the graph of 
r(x) — (x + 3)/(x + 2) looks like the horizontal line y = 1 


Example 2 


For positive x, describe the positive long-run behavior of the rational function 


g(x) “ 


3x + 1 
x 2 + x - 2 * 


Solution The leading term in the numerator is 3x and the leading term in the denominator is x 2 . Thus for large 
enough values of x, 



so since 1 —> 0 as x -► oo we see that g(x) —» 0 as x -► oo. 
x 

In limit notation, 

lim g(x) = lim ( - ) = 0. 

X — >QO A' * OO \ X / 

Figure 11.41 shows the graphs of y = g(x) and y — 3/x. For large values of x, the two graphs are 
nearly indistinguishable. Both graphs have a horizontal asymptote at y = 0. 


y 



5 


Figure 11.41: For large enough values of x, the function g looks like the function y = 3x 1 

What Causes Asymptotes? 

The graphs of rational functions often behave differently from the graphs of polynomials. Polynomial 
graphs (except constant functions) cannot level off to a horizontal line as the graphs of rational 
functions can. In Example 1, the numerator and denominator are approximately equal for large x, 
producing the horizontal asymptote y — 1. In Example 2, the denominator grows faster than the 
numerator, driving the quotient toward zero. 

The rapid rise (or fall) of the graph of a rational function near its vertical asymptote is due to 
the denominator becoming small (close to zero). It is tempting to assume that any function that has 
a denominator has a vertical asymptote. However, this is not true. To have a vertical asymptote, the 
denominator must equal zero. For example, suppose that 

1 
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The denominator is always greater than 3; it is never 0. We see from Figure 11.42 that r does not 
have a vertical asymptote. 



Figure 11.42: The rational function r(x) — \/(x 2 + 3) has no vertical asymptote 


Exercises and Problems for Section 11.4 

Skill Refresher 


For Exercises SI-S5, perform the operations. Express answers S5. 
in reduced form. 


ci 6 7 

SI. - + - 

y y 
L _ 2l 

X X 2 


S3. 


2x — 4 


S2. J4 + - 14 


2x — 2 


S4. 


12 


x- + 5x + 6 x + 3 


18 


(x — 2) 2 (x + 1) (x — 2) 

In Exercises S6-S9, simplify, if possible. 

(w + 2)/2 
w+ 2 


S6. 

1 /(x + y) 
x + y 

S7. 

S8. 

a 1 - b 2 
a 2 + b 2 

S9. 


I — X~“ 


Exercises 


Are the functions in Exercises 1-7 rational functions? If so, In Exercises 13-16, using what you know about the long-run 
write them in the form p{x)/q{x), the ratio of polynomials. behavior of a rational function, match the function to one of 

the graphs in Figures (I)-(IV). Explain your reasoning. 


5. fix) = 
7. /(*) = 


x + 2 

x 2 - I 

2. fix) = 

4 X + 3 

3* - 1 

£1 + 1 

4. fix) = 

x 4 + 3* - 

2 x 

x 2 

\/x + 1 
x + 1 

9x - 1 ! 5x' 

6. fix) = 

^ + 1 
2x 2 6 

4\/x + 7 * : ~1 




lowing functions: 

x 2 + 1 

/m= — 


x+i 


X" + 1 . x 3 + 1 Uf \ 

gix) = —— h{x) = —— 
x 2 + 5 x 2 + 5 


In Exercises 9-12, determine the long-run behavior of the ra¬ 
tional function. 


9. 

11 . 



3x 2 + 1 


x- 1 


1 + x 

10. *i + * n 

' y X 2 + 1 

(x + 3)(x — 2) 

x + 2 x + 1 

(x + 3)(2x + 1) 

x + 1 x + 2 

x 3 — 1 

. ^ 3x — 4 

n i ^X + 1 

* = * + 4x — 3 

,5 ' 

16. y =- r 

(3x + l)(2x - 5) 

x — 1 
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Evaluate the limits in Exercises 17-20. 


17 . 

lim(2x" 3 +4) 

X—*-oo 

18 . 

19 . 

.. 4x + 3x 2 
lim —-- 

x^co 4x 2 + 3x 

20 . 


3x 2 


a-— oo 2x 2 + 5x 3 


Find the horizontal asymptote, if it exists, of the functions in 
Exercises 21-23. 

21 . h(x) = 3 - - + — 

X X + 1 

22. f(,x) = — 

1 + - 

X 


23 . g(x) 


(1 -x)(2 + 3x) 
2x 2 + 1 


Problems 


24 . Let r(x) = p(x)/q(x), where p and q are polynomials of 
degrees m and n , respectively. What conditions on m and 
n ensure that the following statements are true? 

(a) lim r{x) = 0 

X— 1 ’CO 

(b) lim r(x) = k, with k ^ 0. 

X —too 

25 . Find a formula for /“ 1 (x) given that 


30 . A small printing house agrees to publish a book of po¬ 
ems illustrated by its author. The printing house plans to 
recover its investment of $80,000 and make a profit of 
$40,000. The price of the book will depend on the num¬ 
ber of copies they expect to sell. 

(a) Fill in the table with the price per copy for each pro¬ 
jected sales figure. 


/(*) 


4 - 3x 
5x — 4 


26. Give examples of rational functions with even symmetry, 
odd symmetry, and neither. How does the symmetry of 
/(x) = p(x)/q(x) depend on the symmetry of p(x) and 
q{x)l 

27. Let t be the time in weeks. At time t = 0, organic waste is 
dumped into a pond. The oxygen level in the pond at time 
t is given by 


Assume /(0) = 1 is the normal level of oxygen. 

(a) Graph this function. 

(b) Describe the shape of the graph. What is the signifi¬ 
cance of the minimum for the pond? 

(c) What eventually happens to the oxygen level? 

(d) Approximately how many weeks must pass before 
the oxygen level returns to 75% of its normal level? 

28. The population of Mathville has been increasing since 
2010 when it was 12,000. If the population t years after 
2010 is 

p(t) = 2o( ^ + ^ 'j thousand, 

V 2r + 5 / 

when will the population of Mathville reach 20,000? 
When will it reach 50,000? 

29. A car is driven for 60 miles. The first 10 miles are through 
a large city at a speed of 40 mph; once out of the city, a 
speed of V mph is maintained. 

(a) Calculate the average speed for the 60-mile trip. 

(b) If you want to average 60 mph for the trip, how fast 
need you go during the last 50 miles? 


Number of copies sold 

1000 

2000 

4000 

6000 

Price per copy 






(b) Give a formula for the price per copy, p, as a function 
of projected sales, s. 

(c) Graph the function p = f(s). 

31 . A chemist is studying the properties of a bronze alloy 
(mixture) of copper and tin. She begins with 2 kg of an 
alloy that is one-half tin. Keeping the amount of copper 
constant, she adds small amounts of tin to the alloy. Let¬ 
ting x be the total amount of tin added, define 


C(x) = Concentration of tin = 


Total amount of tin 
Total amount of alloy 


(a) Find a formula for C(x). 

(b) Evaluate C(0.5) and C(-0.5). Explain the physical 
significance of these quantities. 

(c) Graph y = C(x), labeling all interesting features. De¬ 
scribe the physical significance of the features you 
have labeled. 


32 . Bronze is an alloy, or mixture, of copper and tin. The al¬ 
loy initially contains 3 kg copper and 9 kg tin. You add x 
kg of copper to this 12 kg of alloy. The concentration of 
copper in the alloy is a function of x: 

Total amount of copper 

f (x) = Concentration of copper = - 

Total amount ol alloy 

(a) Find a formula for / in terms of x, the amount of 
copper added. 
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(b) Evaluate the following expressions and explain their 
signifieanee for the alloy: 

(i) ,/'p) (ii) /(()) (iii) /(-1) 

(iv) (vi /-'(()) 

(c) Graph fix) for —5 < JJ < 5, —0.25 < y < 0.5. 
Interpret the intereepts in the context of the alloy. 

(d) Graph fix) for -3 < .v < 100. 0 < y < 1. 
Describe the appearance of your graph for large x- 
values. Does the appearance agree with what you 
expect to happen when large amounts of copper are 
added to the alloy? 

33. An alcohol solution consists of 5 gallons of pure water 
and a* gallons of alcohol, .v > 0. Let fix) be the ratio of 
the volume of alcohol to the total volume of liquid. [Note 
that f(x) is the concentration of the alcohol in the solu¬ 
tion.! 

(a) Find a possible formula for fix). 

(b) Evaluate and interpret fil) in the context of the mix¬ 
ture. 

(c) What is the zero of /? Interpret your result in the 
context of the mixture. 

(d) Find an equation for the horizontal asymptote of / . 
Explain its significance in the context of the mixture. 

34. The total cost C(n) for a producer to manufacture n units 
of a good is given by 

C(/i) - 5000 + 50m 

The average cost of producing n units is a{n) - C(n)/n. 

(a) Evaluate and interpret the economic significance of: 

(i) C(i) (ii) C(100) 

(iii) C(1000) (iv) C( 10000) 

(b) Evaluate and interpret the economic signifieanee of: 

(i) a( 1) (ii) </(100) 

(iii) tf(K)OO) (iv) a{ 10000) 

(c) Based on part (b), what trend do you notice in the 
values of a{n) as n gels large? Explain this trend in 
economic terms. 

35. It costs a company $30,000 to begin production of a good, 
plus $3 for every unit of the good produced. Let x be the 
number of units produced by the company. 

(a) Find a formula for CU). the total cost for the produc¬ 
tion of x units of the good. 

(b) Find a formula for the company’s average cost per 
unit. fl(x). 

(c) Graph y = </(x) for 0 < x < 50,000, 0 < y < 10. 
Label the horizontal asymptote. 

(d) Explain in economic terms why the graph of a has 
the long-run behavior that it does. 

(e) Explain in economic terms why the graph of a has 
the vertical asymptote that it does. 


(f) Find a formula for </ _1 (y). Give an economic inter¬ 
pretation of a-'ty). 

(g) The company makes a profit if the average cost of 
its good is less than $5 per unit. Find the minimum 
number of units the company can produce and make 
a profit. 

36. Figure 1 1.43 shows the cost function, C(n), from Prob¬ 
lem 34, and a line, /, that passes through the origin. 

(a) What is the slope of line /? 

(b) How does line / relate to <!(%), the average cost of 
producing /?„ units (as defined in Problem 34)? 



Figure 11.43 


37. Typically, the average cost of production (as defined in 
Problem 34) decreases as the level of production in¬ 
creases. Is this always the case for the goods whose total 
cost function is graphed in Figure 11.44? Use the result 
of Problem 36 and explain your reasoning. 



38. Find a rational function of the form 


whose values equal those of f(x) — e x at x = 0 and 
x — \. Plot and compare your approximation on the in¬ 
terval (0, 1) and comment on the result. 
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11.5 THE SHORT-RUN BEHAVIOR OF RATIONAL FUNCTIONS 


The short-run behavior of a polynomial can often be determined from its factored form. The same 
is true of rational functions. If r is a rational function given by 

r(x) — p, q polynomials, 

q(x) 

then the short-run behaviors of p and q tell us about the short-run behavior of r. 

The Zeros and Vertical Asymptotes of a Rational Function 

A fraction is equal to zero if and only if its numerator equals zero (and its denominator does not 
equal zero). Thus, the rational function r(x) = p{x)/q{x) has a zero wherever p has a zero, provided 
q does not have a zero there. 

Just as we can find the zeros of a rational function by looking at its numerator, we can find 
the vertical asymptotes by looking at its denominator. A rational function is large wherever its de¬ 
nominator is small. This means that r has a vertical asymptote wherever its denominator has a zero, 
provided its numerator does not also have a zero there. 


Example 1 

Solution 


x + 3 — 0 
x = —3. 

The only zero of r is x — -3. To check, note that r(-3) = 0/(-1) = 0. 

The denominator, jc -I-2, has a zero at jc = -2, so the graph of r(x) has a vertical asymptote there. 
The numerator, x + 3, is positive both to the left and to the right of x = — 2. Thus, as x approaches 
—2 from the left, where x + 2 is negative, r(x) tends toward -oo. As x approaches -2 from the right, 
where x -I- 2 is positive, r(x) tends toward oo. 


Find the zeros and vertical asymptotes of the rational function r(x) = 


x + 3 
x -l- 2 


We see that r(x) = 0 if 


x + 3 

x + 2 


= 0 . 


This ratio equals zero only if the numerator is zero (and the denominator is not zero), so 


Example 2 
Solution 


Graph r(x) =-showing all the important features. 

(x + 2)(x-3) 2 

Since the numerator of this function is never zero, r has no zeros, meaning that the graph of r never 
crosses the x-axis. The graph of r has vertical asymptotes at x = —2 and x = 3 because this is where 
the denominator is zero. What does the graph of r look like near its asymptote at x = -2? At x = -2, 
the numerator is 25 and the value of the factor (x - 3) 2 is (-2 - 3) 2 = 25. Thus, near x = —2, 

r(x) = 25 ~ 25 = 1 

rU (x + 2)(x - 3) 2 * (x + 2)(25) x + 2' 

So, near x — -2, the graph of r looks like the graph of y = l/(x + 2). Note that the graph of 
y = 1 j(x + 2) is the graph of y — 1/x shifted to the left by 2 units. We see that as x approaches -2 
from the left r(x) tends toward -oo and as x approaches —2 from the right r(x) tends toward oo. 
Alternatively, we can write this using limit notation as 

lim r(x) = —oo and lim r(x) = oo. 
x->-2” x—»--2 + 


















y 
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Figure 11.45: The rational function r resembles the 
shifted power function I /(x + 2) near the 
asymptote at x = — 2 


Figure 11.46: The rational function r 
resembles the shifted power function 
5/(x - 3) 2 near the asymptote at x = 3 


What does the graph of r look like near its vertical asymptote at x = 3? Near x = 3, the 
numerator is 25 and value of the factor (x + 2) is approximately (3 + 2) = 5. Thus, near x = 3, 


(5)0-3)2 (*-3) 2 ‘ 

Near x = 3, the graph of r looks like the the graph of y = 5/(x - 3) 2 . We see that r(x) oo as 
x 3, in other words 

lim r(x) = oo. 
x-+3 

The graph of y — 5/(x - 3) 2 is the graph of y = 5/x 2 shifted to the right 3 units. Since 


K 0) = 


25 

(0 + 2)(0 - 3) 2 


25 

18 


1.4, 


the graph of r crosses the y-axis at 25/18. The long-run behavior of r is given by the ratio of the 
leading term in the numerator to the leading term in the denominator. The numerator is 25, and if 
we multiply out the denominator, we see that its leading term is x 3 . Thus, the long-run behavior of 
r is given by y = 25/x 3 , which has a horizontal asymptote at y = 0. See Figure 11.47. We see that 
r(x) 0 as x ±oo. Using limit notation, we have 


lim r(x) = 0. 

X-+ + 00 


y 



25 

(x + 2)(x-3) 2 ’ 


Figure 11.47: A graph of the rational function r(x) = 


showing intercepts and asymptotes 
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The Graph of a Rational Function 


We can now summarize what we have learned about the graphs of rational functions. 


If r is a rational function given by r(x) = -, where p and q are polynomials with different 

q(x) 

zeros, then: 

• The long-run behavior and horizontal asymptote (if any) of r are given by the ratio of 
the leading terms of p and q. 

• The zeros of r are the same as the zeros of the numerator, p. 

• The graph of r has a vertical asymptote at each of the zeros of the denominator, q. 


If p and q have zeros at the same x-values, the rational function may behave differently. See the 
discussion about holes in graphs on page 467. 

Can a Graph Cross an Asymptote? 

The graph of a rational function never crosses a vertical asymptote. However, the graphs of some 
rational functions cross their horizontal asymptotes. The difference is that a vertical asymptote occurs 
where the function is undefined, so there can be no y -value there, whereas a horizontal asymptote 
represents the limiting value of the function as x -> ±oo. There is no reason that the function cannot 

x“ -i- 2x — 3 

take on this limiting y-value for some finite x-value. For example, the graph of r(x) = -- 

x 2 

crosses the line y — 1, its horizontal asymptote; the graph does not cross the vertical asymptote, the 
y-axis. See Figure 11.48. 


y 



Figure 11.48: A rational function can cross its horizontal asymptote 


Rational Functions as Transformations of Power Functions 


The average cost function on page 457 can be written as 


a(q) = 


2,500,000+ 2QOO<7 

q 


2,500,000c/ -1 + 2000. 


Thus, the graph of a(q) is the graph of the power function y = c/ -1 stretched vertically by a factor of 
2,500,000 and shifted upward 2000 units. Many rational functions can be viewed as transformations 
of power functions. 


Finding a Formula for a Rational Function from its Graph 

The graph of a rational function can give a good idea of its formula. Zeros of the function correspond 
to factors in the numerator and vertical asymptotes correspond to factors in the denominator. 


Example 3 Find a possible formula for the rational function, g(x), graphed in Figure 11.49. 











11.5 THE SHORT-RUN BEHAVIOR OF RATIONAL FUNCTIONS 467 


>’ 



Figure 11.49: The graph of y = g(x), a rational function 


Solution 


From the graph, we see that g has a zero at x = -1 and a vertical asymptote at x = -2. This means 
that the numerator of g has a zero at x = — 1 and the denominator of g has a zero at x = -2. The zero 
of g does not seem to be a multiple zero because the graph crosses the x-axis instead of bouncing 
and does not have a flattened appearance. Thus, we conclude that the numerator of g has one factor 
of (x + I). 

The values ofg(x) have the same sign on both sides of the vertical asymptote. Thus, the behavior 
of g near its vertical asymptote is more like the behavior of y = 1 /(x + 2) 2 than like y = 1 /(x + 2). 
We conclude that the denominator of g has a factor of (x + 2) 2 . This suggests 


g(x) = k • 


x + 1 
(x + 2) 2 ’ 


where k is a stretch factor. To find the value of A:, use the fact that g(0) - 0.5. So 


0.5 = k ■ 


0 + 1 
(0 + 2) 2 


0.5 = k • - 
4 

k = 2. 


Thus, a possible formula for g is g(„v) = 


2(-v+ 1) 
(.v + 2) 2 ' 


When Numerator and Denominator Have the Same Zeros: Holes 


The rational function h(x) = 


x 2 + x - 2 . 


x- 1 


is undefined at x — 1 because the denominator equals zero 


at x = 1. However, the graph of h may not have a vertical asymptote at x = 1 because the numerator 
of h also equals zero at x = 1. At x = 1, this function is undefined since 


Ml) = 


x 2 + x- 2 1 2 ~h 1 — 2 


0 

O' 


x- 1 1-1 

What does the graph of h look like? Factoring the numerator of h gives 

(X- l)(x + 2) x — l , 

h(x) - ---=-r(x + 2). 

x - 1 x — 1 

For any x ^ 1, we can cancel (x - 1) top and bottom and rewrite the formula for h as 


h(x) = x + 2, provided x ^ 1. 
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Thus, the domain of h(x) is all x except x = 1. The graph of h is the line y = x + 2 except at x — 1 , 
where h is undefined. The line y = x + 2 contains the point (1,3), but the graph of h does not. 
Therefore, we say that the graph of h has a hole in it at the point (1,3). See Figure 11.50. 


y 



Figure 11.50: The graph of y — h{x) is the line y = x + 2, except at the point (1,3), where it has a hole 

Exercises and Problems for Section 11.5 

Exercises 


1. Without a calculator, match the functions (a)-(f) with 
their graphs in (i)-(vi) by finding the zeros, asymptotes, 
and end behavior for each function. 


-1 , 

(b) 


x - 2 

(x - 5) : 

(x+ 1)(x-3) 

2x + 4 

(d) 

y = 

1 1 

x - 1 

j 

X + 1 x — 3 

1 -x 2 
x — 2 

(f) 

y = 

1 -4* 

2x + 2 


2. Let G{x) = -. 

x + 4 

(a) Complete Table 11.8 for x-values close to —4. What 
happens to the values of G(x) as x approaches -4 
from the left? From the right? 


Table 11.8 


X 

-5 

-4.1 

-4.01 

-4 

-3.99 

-3.9 

-3 

G(x) 










(b) Complete Tables 11.9 and 11.10. What happens to 
the values of G(x) as x takes very large positive val¬ 
ues? As x takes very large negative values?' 


Table 11.9 


X 

5 

10 

100 

1000 

G(x) 






Table 11.10 


X 

-5 

-10 

-100 

-1000 

G(x) 






(c) Without a calculator, graph y — G(x). Give equa¬ 
tions for the horizontal and vertical asymptotes. 


Let g(x) = 


1 

(x + 2F ’ 


(a) Complete Table 11.11 for x-values close to —2. What 
happens to the values of g(x) as x approaches —2 
from the left? From the right? 




























































11.5 THE SHORT-RUN BEHAVIOR OF RATIONAL FUNCTIONS 469 


Table 11.11 


X 

-3 

-2.1 

-2.01 

-2 

-1.99 

-1.9 

-I 










(b) Complete Tables 11.12 and 11.13. What happens to 
the values of g(x) as x takes very large positive val¬ 
ues? As x takes very large negative values? 


Table 11.12 


X 

5 

10 

100 

1000 

gU) 






Table 11.13 


X 

-5 

-10 

-100 

-1000 

gU) 






(c) Without a calculator, graph y = g(x). Give equations 
for the horizontal and vertical asymptotes. 


For the rational functions in Exercises 4-7, find all zeros and 
vertical asymptotes and describe the long-run behavior, then 
graph the function. 


4. y = 


6. v = 


A- -4 

A' 2 - 9 

A- + 3 
x + 5 


5. y = 
7. y = 


x 2 — 4 
A' - 9 

A- + 3 
{X 4- 5) 2 


In Exercises 8-11, what are the A-intercepts, ^-intercepts, and 
horizontal and vertical asymptotes (if any)? 


8. h{x) = 
10 . fix) = 


x 2 - 4 
a'- 1 4- 4a' 2 

a-2 


A--4 


9. k (a) — 
11. j¥(-v) = 


A(4 - X) 

X 2 - 6x + 5 

x 2 - 9 


x 2 + 9 


Problems 


In Problems 12-13, estimate the one-sided limits: 
(a) lim f{x) (b) lim fix) 

x—a + -V — a 


12 . f(x) = ——— with a = 5 

5 — x 

13 . f(x) = 5 ~ X , with a = 2 

(x - 2)- 


In Problems 14-15, 

(a) Estimate lim/(x) and lim fix), 

X — oo A —- — CO 

(b) What does the vertical asymptote tell you about limits? 


14 . > 



oo 


, J 



-7 -2 


3 

1 -2 


15 . y 



16 . Let /(x) = x 2 — 4, g(x) = x 2 + 4, and / 2 (x) = x + 5. With¬ 
out a calculator, match the functions in (a)-(f) to the de¬ 
scriptions in (i)-(viii). Some of the functions may match 
none of the descriptions. 


(a) 

(d) 

(g) 


_ fix) 
y gix) 

y = /(-) 

X 

^ Six) 


(b) y 
(e) y 


Six) 

fix) 

#(*) 

h(x) 


(c) 

(f) 


y = 

y = 


hjx) 
fix ) 

/i(x 2 ) 

h(x) 


(h) y = fix)-g(x) 


(i) Horizontal asymptote at y = 0 and one zero at 
x = —5. 


(ii) No horizontal asymptote, no zeros, and a vertical 
asymptote at x = —5. 

(iii) Zeros at x = — 5. x = -2, and x = 2. 

(iv) No zeros, a horizontal asymptote at y = 0, and a ver¬ 
tical asymptote at x = —5. 

(v) Two zeros, no vertical asymptotes, and a horizontal 
asymptote at y = 1. 

(vi) No zeros, no vertical asymptotes, and a horizontal 
asymptote at y = 1. 

(vii) Horizontal asymptote at y - -4. 

(viii) No horizontal asymptotes, two zeros, and a vertical 
asymptote at x = —5. 


17 . Suppose that n is a constant and that fix) is a function 
defined when x = n. Complete the following sentences. 

(a) If f{n) is 1 arize, then —!— is ... 

fin) 

(b) If fin) is small, then —— is ... 

fin) 

(c) If f(n) = 0, then —!— is ... 

fin) 

(d) If fin) is positive, then -is ... 

fin) 

(e) If f{n) is negative, then-is ... 

fin) 

18 . (a) Use the results of Problem 17 to graph y — l//(x) 

given the graph of y = fix) in Figure 11.51. 

(b) Find a possible formula for the function in Fig¬ 
ure 11.51. Use this formula to check your graph for 
part (a). 
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Problems 26-29 give values of transformations of either y — 
1/x or y = 1/x 2 . In each case 

(a) Determine if the values are from a transformation of 
y = 1/x or y = 1/x 2 . Explain your reasoning. 

(b) Find a possible formula for the function. 


Figure 11.51 


19. Use the graph of / in Figure 11.52 to graph 
(a) y = —f (—x) + 2 (b) y=~ 



Problems 20-22 show a transformation of y = 1/x. 

(a) Find a possible formula for the graph. 

(b) Write the formula from part (a) as the ratio of two linear 
polynomials. 

(c) Find the coordinates of the intercepts of the graph. 



22. y 



Each of the functions in Problems 23-25 is a transformation of 
y = \/x p . For each function, determine p, describe the trans¬ 
formation in words, and graph the function, labeling any inter¬ 
cepts and asymptotes. 

f(x) = ~~2 + 4 24. g (x) = -^-3 

25. AM-^ + y^+2 


26. 


X 

y 

-1000 

1.000001 

-100 

1.00001 

-10 

1.01 

10 

1.01 

100 

1.0001 

1000 

1.000001 


X 

y 

1.5 

-1.5 

1.9 

-9.5 

1.95 

-19.5 

2 

Undefined 

2.05 

20.5 

2.1 

10.5 

2.5 

2.5 


28. 


X 

y 

2.7 

12.1 

2.9 

101 

2;95 

401 

3 

Undefined 

3.05 

401 

3.1 

101 

3.3 

12.1 


X 

y 

-1000 

0.499 

-100 

0.490 

-10 

0.400 

10 

0.600 

100 

0.510 

1000 

0.501 


Graph the functions in Problems 30-31 without a calculator. 


30. y = 2+- 

X 


31. 


2x 2 - 10x + 12 
x 2 - 16 


Find possible formulas for the functions in Problems 32-37. 
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38. The graph of fix) = —- ^ X is a line with a hole 

in it. What is the equation of the line? What are the coor¬ 
dinates of the hole? 


39. The graph of g(.v) 


+ 5a -t- a + 5 


is a parabola with 


a hole in it. What is the equation of the parabola? What 
are the coordinates of the hole? 


40. Write a formula for a function, h(x), w hose graph is iden¬ 
tical to the graph of y = a\ except that the graph of h has 
a hole at (2, 8). Express the formula as a ratio of two poly¬ 
nomials. 


In Problems 45—4-7. lind a possible formula for the rational 
functions. 

45. This function has zeros at a = 2 and a = 3. It has a ver¬ 
tical asymptote at a = 5. It has a horizontal asymptote of 
y = -3. 

46. The graph of y = c'(x) has two vertical asymptotes: one at 
a = -2 and one at a = 3. It has a horizontal asymptote of 
y = 0. The graph of g crosses the A-axis once, at a = 5. 


In Problems 41-44, the numerator and denominator share 
common zeros. Does the graph have a vertical asymptote or 
a hole at these values of a? 


47. The graph of v = h{ a) has two vertical asymptotes: one at 
a = —2 and one at a = 3. It has a horizontal asymptote of 
y = 1. The graph of h touches the A-axis once, at a = 5. 


41. y = 


A - 1 

A'“ - 4 A + 3 


43. y 


A“ + 5 A + 6 
(A+ 2)- 


42. 


a 2 + 4a + 4 
a 2 4- 3a 4- 2 


44. y = 


a - 3 

A 2 - 6A + 9 


48. Cut four equal squares from the corners of a 8.5" X 1 1" 
piece of paper. Fold up the sides to create an open box. 
Find the dimensions of the box with the maximum vol¬ 
ume per surface area. 


11.6 COMPARING POWER, EXPONENTIAL, AND LOG FUNCTIONS 


In preceding chapters, we encountered exponential and logarithmic functions. In this section, we 
compare the long- and short-run behaviors of these functions and power functions. 


Comparing Power Functions 


For power functions y = kx p with p a positive integer for large a, the higher the power of a, the 
faster the function climbs. See Figure 11.53. Not only are the higher powers larger, but they are 
much larger. This is because if a = 100, for example, I00 5 is one hundred times as big as 100 4 , 
which is one hundred times as big as 100 3 . As a gets larger, any positive power of a grows much 
faster than all lower powers of a. Wc say that, as a —► oo, higher powers of a dominate lower powers. 

As a approaches zero, the situation is reversed. Figure 11.54 is a close-up view near the origin. 
For a between 0 and 1, a 3 is bigger than a 4 , which is bigger than a 5 . (Try a = 0.1 to confirm this.) 
For values of a near zero, smaller powers dominate. 



Figure 11.53: For large a: Large powers of a 
dominate 


y 


x 



A"" 1 



Figure 11.54: For 0 < a < 1: Small powers of x 
dominate 
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In Chapter 6 we saw the effect of k on the graph of /(x) = kx p . The coefficient k stretches or 
compresses the graph vertically; if k is negative, the graph is reflected across the x-axis. How does 
the value of k affect the long-term growth rate of /(x) == kx p 2 Is the growth of a power function 
affected more by the size of the coefficient or by the size of the power? 


Example 1 


Let /(x) = 100x 3 and g(x) = x 4 for x > 0. Compare the long-term behavior of these two functions 
using graphs. 


Solution For x < 1 0, Figure 11.55 suggests that / is growing faster than g and that / dominates g. Eventually, 
however, the fact that g has a higher power than / asserts itself. In Figure 11 .56, we see that g(x) 
has caught up to f(x ) at x = 100. In Figure 1 1.57, we see that for x > 100, values of g are larger 
than values of /. 

Could the graphs of / and g intersect again for some value of x > 100? To show that this cannot 
be the case, solve the equation g(x) = /(x): 

x 4 = 100x 3 
x 4 - 100x 3 = 0 
x 3 (x - 100) = 0. 


Since the only solutions to this equation are x — 0 and x = 100, the graphs of / and g do not cross 
for x > 100. 


f(x) = 100x 3 




g(x) 



Figure 11.55: On this interval, / climbs 
faster than g 


Figure 11.56: On this interval, g 
catches up to / 


Figure 11.57: On this interval, g ends up 
far ahead of / 


When comparing power functions with positive coefficients, higher powers dominate. 


Comparing Exponential Functions and Power Functions 

Both power functions and exponential functions can increase at phenomenal rates. For example, 
Table 11.14 shows values of / (x) = x 4 and g(x) = 2 X . 

Table 11.14 The exponential function g(x) = 2 X eventually 
grows faster than the power function f(x) = x 4 


X 

0 

5 

10 

15 

20 

f(x) = X 4 

0 

625 

10,000 

50,625 

160,000 

g(x) = 2* 

1 

32 

1024 

32,768 

1,048,576 


Despite the impressive growth in the value of the power function /(x) — x 4 , in the long run 
g(x) = 2 X grows faster. By the time x = 20, the value of g(20) = 2 20 is over six times as large as 
/(20) = 20 4 . Figure 11.58 shows the exponential function g(x) — 2 X catching up to /(x) — x 4 . 

But what about a more slowly growing exponential function? After all, y = 2 X increases at a 
100% growth rate. Figure 11.59 compares y = x 4 to the exponential function y = 1.005*. Despite 
the fact that this exponential function creeps along at a 0.5% growth rate, at around x = 7000, it 
overtakes the power function. In summary. 
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Figure 11,58: The exponential function 
y = 2 X dominates the power function 
y = x 4 



Figure 11.59: The exponential function 
y = 1.005* dominates the power 
function y = x 4 


Any positive increasing exponential function eventually grows faster than any power function. 


Decreasing Exponential Functions and Decreasing Power Functions 


Just as an increasing exponential function eventually outpaces any increasing power function, an 
exponential decay function wins the race toward the x-axis. In general: 


Any positive decreasing exponential function eventually approaches the horizontal axis faster 
than any positive decreasing power function. 


For example, let’s compare the long-term behavior of the decreasing exponential function y = 
0.5* with the decreasing power function y = x” 2 . By rewriting 


y= 05X = {\) x = t* and y=x ~ 2 = h 


we can see the comparison more easily. In the long run, the smallest of these two fractions is the 
one with the largest denominator. The fact that 2* is eventually larger than x 2 means that 1 /2 X is 
eventually smaller than 1 /x 2 . 

Figure 11.60 shows y = 0.5* and y = x" 2 . Both graphs have the x-axis as a horizontal asymp¬ 
tote. As x increases, the exponential function y = 0.5* approaches the x-axis faster than the power 
function y = x~ 2 . Figure 11.61 shows what happens for large values of x. The exponential function 
approaches the x-axis so rapidly that it becomes invisible compared to y = x“ 2 . 




Figure 11.60: Graphs of y- x~ 2 and 
y = 0.5* 


Figure 11.61: Graphs of y = x" 2 and 
y = 0.5* 
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Comparing Log and Power Functions 

Power functions like y = x 1 / 2 and y = x 1,/3 grow quite slowly. However, they grow rapidly in 
comparison to log functions. In fact: 


Any positive increasing power function eventually grows more rapidly than y — logx and 
y = In x. 


For example, Figure 11.62 shows the graphs of y = x 1 / 2 and y = log x. The fact that exponential 
functions grow so fast should alert you to the fact that their inverses, the logarithms, grow very slowly. 
See Figure 1 1.63. 



y y=\ O' 



Figure 11.62: Graphs of y = x‘/= and y = log x Fi S ure 1,63 Gr fP hs of V = 10 '> V = ^ 

y — x 1 / 2 , y = In x, and y — log x 


Exercises and Problems for Section 11.6 

Exercises 


1. Without a calculator, match the following functions with 
the graphs in Figure I 1.64. 

(i) y — x 5 (ii) y = x 2 (iii) y = x (iv) y = x 3 



y 


A B 


C 

D 

x 



Figure 11.65 


Can the formulas in Exercises 3-8 be written in the form of an 
exponential function or a power function? If not, explain why 
the function does not fit either form. 


Figure 11.64 


3. p(x) = (5 X ) 2 


4. q(x) — 5 (Jr> 


2. Without a calculator, match the following functions with 
the graphs in Figure 11.65. 

(i) y = x 5 (ii) y = x 2 (iii) y = x (iv) y = x 1 


5. m(x) = 3(3x+ l) 2 
7. r(x) = 2 ■ i~ 2x 


6. n(x) = 3 • 2 ix+l 


8 . 
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9. Let /(a) — 3 A and #(a) = a* 3 . 

(a) Complete the following table of values: 


X 

-3 

-2 

-1 

0 

1 

2 

3 

fix) 








g(x) 









(b) Describe the long-run behaviors of / and g as a 
-oo and as a —► +oo. 

Problems 


In Exercises 10-13, which function dominates as a —> oo? 

10. y — ax 3 , y = hx~ , a, b > 0 

11. y = 7(0.99 ) A , y = bx* 5 

12. y = 4e\ y = 2x 5i) 

13. y = 50a 1 1 , y= 1000a 1 os 


14. Match the graphs in Figure 11.66 with the functions y — 

Aa 9 / 16 , y = kx* /H , y — kx 5/1 < y — Aa 3 ^ 11 . 


y 



y 



17. The functions y = a -3 and y = 3~ x both approach zero as 
a —► oo. Which function approaches zero faster? Support 
your conclusion numerically. 

18. The functions y — a -3 and y = e~ x both approach zero as 
a —> oo. Which function approaches zero faster? Support 
your conclusion numerically. 

19. Let /(a) = a a . Is / a power function, an exponential 
function, both, or neither? Discuss. 


15. (a) Match the functions /(a) = a 2 ,£(a) = 2a : , and 
h{ a) = a 3 to their graphs in Figure 11.67. 

(b) Do graphs A and B intersect for a > 0? If so, for 
what value(s) of a? If not, explain how you know. 

(c) Do graphs C and A intersect for a > 0? If so, for 
what value(s) of a? If not, explain how you know. 


y 



l 

Figure 11.67 


In Problems 20-22, find a possible formula for / if / is 

(a) Linear (b) Exponential (c) Power function. 

20. /(1)= 18 and /(3) = 1458 

21. /(1)= 16 and /(2) = 128 

22. /(-1)= - and /(2) = 48 

23. Data from four functions are in Tables 11.15-11.18. One 
function is linear, one is logarithmic, and the other two 
are power functions (one cubic and one quadratic). Find 
a formula for each function, and explain how you made 
your choices. 


Table 11.15 Table 11.16 


X 

j( x) 

X 

k(x) 

1.8 

1.75 

2.8 

0.36 

2.2 

3.19 

3.0 

0.60 

2.6 

5.27 

3.2 

0.84 

3.0 

8.10 

3.4 

1.08 

3.4 

11.79 

3.6 

1.32 


16. In Figure 11.68, find the values of m, r, and k. 
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Table 11.17 Table 11.18 38. 


X 

m(x ) 

X 

fix) 

0.2 

-0.699 

-4.0 

6.4 

0.6 

-0.222 

-2 

1.6 

1.0 

0.00 

0 

0 

1.4 

0.146 

2 

1.6 

1.8 

0.255 

4 

6.4 


A woman opens a bank account with an initial deposit of 
$1000. At the end of each year thereafter, she deposits an 
additional $1000. 

(a) The account earns 67< annual interest, compounded 
annually. Complete Table 11.20. 

(b) Does the balance of this account grow linearly, ex¬ 
ponentially, or neither? Justify your answer. 


Table 11.20 


24. Table 11.19 gives approximate values for three functions, 
/, g, and h. One is exponential, one is trigonometric, and 
one is a power function. Determine which is which and 
find possible formulas for each. 


Table 11.19 


X 

-2 

-1 

0 

1 

2 

/(*) 

4 

2 

4 

6 

4 

g(x) 

20.0 

2.5 

0.0 

-2.5 

-20.0 

h(x) 

1.33 

0.67 

0.33 

0.17 

0.08 


25. (a) Given t(x) = x 2 and r(x) = 40x 3 , find v such that 
t(o) = r(u). 

(b) For 0 < x < t\ which is greater, t(x) or r(x)? 

(c) For x > v, which is greater, fix) or r(x)7 

What is the long-run behavior of the functions in Problems 26- 
37? 


Years 

elapsed 

Start-of-year 

balance 

End-of-year 

deposit 

End-of-year 

interest 

0 

$1000.00 

$1000 

$60.00 

1 

$2060.00 

$1000 

$123.60 

2 

$3183.60 

$1000 


3 


$1000 


4 


$1000 


5 


$1000 



39. The annual percentage rate (APR) paid by the account in 
Problem 38 is a*, where r does not necessarily equal 67c. 
Define p n {r ) as the balance of the account after n years 
have elapsed. (For example, p-,(0.06) = $3183.60, be¬ 
cause, according to Table 1 1.20, the balance after 2 years 
is $3183.60 if the APR is 67c.) 

(a) Find formulas for p 5 {r) and p lQ (r). 

(b) What is APR if Lhe woman in Problem 38 has 
$10,000 in 5 years? 


26. 


x 2 + 5 

27. y = 

5 — t 2 

40. Values of / and g are in 

Tables 

11.21 and 11.22. One 

y — 

X 8 

(7 + / + \fj)t 5 

function is of the form y = a * d p f q wiLh p > q\ the other 
is of the form y = b ■ d p!q with p < q. Which is which? 

28. 


2 / -F 7 

29. >> = 

3" 

Flow can you tell? 





y — 

5'+ 9 

4 ! + 7 







30. 

y = 

x(x + 5)(x - 7) 

4 + x 2 

In x 

31. y = 

2 X + 3 

x 2 + 5 

Table 11.21 








e' + I 2 

d 

2 

2.2 

2.4 

2.6 

2.8 

32. 


33. y = 

fid ) 

151.6 

160.5 

169.1 

177.4 

185.5 

y — 

\fx + 5 

In |/| 










34. 


e x — e~ x 

II 

r*l 

e x — e~ x 

Table 11.22 





y — 

2 

e x + e~ x 

d 

10 

10.2 

10.4 

10.6 

10.8 

36. 


e v + 5 

II 

e 2t 

g(d) 

7.924 

8.115 

8.306 

8.498 

8.691 

y = 

x m + 50 

-1- 5 








11.7 FITTING EXPONENTIALS AND POLYNOMIALS TO DATA 


In Section 1.6 we used linear regression to find the equation for a line of best fit for a set of data. In 
this section, we fit an exponential or a power function to a set of data. 






























































11.7 FITTING EXPONENTIALS AND POLYNOMIALS TO DATA 


The Spread of AIDS 

The data in Table 11.23 give the total number of deaths in the US from AIDS from 1981 to 1996. 11 
Figure 1 1.69 suggests that a linear function may not give the best possible fit for these data. 


Table 11.23 US deaths from AIDS . 
1981-96 


t 

N 

t 

N 

1 

159 

9 

90039 

2 

622 

10 

121577 

3 

2130 

11 

158193 

4 

5635 

12 

199287 

5 

12607 

13 

244885 

6 

24717 

14 

295303 

7 

41129 

15 

346420 

8 

62248 

16 

384445 


N (thousands) 
400 

300 

200 

100 


t (years 


3 6 9 12 15 since 1980) 

Figure 11.69: US deaths from AIDS, 1981-96 


Fitting an Exponential 

We first fit an exponential function to the data in Table 11.23: 

N = ae kt . 

where N is the total number of deaths t years after 1980. Using exponential regression on a calculator 
or computer, we obtain 14 

N « 626<? a47 '. 

Figure 11.70 shows how the graph of this formula fits the data points. 

Fitting a Power Function 

Now we fit the AIDS data with a power function of the form 

N = at ! \ 

where a and p are constants. Some scientists have suggested that a power function may be a better 
model for the growth of AIDS than an exponential function. 15 Using power function regression on 
a calculator or a computer, we obtain 

TV * 106r 5 009 . 


Figure 11.70 shows the graph of this power function with the data. 


Which Function Best Fits the Data? 


Both the exponential function 


N = 626e 047 ' 


and the power function 

N = 106 t iom 

13 www.cdc.gov. Accessed May 27, 2014. 

14 Caiculator and computer answers lor exponential regression may vary slightly due to different algorithms used. 

15 Stirling A. Colgate, E. Ann Stanley, James M. Hyman. Scott P. Layne, and Clifford Qualls, “Risk behavior-based model 
of the cubic growth of acquired immunodeficiency syndrome in the United States,” Proc. Natl. Acad. Sci. USA . Vol. 86, June 
1989, Population Biology. 
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fit the AIDS data reasonably well. By visual inspection alone, the power function arguably provides 
the better fit. If we fit a linear function to the original data we get 

A = -99176+ 26296r. 


Even this linear function gives a possible fit for t > 4, that is, for 1984 to 1996. (See Figure 11.70.) 


A, AIDS deaths 
(thousands) 

400 L N = 626e 0 47 ' / , 

/ • 

;• 

/ 

•/ 




A, AIDS deaths 
(thousands) 


16 


t (years) 



A,AIDS deaths 
(thousands) 

400 I 


t (years) 


A = —99176 + 26296/ 


/ • 
' • 




16 


r (years) 


Figure 11.70: The AIDS data since 1981 together with an exponential model, a power-function model, and a linear model 


Despite the fact that all three functions fit the data reasonably well up to 1996, it’s important to 
realize that they give wildly different predictions. If we use each model to estimate the total number 
of AIDS deaths by the year 2010 (when t = 30), the exponential model gives 

N = 626e (a47)3 ° a 832.006,134. about triple the US population; 

the power model gives 

N — 106(30) 3009 a 2,961,017, or about 1% of the US population; 


and the linear model gives 

A = -99176 + 26296 * 30 = 689,704, or about 0.22% of the US population. 


Which function is the best predictor of the future? To explore this question, let us add some 
more recent data to our previous data on AIDS deaths. See Table 11.24. 


Table 11.24 US deaths from AIDS, 
1997-2010 


t 

A 

t 

A 

17 

406,444 

24 

527,954 

18 

424,841 

25 

544,222 

19 

442,013 

26 

558,954 

20 

459,152 

27 

576,613 

21 

476,763 

28 

595,704 

22 

494,307 

29 

615,685 

23 

512,156 

30 

635,028 


A (thousands) 


600 

500 

400 

300 

200 

100 



8 12 16 20 24 28 


t (years 
since 1981) 


Figure 11.71: US deaths from AIDS, 1981-2010 


When data from the entire period from 1981 to 2010 are plotted together in Figure 11.71, we 
see that the rate of increase of AIDS deaths reached a peak sometime around 1995 and then began 
to taper off. Since none of the functions we have used exhibit this behavior, another type of function 
is needed to describe the number of AIDS deaths accurately over the entire 30 years. 

This example illustrates that while a function may fit a set of data over a short period of time, 
care must be taken when using a mathematical model to make predictions about the future. 
















Exercises and Problems for Section 11.7 

Exercises 
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In Fixercises 1-4, what sort of function might best model the 
graphed data—linear, exponential or logarithmic? 

I. v 



* 




T 


3. 


t 



5. Find a formula for the power function f{x) such that 
/(I) = I and /(2) = c. 

6. Find a formula for an exponential function h{x). 


X 

2 

3 

4 

5 

h(x) 

4.5948 

7.4744 

10.5561 

13.7973 

ind a formula for the powci 

• function g(.v). 

X 

2 

3 

4 

5 

g(x) 

4.5948 

7.4744 

10.5561 

13.7973 


8. Students in the School of Forestry & Environmental Stud¬ 
ies at Yale University collected data measuring sassafras 
trees. Table 1 1.25 lists the diameter at breast height (dbh, 
in cm) and the total dry weight {u\ in gm) of different 
trees. 16 


9. Table 1 1.26 shows the Maine lobster catch 1 (in millions 
of pounds) from 2002 to 2012. 

(a) Willi / in years since 2000. use a calculator or com¬ 
puter to lit the data with 

(i) A power function of the form y = at 1 ’. 

(ii) A quadratic function of the form y = ar + bi+c. 

(b) Discuss which function is a better lit. 


Table 11.26 


Year 

2002 

2004 

2006 

2008 

2010 

2012 

t 

2 

4 

6 

8 

10 

12 

Lobster 

62.3 

70.9 

75.32 

69.7 

93 

123.3 


10. Anthropologists suggest that the relationship between the 
body weight and brain weight of primates can be mod¬ 
eled with a power function. Table 1 1.27 lists various body 
weights and the corresponding brain weights of different 
primates. 151 

(a) Using Table 11.27, find a power function that gives 
the brain weight. Q (in mg), as a function of the body 
weight, 6 (in gm). 

(b) The erythmeebus (Patas monkey) has a body weight 
of 7800 gm. Estimate its brain weight. 


Table 11.27 


b 

6667 

960 

6800 

9500 

1088 

Q 

56,567 

18,200 

110,525 

120,100 

20,700 

b 

2733 

3000 

6300 

1500 

665 

Q 

78,250 

58,200 

96,400 

31,700 

25,050 


(a) Find a power function that (its the data. 

(b) Predict the total weight of a tree with a dbh of 20 cm. 

(c) If a tree has a total dry weight of 100.000 gm, what 
is its expected dbh? 


Table 11.25 


dbh 

5 

23.4 

11.8 

16.7 

4.2 

5.6 

U) 

5353 

169,290 

30,696 

76,730 

3436 

5636 

dbh 

3.8 

4.3 

6.5 

21.9 

17.7 

25.5 

w 

14,983 

2098 

7364 

177,596 

100,848 

171,598 


In Exercises 11-16, find an equation for y in terms of a\ 




‘ 6 www.yale.edu/fes519b/tdtoket/alloni/alloni.htni, accessed December 15, 2002. 
t7 www.maine.gov/dmr/rm/lobster/?, accessed May 17, 2013. 

18 mac-huwi.s.lut.ac.uk/'wis/lectures/primate-adaptation/ 10PriniateBrains.pdf, accessed December 15, 2002. 
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Problems 


17. (a) Find a linear function that fits the data in Table 11.28. 
How good is the fit? 

(b) The data in the table was generated using the power 
function y - 5x 3 . Explain why (in this case) a linear 
function gives such a good fit to a power function. 
Does the fit remain good for other values of x? 


Table 11.28 


X 

2.00 

2.01 

2.02 

2.03 

2.04 

2.05 

y 

40.000 

40.603 

41.212 

41.827 

42.448 

43.076 


18. The managers of a furniture store have compiled data 
showing the weekly demand for recliners at various 
prices. 

(a) In Table 11.29, fill in the revenue generated by sell¬ 
ing the number of recliners at the corresponding 
price. 

(b) Find the quadratic function that best fits the data. 

(c) According to the function you found, what price 
should the store charge for their recliners to maxi¬ 
mize revenue? What is the maximum revenue? 


Table 11.29 


Recliner price ($) 

399 

499 

599 

699 

799 

Demand (recliners) 

62 

.55 

47 

40 

34 

Revenue ($) 







19. A tube of soil is held horizontally and wetted at one end. 
The distance, x, which the water has reached from the end 
by time t is given by 

x = al b , 

where a and b are constants that vary with the sample 
of soil. The data for such an experiment is given in Ta¬ 
ble 11.30. 19 For this soil it is known that b « 0.4. What 
value for a makes this a reasonable model? 


Table 11.30 Movement of wetting front 


Time (minutes) 

0 

1 

2 

4 

8 

Distance (cm) 

0 

3,7 

4.5 

6.0 

8.0 

Time (minutes) 

16 

32 

64 

128 

256 

Distance (cm) 

10.6 

13.8 

18.6 

24.3 

32.0 


20. An analog radio dial can be measured in millimeters from 
left to right. Although the scale of the dial can be different 
from radio to radio, Table 11.31 gives typical measure¬ 
ments. 

(a) Which radio band data appear linear? Graph and con¬ 
nect the data points for each band. 

(b) Which radio band data appear exponential? 

(c) Find a possible formula for the FM station number 
in terms of x. 

(d) Find a possible formula for the AM station number 
in terms of x. 


Table 11.31 


x, millimeters 

5 

15 

25 

35 

45 

55 

FM (mhz) 

88 

92 

96 

100 

104 

108 

AM (khz/10) 

53 

65 

80 

100 

130 

160 


21. In this problem you will fit a quartic polynomial to the 
AIDS data. 

(a) With N as the total number of AIDS deaths in the 
US t years after 1980, use a calculator or computer 
to fit the data in Table 11.23 on page 477 with a poly¬ 
nomial of the form 

N = at 4 4- bt 3 + ct 2 + dt + e. 

(b) Graph the data and your quartic for 0 < t < 16. 
Comment on the fit. 

(c) Graph the data and your quartic for 0 < t < 30. 
Comment on the predictions made by this model. 


19 Adapted from I. A. Guerrini, “An example of motion in a course of physics for agriculture ” The Physics Teacher , Febru¬ 
ary 1984, 102-103. 


















































11.7 FITTING EXPONENTIALS AND POLYNOMIALS TO DATA 


22. The population of Armenia.' 2() ihc smallest of the For¬ 
mer Soviet republics, is shown from 2009 to 2013 in Ta¬ 
ble I 1.32. 

(a) Docs the function giving the population as a func¬ 
tion of time appear to be increasing or decreasing? 
Concave up or concave down? 

(b) Find a power function that approximates this data 
with time, t , in years since 2008. 

(c) Using your function, estimate the population in 
2015. Have you used interpolation or extrapolation? 


Table 11.32 


Year 

2009 

2010 

2011 

2012 

2013 

Pop. (millions) 

2.976 

2.976 

2.968 

2.970 

2.974 


23. Cellular telephone use has increased over the past two 
decades. Table I 1.33 gives the number of cellular tele¬ 
phone subscriptions in the US, in millions, from 2005 to 
2010. 21 

(a) Fit an exponential function to this data with time in 
years since 2005. 

(b) Based on your model, by what percent was the num¬ 
ber of cell subscribers increasing eaeh year? 

(e) Based on common sense, what do you expect of the 
rate of growth in the long run? What docs this mean 
in terms of the shape of the graph? 

Table 11.33 


Year 

2005 

2006 

2007 

2008 

2009 

2010 

Subscriptions 

207 

233 

255 

263 

277 

301 


r, 


Figure 11.72 

25. Table 1 1.35 gives the estimated population, in thousands, 

of the American colonies from 1650 to 1770. 21 

(a) Make a scatterplot of the data using t = 0 to repre¬ 
sent the year 1650. 

(b) Fit an exponential function to the data. 

(e) Explain the meaning of the parameters in your 
model. 

(d) Use your function to predict the population in 1750. 
Is it high or low? 

(e) According to the US Census Bureau, 24 the US pop¬ 
ulation in 1800 was 5,308,483. Use your function to 
make a prediction for 1800. Is it high or low? 

Table 11.35 


Year 

1650 

1670 

1690 

1700 

Population 

50.4 

111.9 

210.4 

250.9 

Year 

1720 

1740 

1750 

1770 

Population 

466.2 

905.6 

1170.8 

2148.1 


26. The US Census Bureau began recording census data in 
1790. Table 11.36 gives the population of the US in mil¬ 
lions from 1790 to I860. 25 



24. The use of one-way pagers declined as cell phones be¬ 
came more popular. 22 The number of users is given in 
Table 11.34 and plotted in Figure 11.72, along with a 
quadratic regression function. 

(a) How well does the graph of the quadratic function fit 
the data? 

(b) Find a cubic regression function. Does it fit better? 
Table 11.34 


Year 

1990 

1991 

1992 

1993 

1994 

1995 

Users, millions 

10 

12 

15 

19 

25 

32 

Year 

1996 

1997 

1998 

1999 

2000 


Users, millions 

38 

43 

44 

43 

37 



(a) With t = 0 representing the number of years since 
1790, fit an exponential function to the data. 

(b) The 1800 census value is 5.3 million. Find the pop¬ 
ulation predicted by your function for 1800. Prob¬ 
lem 25 gave a prediction of 5.5 million using the data 
for 1650 to 1750. Using the two data sets, explain the 
difference in predicted values. 

(c) Use your function to project the population of the US 
in 2010. Is this prediction reasonable? 

Table 11.36 


Year 

1790 

1800 

1810 

1820 

Population 

3.929 

5.308 

7.240 

9.638 

Year 

1830 

1840 

1850 

1860 

Population 

12.861 

17.063 

23.192 

31.443 


20 hup://www.censiis.gov/ipc/www/idb/counlry.php. accessed May 17, 2013. 
21 http://www.infoplease.com/ipa/AG933563.html, accessed May, 2013. 
22 The New York Times . p. 16. April 1 1,2002. 

23 The World Almanac and Book of Facts, 2002 , New York, NY, p. 376. 
24 http://www.ccnsus.gov/, accessed January 15, 2003. 

25 http://www.census.gov/, accessed January 15, 2003. 
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27. The US export of edible fishery produce, in thousands of 30. 
metric tons, is shown in Table 11,37. 26 With t in years 
since 1940, fit the data with a function of the form 

(a) y — at b (b) y = ab' (c) y = at 2 +bt+c 

(d) Discuss the reliability of each function for estimating 

2015 exports. 31 . 

Table 11.37 


Year 

1945 

1950 

1955 

1960 

1965 

1970 

1975 

Fish export 

62 

55 

50 

31 

50 

73 

109 

Year 

1980 

1985 

1990 

1995 

2000 

2005 

2010 

Fish export 

275 

305 

883 

929 

982 

1329 

1239 


28. The data in Table 11.37 show a big jump in fish exports 
between 1985 and 1990. This suggests fitting a piece- 
wise defined function. With t in years since 1935, fit a 
quadratic function to the data from 

(a) 1940 to 1985 (b) 1990 to 2005 


(a) Using the data in Table 11.23 on page 477, plot In N 
against t. If the original data were exponential, the 
points would lie on a line. 

(b) Fit a line to the graph from part (a). 

(c) From the equation of the line, obtain the formula for 
N as an exponential function of r. 

(a) Using the data in Table 1 1.23 on page 477, plot In N 
against lnr. If a power function fitted the original 
data, the points would lie on a line. 

(b) Fit a line to the graph from part (a). 

(c) From the equation of the line, obtain the formula for 
N as a power function of t. 

(a) Let N = at‘\ with a, p constant. Explain why if you 
plot In N against In r, you get a line. 

(b) To decide if a function of the form N = at p fits some 
data, you plot In N against In t. Explain why this plot 
is useful. 

According to the US Census Bureau, the 2008 mean in¬ 
come by age is as given in Table 11.39. 28 


(c) Write a piecewise defined function using parts (a) 
and (b). Graph the function and the data. 

29. Table 11.38 gives /V, the number of transistors per inte¬ 
grated circuit chip, t years after 1970. 27 

(a) Plot N vs t and fit an exponential curve to the data. 

(b) According to the formula of your curve of best fit, 
approximately how often does the number of tran¬ 
sistors double? 

Table 11.38 


(a) Choose the best type of function to fit the data: linear, 
exponential, power, or quadratic. 

(b) Using a mid-range age value for each interval, find 
an equation to tit the data. 

(c) Interpolation estimates incomes for ages within the 
range of the data. Predict the income of a 37-year- 
old. 

(d) Extrapolation estimates incomes outside the range of 
data. Use your function to predict the income of a 10- 
year-old. Is it reasonable? 


Chip name 

t 

N 

4004 

1 

2,300 

8008 

2 

2,500 

8080 

4 

4,500 

8086 

8 

29,000 

Intel286 

12 

134,000 

Intel386 

15 

275,000 

Intel486 

19 

1,200,000 

Pentium 

23 

3,100,000 

Pentium II 

27 

7,500,000 

Pentium III 

29 

9,500,000 

Pentium 4 

30 

42,000,000 

Itanium 

31 

25,000,000 

Itanium 2 

33 

220,000,000 

Itanium 2 (9MB cache) 

34 

592,000,000 

Dual Core Itanium 

36 

1,720,000,000 

Xeon 7460 

38 

1,900,000,000 

Xeon 7500 

39 

2,300,000,000 


Table 11.39 


Age 

Mean income, dollars 

15 to 24 

14,268 

25 to 34 

36,146 

35 to 44 

47,520 

45 to 54 

49,570 

55 to 64 

46,408 

65 to 74 

33,286 

754- years 

24,396 


34. Table 1 1.40 gives the development time t (in days) for 
eggs of the pea weevil (Bruckus pisorum) at temperature 
H (°C). 2y 

(a) Plot these data and fit a power function. 

(b) Ecologists define the development rate r = \/t 
where t is the development time. Plot r against f/, 
and fit a linear function. 

(c) At a certain temperature, the value ofr drops to 0 and 
pea weevil eggs will not develop. What is this tem- 


26 www.st.nmfs.noaa.gov/st 1/fus/fus 1 l/FUS_20l 1.pdf, accessed May 2013. 

27 The Intel Corporation, www.intel.com/museum/archives/history_docs/mooreslaw.htm,intel.com. www.geek.com. 
2K www.census.gov/hhes/www/income/histinc/plOar.html. accessed November 27. 2009. 

29 From website created by A. Sharov, http://www.ento.vt.edu/~sharov/PopEcol/lec8/quest8.html. accessed November, 
2001. The site attributes the data to Smith. A. M., 1992, Environ. Entomol. 21:314-321. 
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perature according to the model from part (a)? Part 
(b)? Which model's prediction do you think is more 
reasonable? 


Table 11.40 


u 

o 

a: 

10.7 

14.4 

16.2 

18.1 

21.4 

23.7 

24.7 

26.9 

r, days 

38.0 

19.5 

15.6 

9.6 

9.5 

7.3 

4.5 

4.5 


35. German physicist Arnd Leike of the University of Munich 
won the 2002 Ig Nobel prize in Physics for experiments 
with beer foam conducted with his students. 10 The data 
in Table 1 1.41 give the height (in cm) of beer foam after t 
seconds for three different types of beer. Erdinger Weiss- 
hier, Auguslincrbrau Munchen, and Budweiscr Budvar. 
The heights are denoted h c , h tr and h h , respectively. 

(a) Plot these points and til exponential functions to 
them. Give the equations in the form h = h {] e~ !/r . 

(b) What does the value of h {) tell you for each type of 
beer? What does the value of r tell you for each type 
of beer? 


Table 11.41 


t 

h e 

K 

h b 


t 

K 

K 

K 

0 

17.0 

14.0 

14.0 


120 

10.7 

6.0 

7.0 

15 

16.1 

11.8 

12.1 


150 

9.7 

5.3 

6.2 

30 

14.9 

10.5 

10.9 


180 

8.9 

4.4 

5.5 

45 

14.0 

9.3 

10.0 


210 

8.3 

3.5 

4.5 

60 

13.2 

8.5 

9.3 


240 

7.5 

2.9 

3.5 

75 

12.5 

7.7 

8.6 


300 

6.3 

1.3 

2.0 

90 

11.9 

7.1 

8.0 


360 

5.2 

0.7 

0.9 

105 

11.2 

6.5 

7.5 







36. In 1619, Kepler published his third law, which relates D, 
the distance of a planet from the Sun, to P, the period of 
the planet—the time it lakes for the planet to orbit the Sun. 
Kepler conjectured that P = kD }/2 , where k is a constant 
that he determined empirically from experimental data. 
Table 11.42 represents modern observational data. Docs 
this model lit the data? What is your estimate for k' } What 
is the final form of Kepler's law? 


Table 11.42 The period and 
distance of a planet from the Sun 


Planet 


Distance 
(kms xlO 6 ) 

Period 

(days) 

Mercury 


57.9 

88 

Venus 


108.2 

225 

Earth 


149.6 

365 

Mars 


227.9 

687 

Jupiter 


778.3 

4329 

Saturn 


1427.0 

10753 

Uranus 


2870.0 

30660 

Neptune 


4497.0 

60150 

Pluto 


5900.0 

90670 


CHAPTER SUMMARY 


Proportionality 

Direct and indirect. 

Power Functions 

y = kx p . 

Polynomials 

General formula: 

P(x) = + a n _ l x’ , ~ l + + ct { x + a {) . 

All terms have nonnegative, integer exponents. Leading 
term a n x n \ coefficients a {) ,..., a n \ degree n. 

Long-run behavior: Like y = a n x >} . 

Short-run behavior: Zeros corresponding to each factor; 
multiple zeros. 


• Rational Functions 

Ratio of polynomials: r(x) = 

d(x) 

Long-run behavior: Horizontal asymptote of r{x)\ 

Given by ratio of highest-degree terms. 

Short-run behavior: Vertical asymptote of /-(a): 

At zeros of ^(a) (if p{x) / 0). 

Short-run behavior: Zeros of r{ a): 

At zeros of p(x) (if q(x) ^ 0). 

Using limits to understand short- and long-run behavior. 

• Comparing Functions 

Exponential functions eventually dominate power func¬ 
tions. Power functions eventually dominate logs. 

• Fitting Exponentials and Polynomials to Data 


30 http://ignobel.eorn/ig/ig-pastwinners.html. The Ig Nobel prize is a spoof of the Nobel prize and honors researchers whose 
achievements “cannot or should not be reproduced/" The data here is taken from Demonstration of the Exponential Decay 
Law Using Beer Froth , Arnd Leike, European Journal of Physics, vol. 23, January 2002, pp. 21-26. 
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REVIEW EXERCISES AND PROBLEMS FOR CHAPTER ELEVEN 


Exercises 


In Exercises 1-4. does the function represent proportionality 
to a power of the independent variable? That is. can the func¬ 
tion be written in the form y = kx p for the variables given in 
the problem? If so. identify the constant, A:, and the power, p. 


3. z. = 5(ir 


2. y = 


-2/x 5 
4. C = 2 cf - 5 


In Exercises 5-8, is y a power function of if'? If so, write it in 
the form y = kx p . 


5. y = 6x 3 + 2 

7. v- 9 = (. y + 3)(x-3) 


6. 3y = 9x 2 

8. y — 4(a — 2)(a + 2) 4- 16 


17. Show that the function y = (a 2 — 4)(x 2 — 2a - 3) is a 
polynomial. What is its degree? 

Describe in words the long-run behavior as a —► oo of the 
functions in Exercises 18-21. What power function does each 
resemble? 

18. y = 16x 3 -4023a 2 -2 

19. y = 4a 4 — 2a 2 + 3 

20 . y = 5a 2 /a 3/2 + 2 

21 . y = 3a 3 + 2a 2 /a~ 7 - 7a 5 + 2 

In Exercises 22-23, find the zeros of the functions. 

22 . y = 3a 5 + 7a + 1 23 . y = 2a 2 - 3a - 3 


Does the power function in Exercises 9-14 appear to have an 
odd power, an even power, or a power between 0 and 1? 


9. 


11 . 


13. 


10 . 




14. 


Are the functions in Exercises 24-25 rational functions? If so, 
write them in the form p{x)/q{x), the ratio of polynomials. 


24. f(x) = 


5 


A - 3 A - 3 


25. fix ) = 


a 2 +4 


In Exercises 26-27, which function dominates as a 

26. y — 12 a 3 , y -- 7/x~ 4 

27. y = 4/e _v , y - 17x 43 

28. Find 

xix ? - 4) 


(a) 

29. Find 


(a) lim 


5 + 5x 3 

1 


2a 


(b) 


(b) 


lim 

x—-oo 


3x(x - 1 )(x — 2) 
5 — 6a 4 

2 + 5a 


_v—1» 6 a + 3 


30. For each of the following functions, state whether it is 
even, odd, or neither. 


(a) 

fix) = ,v : + 3 

(b) 

Six) = x 3 + 3 

(cl 

h(x) = 5/x 

(d) 

jix) = |x - 4| 

(e) 

k( x) = log .v 

(f) 

Kx) = log(x : ) 

(g) 

mix) = 2 V + 2 

(h) 

nix) = cos x + 2 


15. State the values of k and p if r(x) = 2\/7xVx J is written 
in the form kx p . 

16. Find a possible formula for the power function fit) given 
that /(3) = 5 and f{5) = 3. 


31. A function / satisfies /(l) = 2 and /(3) = 18. Find /(2) 
if 

(a) / is linear. 

(b) / is exponential. 

(c) / is a power function. 
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Problems 


32. It is claimed that Figure 11.73 is the graph of a power 
function kx p . If it is, estimate k and p. If it is not, explain 
why. 



33. (a) One of the graphs in Figure 11.74 is y = x n and the 
other is y — x 1/n , where n is a positive integer. Which 
is which? How do you know? 

(b) What are the coordinates of point A? 


y 



34. Without a calculator, match each graph (i)-(iv) with a 
function in Table 11.43. 




35. Without a calculator, match each graph (i)—<viii) with a 
function in Table 11.44. 



Table 11.44 


(A) y = 0.5 sin(2x) 

(M) y = (x + 3)/(x 2 -4) 

(B) y = 2 sin(2x) 

(N) y = (x 2 — 4)/(x 2 — 1) 

(C) y = 0.5 sin(0.5x) 

(O) >> = (x+I) 3 -l 

(D) y = 2 sin(0.5x) 

(P) y = —2x - 4 

(E) y = (x- 2)/(jc 2 - 9) 

(Q) y = 3e~ x 

(F) y = (x- 3)/(x 2 - 1) 

(R) y = -3e x 

(G) * = (x-l) 3 -l 

(S) y = —3e” x 

(H) y = 2x - 4 

(T) y = 3e "* 

(I) y = - In x 

(U) y= 1/(4-x 2 ) 

(J) y — ln(—x) 

(V) y= l/(x 2 + 4) 

(K) y = ln(x + 1) 

(W) y = (jt+l) 3 + l 

(L) y = ln(x — 1) 

(X) y = 2(x + 2) 


Table 11.43 


(A) y = 0.5 sin(2x) 

(J) y = 2 sin(0.5x) 

(B) y = -lnx 

(K) y = ln(x — 1) 

(C) y = 10(0.6)* 

(L) y = 2e 0 - 2x 

(D) y — 2 sin(2x) 

(M) y - \/(x - 6) 

(E) y = ln(—x) 

(N) y = (x — 2)/(x 2 - 9) 

(F) y = — 15(3. l) x 

o 

li 

>7 

K) 

1 

4^ 

(G) y = 0.5 sin(0.5x) 

(P) y = x/(x - 3) 

(H) y — ln(x + 1) 

(Q) y=(x- i)/(x + 3) 

(I) y = 7(2.5)* 

(R) y= 1/(x 2 +4) 


36. In Figure 11.75, the graphs of four different func¬ 
tions are shown, defined in terms of eight constants: 
a, b , c, k , m, p, q , and r. Use the graphs to answer the fol¬ 
lowing questions. Justify your answers with appropriate 
explanations. 

(a) Which of the eight constants are definitely negative? 

(b) Which of the eight constants are definitely positive? 

(c) Which of the eight constants are definitely greater 
than zero but less than one? 

(d) Which of the eight constants are definitely greater 
than one? 
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37. In Table 11.45, data for four functions u,v,u\ and z 
are given, rounded to the nearest 0.01. One function is 
trigonometric, one is a power function, one is exponen¬ 
tial, and one is linear. 

(a) Determine which function is which, and give a rea¬ 
son for each answer. 

(b) Find a formula for the exponential function. 

(c) Find a formula for the linear function. 

(d) Find a formula for the power function. 

(e) Find a formula for the trigonometric function. 


46. 



47. 



Table 11.45 


X 

1.00 

2.00 

3.00 

4.00 

5.00 

6.00 

U(x) 

0.50 

1.41 

2.60 

4.00 

5.59 

7.35 

v(x) 

0.25 

0.50 

0.75 

0.50 

0.25 

0.50 

w{x) 

-1.34 

-0.94 

-0.54 

-0.14 

0.26 

0.66 

z(x) 

64.0 

16.0 

4.00 

1.00 

0.25 

0.06 


Find possible polynomial formulas in Problems 38-47. 


38. y 39. 



y 



Problems 48-50 show a transformation of y = 1 /x z . 

(a) Find a formula for the graph. 

(b) Write the formula from part (a) as the ratio of two poly¬ 
nomials. 

(c) Find the coordinates of any intercepts of the graph. 


48. 


y 49. 




50. 


y 


6 



















































REVIEW EXERCISES AND PROBLEMS FOR CHAPTER ELEVEN 487 


51. Suppose that g{2) = 24 and g(4) = 96. Find a formula 

for g. assuming g is: 

(a) A power function. 

(b) A linear function. 

(c) An exponential function. 

52. Let f(x) = x 2 + 5 a + 6 and g(x) = x 2 + 1. 

(a) What are the zeros of / and g? 

(b) Let r(x) = /(x)/g(A). Graph r. Does r have zeros? 
Vertical asymptotes? What is its long-run behavior 
as a* —> ±oo? 

(c) Let ,v(a) = g(x)/f{x). If you graph .v in the window 
-10 < a < 10, —10 < y < 10, it appears to have a 
zero near the origin. Does it? Does s have a vertical 
asymptote? What is its long-run behavior? 


53. Let fix) — (a - 3) 2 , g(A) = a 2 — 4, h(x) = a + 1, and 
j{ a) = a 2 + 1. Without a calculator, match the functions 
described in (a)-(f) to the functions in (i)-{vi). Some of 
the descriptions may have no matching function or more 
than one matching function. 


(i) P(x) = 


fix) 


g(x) 

(hi) r(x) = f(x)h(x) 

1 


h(x) 

(li) q{ x) = — 

gix) 


(v) t(x) = 


h(x) 


(iv) s(x) 


(vi) *;(*) = 


g(x) 

j(x) 

j(x) 

fix) 


(a) Two zeros, no vertical asymptotes, and a horizontal 
asymptote. 

(b) Two zeros, no vertical asymptote, and no horizontal 
asymptote. 

(c) One zero, one vertical asymptote, and a horizontal 
asymptote. 

(d) One zero, two vertical asymptotes, and a horizontal 
asymptote. 

(e) No zeros, one vertical asymptote, and a horizontal 
asymptote at y = 1. 

(f) No zeros, one vertical asymptote, and a horizontal 
asymptote at y = 0. 


54. Suppose / is a polynomial function of degree w, where n 
is a positive even integer. For each of the following state¬ 
ments, write true if the statement is always tru e, false oth¬ 
erwise. If the statement is false, give an example that il¬ 
lustrates why it is false. 

(a) / is an even function. 

(b) / has an inverse. 

(c) / cannot be an odd function. 

(d) If f{x) -> +oo as a —► +oo, then /(a) —oo as 

a -► —oo. 


(c) How many zeros does / have? Can you find a win¬ 
dow in which all of the zeros of / are clearly visible? 

(d) Write the formula of / in factored form. 

(e) How many turning points does the graph of / have? 
Can you find a window in which all the turning points 
of / are clearly visible? Explain. 

In Problems 56-59, find a possible formula for the rational 
functions. 


56. This function has zeros at a = -3 and x = 2, and verti¬ 
cal asymptotes at a = — 5 and a = 7. It has a horizontal 
asymptote of y — 1. 

57. The graph of y - fix) has one vertical asymptote, at 
a = — 1, and a horizontal asymptote at y — 1. The graph 
of / crosses the y-axis at y = 3 and crosses the A-axis 
once, at x = —3. 

58. y 



A = 1 



Find possible formulas for the polynomials and rational func¬ 
tions in Problems 60-63. 


55. (a) Sketch a graph of fix) = a 4 - 17a 2 + 36a - 20 for 
-10 < a< 10,-10<y< 10. 

(b) Your graph should appear to have a vertical asymp¬ 
tote at a = —5. Does / actually have a vertical 
asymptote here? Explain. 


60. The zeros of / are a = —3, x = 2, and a = 5, and the 
y-intercept is y = -6. 

61. This function has zeros at x — —3, a = 2, x = 5, and a 
double zero at a = 6. It has a y-intercept of 7. 
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62. The polynomial h(x) = 7 at x = -5,-1,4, and the y- 
intercept is 3. [Hint: Visualize h as a vertically shifted 
version of another polynomial.) 

63. The graph of w intercepts the graph of u(x) = 2x + 5 
at x = -4, 1,3 and has a y-intercept of 2. [Hint: Let 
w(x) = p(x) + v(x) where p is another polynomial] 

64. On a map, 1 /2 inch represents 5 miles. Is the map dis¬ 
tance between two locations directly or inversely propor¬ 
tional to the actual distance that separates the two loca¬ 
tions? Explain your reasoning and write a formula for the 
proportion. How far apart are two towns if the distance 
between these two towns on the map is 3.25 inches? 

65. When a guitar string is plucked, the frequency of the 
note produced can be adjusted by varying the length of 
the string. The frequency is inversely proportional to the 
length, so a longer string results in a lower frequency, 
while a shorter string results in a higher frequency. Is the 
length of the string directly proportional or inversely pro¬ 
portional to the frequency? 

66. A person’s weight, w, on a planet of radius d is given by 

w = kd-\ k > 0, 

where the constant k depends on the masses of the person 
and the planet. 

(a) A man weighs 180 lb on the surface of the earth. 
How much does he weigh on the surface of a planet 
whose mass is the same the earth’s, but whose radius 
is three times as large? One-third as large? 

(b) What fraction of the earth’s radius must an equally 
massive planet have if, on this planet, the weight of 
the man in part (a) is one ton? 

67. One of Kepler’s three laws of planetary motion states that 
the square of the period, P, of a body orbiting the sun is 
proportional to the cube of its average distance, d, from 
the sun. The earth has a period of 365 days and its dis¬ 
tance from the sun is approximately 93,000,000 miles. 

(a) Find P as a function of d. 

(b) The planet Jupiter has an average distance from the 
sun of 483,000,000 miles. How long in earth days is 
a Jupiter year? 

68. The town of Smallsville was founded in 1900. Its popu¬ 
lation y (in hundreds) is given by the equation 

y = -O.lx 4 + 1.7x 3 - 9x 2 + 14.4.V + 5. 

where x is the number of years since 1900. Use a the 
graph in the window 0 < x < 10, -2 < y < 13. 

(a) What was the population of Smallsville when it was 
founded? 


(b) When did Smallsville become a ghost town (nobody 
lived there anymore)? Give the year and the month. 

(c) What was the largest population of Smallsville af¬ 
ter 1905? When did Smallsville reach that popula¬ 
tion? Again, include the month and year. Explain 
your method. 

69. Let C(x) be a firm’s total cost, in millions of dollars, for 
producing a quantity of x thousand units of an item. 

(a) Graph C(x) = (x - l) 3 + 1. 

(b) Let R{x) be the revenue to the firm (in millions of 
dollars) for selling a quantity x thousand units of the 
good. Suppose R(x) = x. What does this tell you 
about the price of each unit? 

(c) Profit equals revenue minus cost. For what values 
of x does the firm make a profit? Break even? Lose 
money? 

70. Allometry is the study of the relative size of different parts 
of a body as a consequence of growth. 31 The simplest 
model of allometry is one in which it is assumed that the 
sizes of two parts x and y are related by a power law of 
the form 

y = kx p , 

where k and p are positive constants. This equation is of¬ 
ten called the allometric equation. 

(a) Let x be the length of a fish and y be its weight. If L 
is a typical unit of length, then L 3 is a typical unit of 
volume. Show that the assumptions that the length x 
of a fish is proportional to L, and that its weight y is 
proportional to its volume and therefore to L\ lead 
to the equation y = kx 3 . 

(b) Table 11.46 relates the weight y of plaice 32 to its 
length x. (Plaice is a type of fish.) Ify = kx : \ what do 
you expect to happen if you calculate x 3 /y for each 
of the entries in the table? Do this, and estimate the 
proportionality constant, k. 

(c) With this choice of k , plot the function y = kx 3 and 
the data in Table 11.46. Is the function a reasonable 
model? 


Table 11.46 


Length (cm) 

33.5 

34.5 

35.5 

36.5 

37.5 

38.5 

Weight (gm) 

332 

363 

391 

419 

455 

500 

Length (cm) 

39.5 

40.5 

41.5 

42.5 

43.5 


Weight (gm) 

538 

574 

623 

674 

724 



3I J. S. Huxley, Problems of Relative Growth (Dover, 1972). 

32 Adapted from R. J. H. Beverton and S. J. Holt, "On the Dynamics of Exploited Fish Populations," Fishery Investigations , 
Series II. 19, 1957. 
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71. The thrust, Y , delivered hy a ship's propeller is propor¬ 
tional ^ to the square of the propeller rotation speed, R % 
times the fourth power of the propeller diameter, D. 

(a) Write a formula for T in terms of R and D. 

(b) What happens to the thrust if the propeller speed is 
doubled? 

(c) What happens it) the thrust if the propeller diameter 
is doubled? 

(d) 11 the propeller diameter is increased by 509?, by how 
much can the propeller speed be reduced to deliver 
the same thrust? 


72. A function that is not a polynomial can often be approxi¬ 
mated by a polynomial. For example, for certain .v-values. 
the function fix) — e A can be approximated by the fifth- 
degree polynomial 


pix) = 1 + -v + V + t- + 

1 o 



(a) Show that /;(1) x / {1) = e. How good is the esti¬ 
mate? 

(b) Calculate /;(5). How well docs /;(5) approximate 
/(5)? 

(c) Graph p(x) and f(x) together on the same set of axes. 
Based on your graph, for what range of values of .v 
does p{ x) give a good estimate for fix)'! 


73. The resolution, r*/f of a gamma ray telescope depends on 
the energy r (in millions of electron volts, or MeVs) of 
the detected gamma rays. 31 The smaller the value of r, 
the belter the telescope is at distinguishing two gamma 
ray photons of slightly different energies, and the more 
detailed observations that can be made. Table 1 1.47 gives 
values of r for gamma rays at different energies. 

(a) Plot the data in Table 1 1.47. with r on the vertical 
axis. 

(b) Based on this data, is the telescope belter able to dis¬ 
tinguish between high-energy photons or low-energy 
photons? 

(c) Fit both power and exponential functions to the data, 
and give their formulas. Which appears to give the 
better lit? 

(d) The telescope is predicted to grow rapidly worse and 
worse at distinguishing photons as the energy level 
drops toward 0 MeV. Which curve, power or expo¬ 
nential, is most consistent with this prediction? 


Table 11.47 


v, MeV 

0.5 

0.7 

0.9 

1.3 

1.8 

4.0 

4.4 

r, % 

16.0 

13.5 

12.0 

8.5 

7.0 

4.5 

4.0 


STRENGTHEN YOUR UNDERSTANDING 


Are the statements in Problems 1—47 true or false? Give an 11. 
explanation for your answer. 

1. All quadratic functions are power functions. 

2. The function y ~ 3 ■ 2 V is a power function. 

3. Let g(x) = x p . If/; is a positive, even integer, then the 
graph of g passes through the point (—1, 1). 

4. Let g(x) = x p . If p is a positive, even integer, then the 
graph of g is symmetric about the y-axis. 

5. Let g(x) = x p . If p is a positive, even integer, then the 
graph of g is concav e up. 

6. The graph of fix) = x~ [ passes through the origin. 

7. The graph of /(a ) = a " 2 has the x-axis as its only asymp¬ 
tote. 

8. If f{x) = a - 1 then f{x) approaches -hoo as x approaches 
zero. 

9. As x grows very large, the values of/ (x) = x _i approach 
zero. 

10. The function 2 V eventually grows faster than x h for any b. 


The function f(x) = x a5 eventually grows faster than 
g(x) = In a-. 

We have 2 X > x 2 on the interval 0 < x < 4. 

The function fix) = x“ 3 approaches the x-axis faster 
than g(x) = e~ x as x grows very large. 

The function fix) = 3 A is an example of a power func¬ 
tion. 

The function y = 3x is an example of a power function. 

Every quadratic function is a polynomial function. 

The power of the first term of a polynomial is its degree. 

Far from the origin, the graph of a polynomial looks like 
the graph of its highest-power term. 

A zero of a polynomial p is the value /;(0). 

The zeros of a polynomial are the x-coordinates where its 
graph intersects the x-axis. 

The y-intereept of a polynomial y = p(x) can be found by 
evaluating pi 0). 


12 . 

13. 

14. 

15. 

16 . 

17. 

18. 

19. 

20 . 

21 . 


■'■'Thomas C. Gillner. Modern Ship Design (US Naval Institute Press, 1972). 

34 E. Aprile et al.. The LXeGRIT Compton Status and Future Prospects , posted at http://arxiv.org as arXiviastro- 
ph/0212005v2, accessed December 4, 2002. 
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22. For very large x-values /(a) = 1000a 3 + 345x 2 + 17x + 
394 is less than g(x) — 0.01 x 4 . 

23. If y = /(a) is a polynomial of degree tu where n is a 
positive even number, then / has an inverse. 

24. If y = f(x) is a polynomial of degree n, where n is a 
positive odd number, then / has an inverse. 

25. If p(x) is a polynomial and x — a is a factor of p , then 
x — a is a zero of p. 

26. A polynomial of degree n cannot have more than n zeros. 

27. The polynomial in Figure 11.76 has a multiple zero at 
x = -2. 



Figure 11.76 


28. The polynomial in Figure 11.76 has a multiple zero at 
A' — 0. 

29. A rational function is the quotient of two polynomials. We 
assume the denominator is not equal to zero. 

30. The function /(a) = — is a rational function. 

A 

31. In order to determine the long-run behavior of a rational 
function, it is sufficient to consider only the ratio of the 
highest-power term in the numerator to the highest-power 
term in the denominator. 

A _|_ is 

32. As a grows through large positive values, y — - 

a + 9 

approaches y = 2. 


33. As a grows through large positive values, y — —-- 

A 2 - 1 

approaches y = 0. 

34. As a grows through large positive values, y = 
a 3 + 4a 2 - 16a +12 

has an asymptote at y = 4. 


4a 3 - 16a + 1 

35. As a grows through large positive values, y — 
approaches y = 0. 

36. As a grows through large positive values, y = 


1 -4a 2 
a 2 + 1 


proaches y = — 5. 


5a 

A + 1 


ap- 


37. As a grows through large positive values, y = 


3a 4 - 6a 3 + 10a 2 -16a + 7 


behaves like y = —a 3 


-3a + A 2 

38. As a decreases through large negative values, /(a) = 


a 3 - 7a 2 + 28a+ 76 


approaches positive infinity. 


-a 2 - 101a+ 72 

39. A fraction is equal to zero if and only if its numerator 
equals zero and its denominator does not. 

40. The zeros of a function y = /(a) are the values of a that 
make y = 0. 

a + 4 

41. The function / (a) = - has a zero at a = —4. 


42. The rational function y — 


a + 2 


a—4 

43. The rational function g(w) = 


has a zero at a = —2. 
12 


two zeros. 


{w - 2){w + 3) 


has exactly 


44. If p(a) and q{x) have no zeros in common, then the ratio¬ 


nal function r(x) 
zeros of p(x). 


- has an asymptote at each of the 
q(x) 


45. In general, the rational function Ka) = -must have at 

q(x) 

least one zero. 


46. Rational functions can never cross an asymptote. 

3w - 3 


47. The rational function g(w) = 
tical asymptote at w ~ I. 


(w - 12 ){w + 4) 


has a ver- 
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Example 1 


Solution 


Example 2 


Solution 


Algebraic fractions are combined in the same way as numeric fractions according to the follow¬ 
ing rules: 

Add numerators when denominators are equal: — + - = <l ^ 

c c c 

, , a c a • d' b • c ad + be 

Find a common denominator: —I— =-1-=- 

b d b • d b • d bd 

a c ac 

Multiply numerators and denominators for a product: - • — = — 

b d bd 

To divide by a fraction, multiply by its reciprocal: = -• — = — 

c/d be be 

The sign of a fraction is changed by changing the sign of the numerator or the denominator 
(but not both): 

a _ —a _ a 

~~b “ T ~ ~b 

We assume that no denominators are zero, since we cannot divide by zero; that is, a/0 is not 
defined. 


We can simplify a fraction in which either the numerator or denominator is itself a fraction as 
follows: 


a/b __ a/b _ a 1_ 
c c/1 b c 


be 


and 


a _ a/\ _ a c _ ac 
b/c b/c 1 b b 


Perform the indicated operations and express the ans wers as a single fraction. 

4 1 — x „ , M 1 


x 2 + 1 x 2 + 1 
-H 2 P (PH'I'f 


(a) 

(c) 

(a) x 2 + ] x 2 + 1 

(b) . - -- + 


17 


K~' 

l-x 4 — (1 — x) 


x 2 + 1 
1 


3+x 

x 2 + l' 


(b) 
(d) 

M + 1 


+ 


M 2 -2M - 3 M 2 -2M - 3 
2 z/w 
w(w - 3 z) 


M + 1 


1 


(c) 

(d) 


M 2 -2M -3 M 2 — 2M — 3 (M 2 -2M -3) (M + l)(Af-3) M - 3 

- 1 . 

— H 2 P {PH'Hf -H 2 P(P 2 H 2 /i) h^P 2 K 


if M ± 


17 

2 z/w 


K - 1 
2 z 


17 K~ 


17 


2z 


w(w-3z) w w{w-3z) w 2 (w-3z) 


Simplify the following expressions, giving your answer as a single fraction, 
(a) 2 x-'/ 2 +^ 


(b) 2 yj t + 3 + 


1 -21 


\ft + 3 


(a )2j ,-.p+Vf = J- + ^ = 2 - 3+ ^ = 6±£ = i±£, 

3 3 3yGc 3yGc 3x>/2 


3\/x 


(b, '- 2 ' 


V7+~3 


vm V'+3 

2{t + 3) + 1 - 2t 


^ft + 3 
7 7 


a/7 ^3 (' + 3)'/ 2 ' 


1 
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Finding a Common Denominator 

We can multiply (or divide) both the numerator and denominator of a fraction by the same nonzero 
number without changing the fraction’s value. This is equivalent to multiplying by a factor of +1. 
We are using this rule when we add or subtract fractions with different denominators. For example, 

to add — + we multiply Then 

3 a a a 3 3a 

A+I = _L + _1 = l±A m 

3 a a 3 a 3 a 3 a 


Example 3 


Solution 


Perform the indicated operations: 
(a) 3 - 1 


1 


(a) 3 - 


(b) 


1 


= 3 


(x-l) 


1 


x-1 (x-l) x-l 


(b) 

3(x - 1) - 1 _ 
x-l 


+ 


X 2 + X X + 1 

3x - 3 - 1 3x 


+ 


+ 


+ 


x - I 

x(x) 


x-l 

2 + x 2 


X 2 + x x+1 x(x+l) x+1 x(x+l) (x+l)(x) x(x-fl) 


Note: We can multiply (or divide) the numerator and denominator by the same nonzero number 
because this is the same as multiplying by a factor of + 1, and multiplying by a factor of 1 does not 
change the value of the expression. However, we cannot perform any other operation that would 
change the value of the expression. For example, we cannot add the same number to the numerator 
and denominator of a fraction nor can we square both, take the logarithm of both, etc., without 
changing the fraction. 

Reducing Fractions: Canceling 

We can reduce a fraction when we have the same (nonzero) factor in both the numerator and the 
denominator. For example, 

ac _ a c _ a | _ a 
be b c b b 


Example4 Reduce the following fractions (if possible). 
2x 

(a) T 
4 y 


(c) 


5k-5 

1 - ft 


(b) 

(d) 


2 + x 
2 + y 

x 2 (4 — 2x) - (4x - x 2 )2x 


Solution 


2x _ 2 x _ x 

(a) 4^ “ 2 ' Ty ~ Ty 
2 + x 

(b) -- cannot be reduced further. 


(c) 

(d) 


2 + y 

5ft - 5 5(ft ■ 


1 -ft (—!)(« — 1) 


- -5 


x 2 (4 - 2x) - (4x - x 2 )2x a -2(4 _ 2x) - (4 - x)2x 2 


(4 - 2x) - 2(4 - x) / x 2 


x- \ x~ 

4 - 2x - 8 + 2x _ -4 
x- x- 
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Complex Fractions 

A complex fraction is a fraction whose numerator or denominator (or both) contains one or more 
fractions. To simplify a complex fraction, we change the numerator and denominator to single frac¬ 
tions and then divide. 


Example 5 


Write the following as simple fractions in reduced form. 

1 1 


(a) 


x + h x 
h 


(b) 


a + b 
a ~ — b ~ 


Solution 


1 ] x-(x + /?) -h 

x + h x __ x(x + h) _ x(x + h) __ -h J_ _ -1 (h) _ -1 

h h h x(x + h) h x{x + h) (/?) x(x + /?) 


(b) 


a“ 2 - b~ 2 


a + b 



a + b _ a + b orb 2 _ {a + b)(a 2 b 2 ) _ a 2 b 2 
b 2 - a 2 * b 2 - a 2 (b + a)(b -a) b - a 
a 2 b 2 _ 


Splitting Expressions 

We can reverse the rule for adding fractions to split up an expression into two fractions, 

a + b _ a + b 
c c c 


Example 6 

Solution 


3x 2 + 2 . 

Split 1 --— into two reduced fractions. 


3x 2 + 2 3 a 2 


__ 3 


Sometimes we can alter the form of the fraction even further if we can create a duplicate of the 
denominator within the numerator. This technique is useful when graphing some rational functions. 

a -|- 3 

For example, we may rewrite the fraction-- by creating a factor of (a - 1) within the numerator. 

a — 1 

To do this, we write 


which can be written as 


x + 3 _ A - 1 + 1 + 3 

A - 1 “ A- 1 

(A- l) + 4 


x- 1 


Then, splitting this fraction, we have 

x + 3 a — 1 


+ 


= 1 + 


X — 1 A— 1 X — 1 X — 1 

Note: It is not possible to split a sum that occurs in the denominator of a fraction. For example, 

a . a a 

-does not equal —I—. 

b + c be 
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Exercises to Skills Review for Chapter 11 


For Exercises 1-30, perform the operations. Express answers 
in reduced form. 


5. 


9. 

11 . 

13. 

15. 

17. 

18. 

19. 


5 + 7 

2. 

10 15 

1 2 

4. 

6 9 

2x 3 

_ _|_ _ 

7 y y 

-2 4 

— + _ 
yz z 

6. 

-2 z 4 

-+ - 

4 4 

2 _3 

8. 

3/4 

X 2 X 

7/20 

5/6 

10. 

3/x 

15 

x 2 /6 

3/x 

12. 

14 13 

l . _ _ 

W 1 

x — 1 2x — 2 

4 z 3 w 
x 2 y xy 4 

14. 

10 3 

? — 2 2-j> 

8 y t 32 

16. 

8^ t 32 

y — 4 y-4 

y-4 4 — y 

8 9 



3x 2 - x - 4 x + 1 



15 

--- + - 

7 



(x - 3) 2 (x + 5) (x - 3)(x + 5) 2 
3 2 


x — 4 x-h4 

21. ^-r + 3 


2r + 3 4r 2 + 6 r 

23. -L- 1 


20 . 


22 . u + (2 + 


1 -X 

u 

u + a 


25. 


V* (V *) 3 

a + b 8x + 2 
2 b 2 — a 2 


.. 1 1 

24. ——l- 

e 2x e .x 


26. — + -M 1 

M 4 


„ 1 1 1 

27. — + — + — 

>*1 **2 **3 


29. 


28. 


8y 32 


a 2 — 9 c — 3 


30. 


- 4 y-4 


x - 4/ x 2 — 2x 


In Exercises 31-40, simplify, if possible. 
1 1 


35. 


37. 


39. 


40. 


l-a~ 2 
1 4 ■ a~ l 

3 _ 5_ 

xy x 2 y 
6x 2 - 7x - 5 


36. p - 


* + * 


38. 


9 P 

— (3 x 2 ) — (In x)(6x) 
x _ 

(3x 2 ) 2 


2x(x 3 + l) 2 - x 2 (2)(x 3 + l)(3x 2 ) 
[(x 3 + l) 2 ] 2 

i(2x - l)-‘/ 2 (2) - (2x - l) 1/2 (2x) 


In Exercises 41^16, split into a sum or difference of reduced 
fractions. 


41. 


43. 


45. 


26x + I 
2x 3 

6 1 2 + 31 - 4 
3/ 4 


42. 


2x 


44. 


46. 


3yx 
7 + p 


p 2 + 11 

r 1 / 2 + /'/ 2 


In Exercises 47-52, rewrite in the form 1 + (A/B). 


47. 

x — 2 

x + 5 

48. 

1 l 

Cr Cr 

49. 

/?+ 1 

R 

50. 

3 + 2// 

2u+ 1 

51. 

cos x + sin x 

cos X 

52. 

1 + e x 

e x 


Are the statements in Exercises 53-58 true or false? 


oo 

1 

X 

CM 

53. 

a + c 

— 1 + c 

54. 

rv - .v , 

- = r — 1 



a 



5 


55. 

y 

= i + ^ 

56. 

CM 

II 

1 

CN 

r3 



y + z 

z 


u l — w 


31. 

(x + h) 2 X 2 

32. 

/r 2 + b ~ 2 


h 

a 2 + b 2 

57. 

33. 

4 - (x + h) 2 - (4 - x 2 ) 

34. 

b-'(b-b~ l ) 


h 

b+ 1 

58. 


x^yz _ z 
2x 2 ~y ~ 2 


58. x ?/3 - 3 x 2/3 = 


x 2 — 3x 

X>/3 
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496 Chapter Twelve VECTORS AND MATRICES 


12.1 VECTORS 


■■■■■■■■■■ 


Distance Versus Displacement 


If you start at home and walk 3 miles east and then 4 miles north, you have walked a total of 7 miles, 
however, your distance from home is not 7 miles, but 5 = \3 2 + 4 2 miles, by the Pythagorean 
Theorem. See Figure 12.1. As this example illustrates, there is a distinction between distance and 
displacement . Distance is a number that measures separation, while displacement consists of sep¬ 
aration and direction. For example, walking 3 miles north and walking 3 miles east give different 
displacements, but both correspond to a distance of 3 miles. 


N 

4 


Destination 


5 miles / 


Home * - 

3 miles 


4 miles 


Figure 12.1: After walking 3 miles east then 4 miles north, your distance from home is 5 miles 


Adding Displacements Using Triangles 

Displacements are added by treating them as arrows called vectors. The length of each arrow indi¬ 
cates the magnitude of the displacement, while the orientation of the arrow (which way the arrow 
points) indicates the direction. To add two displacements, join the tail of the second arrow to the 
head of the first arrow. Together, the arrows form two sides of a triangle 1 whose third side represents 
their sum. The sum is the net displacement resulting from the two displacements. 


Example 1 


Solution 


A person leaves her home and walks 5 miles due east and then 3 miles northeast. How far has she 
walked? How far away from home is she? What is her net displacement? 


In Figure 12.2, the first arrow is 5 units long because she walks 5 miles, while the second arrow is 
3 units long and at an angle of 45° to the first. The length of the third side, x, of the triangle can be 
found by the Law of Cosines: 


x 2 = 5 2 + 3 2 - 2 • 5 • 3 cos 135° 



= 55.213. 


This gives x = 55.213 = 7.431 miles for the distance from home to destination, which is less than 

the total distance walked (5 + 3 — 8 miles). To specify her net displacement we use the angle 0 in 
Figure 12.2. We find 6 using the Law of Sines: 

sin 9 _ sin 135° 

“T” “ 7.431 ’ 

giving 

+ 2/2 

sin0 = 3 - +-C- = 0.285. 

7.431 

We know 0 is less than 90°. Taking the arcsin of both sides, we obtain 6 = sin _l (0.285) = 16.588°. 
Thus, the net displacement is 7.431 miles in a direction 16.588° north of east. 


1 If the vectors are parallel, the triangle becomes a line. 
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Destination 


Figure 12.2: A person walks 5 miles east and then 3 miles northeast 


The Order of Addition Does Not Affect the Sum 

When two displacements are added, the sum is independent of the order in which the two arrows are 
joined. For example, in Figure 12.3 the 5-mile displacement followed by the 3-mile displacement 
leads to the same destination as the 3-mile displacement followed by the 5-mile displacement. 


Destination 



Figure 12.3: No matter which order the arrows are joined, the resulting net displacement is the same 

Vectors 

Many physical quantities add in the same way as displacements. Such quantities are known as vectors. 
Like displacements, vectors are often represented as arrows. A vector has magnitude (the arrow's 
length) and direction (which way the arrow points). Examples of vectors include: 

• Velocity This is the speed and direction of travel. 

• Force This is, loosely speaking, the strength and direction of a push or a pull. 

• Magnetic fields A vector gives the direction and intensity of a magnetic field at a point. 

• Vectors in economics Vectors are used to keep track of prices and quantities. 

• Vectors in computer animation Computers generate animations by performing enormous 
numbers of vector-based calculations. 

• Population vectors In biology, populations of different animals or age groups can be repre¬ 
sented using vectors. 

Vector Notation 

In this book we write vectors as variables with arrows over them: f . The notation is intended to 
ensure that a vector V is not mistaken For a scalar , which is another name for an ordinary number. 

Notation for the Magnitude of a Vector 

The length or magnitude of a vector v is written ||F 11. This notation looks like the absolute value 
notation, |x|, used for scalars. The absolute value of a number is its si/e without regard to sign, so 
| — 3 01 — | ~E 10| = 10. Similarly, the vectors s and 7 in Figure 12.4 are both of length 5, even though 
they point in different directions. Therefore, 11? 11 = | |r 11 =5 (although ? ^ t ). 


II* II = 5 • ^ ||r || = 5 

Figure 12.4: The vectors s and 7 are both of magnitude 5, but they point in different directions 
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Addition of Vectors 

As with displacements, the sum of two vectors u and v represented by arrows is found by joining 
the tail of v to the head of u . Then w = u + v is represented by the arrow drawn from the tail of 
of u to the head of v . See Figure 12.5. 2 



= u + v 


Figure 12.5: Constructing the vector sum w —u + v 


Example 2 Spacecraft such as Voyager and Galileo experience gravitational forces exerted by the sun, earth, 
and other planets. Vectors are used to represent the strength and direction of the gravitational forces. 

Suppose a Jupiter-bound spacecraft is coasting between the orbits of Mars and Jupiter. Assume 
that Jupiter exerts a gravitational force of 8 units on the spacecraft, directed toward Jupiter, and that 
Mars exerts a force of 3 units on the spacecraft, directed toward Mars. The force F M exerted by Mars 
is at an angle of 70° to the force Fj exerted by Jupiter, as shown in Figure 12.6. (For simplicity, we 
ignore the forces due to the sun and other planets.) 

(a) Find 11F MJ 11, the magnitude of the net force on the spacecraft due to Mars and Jupiter. 

(b) What is the direction of F MJ ? 

(c) Without engine power, will the spacecraft stay on course? 


Solution 



Direction of Jupiter 


Direction of Mars 

Figure 12.6: Forces F M and F } exerted by Mars and Jupiter, respectively 
(a) The net force, F MJ , ls sum °f an d the forces due to Mars and Jupiter, so 

^mj = + ^j* 


Figure 12.7 shows F MJ , obtained by joining the tail of Fj to the head of F M . The Law of Cosines 
tells us that ||F MJ ||, the length of the resulting vector, is given by 

||F mj || 2 = 8 2 + 3 2 - 2 - 8 • 3 cos 110° 

= 73 -48 cos 110° 

= 89.417, 

so N^mjII = \/89.417 = 9.456 units. Notice that 9.456 is less than the sum of the magnitudes 
of the individual forces 3 -I- 8 = 11 units. The magnitude of the net force is less than 11 units 
because the forces exerted by Mars and Jupiter are not perfectly aligned. 


2 If (7 and v are parallel, the vectors are added by the same method. However, in this case the figure is not a triangle. 
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(b) The direction of F MJ , denoted by 0 in Figure 12.7, can be found using the Law of Sines: 

sin# 

3 ” 

sin 0 - 

The angle 0 is less than 90°, so 

(e) The gravity of Mars is pulling the spacecraft off its Jupiter-bound course by about 17.345°. The 
spacecraft will veer off course if it does not use its engines. 

Spacecraft 8 ^ j 



Figure 12.7: The net force, F MJ , on the spacecraft 


sin 1 10° 



0 = arcsin(0.298) = 17.345°. 


Subtraction of Vectors 

We have seen how vectors are added. Now we see how to subtract one vector from another. If 

w—u-u , 

then it is reasonable to assume that by adding v to both sides we obtain 

w + v = u . 

In other words, w is the vector that when added to v gives u . This is illustrated in Figure 12.8. 



Figure 12.8: If w =u—v, then w is the 
vector that when added to v gives u 

Figure 12.8 suggests the following rule: To find w =u — v , join the tails of v and u , and then 
w is the vector drawn from the head of v to the head of u . 


Example 3 Suppose the spacecraft in Example 2 can fire its engine thrusters in any direction, but that the strength 
of the thrust is always 4 units. In what direction should the spacecraft aim its engine thrusters in order 
to stay on course toward Jupiter? 
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Solution 


The engine-thrust vector F engines must be chosen so as to push the spacecraft back on course. The 

combined force on the craft due to Mars and Jupiter is given by F MJ . When the engines are on, the 
net force due to Mars, Jupiter, and the engines is given by 

^nel d" ^engines- 

We choose F crtgines so that F net points directly toward Jupiter. Solving for F cn jnes gives 

77 _ J 7 _ p 

r engines 1 ncl r MJ* 

We do not know the length of F net , but we do know that it points toward Jupiter. From Example 2, 
the length of F MJ is 9.456 units and the vector is directed at a 17.345° angle clockwise from F net . 
Figure 12.9 shows F cngines = F nel — F MJ . (The force F engines is actually applied to the spacecraft, 
as shown in Figure 12.9. However, we can move a vector from one point to another when adding.) 



Figure 12.9: The engine-thrust vector is given by F im;N = F ncl - F MJ , where F I1C1 points directly 
toward Jupiter and F MJ is as shown in Figure 12.7 


We want to find the direction of thrust, labeled <p in Figure 12.9. By the Law of Sines, we have 

sin 4) _ sin 17.345° 

9.456 ~ 4 

. M f sm 17.345° \ 

sin cj) = 9.456 y --- j . 

One solution to this equation is 

(j) = arcsin (—^— sin 17.345°) = 44.811°. 

The engine thrusters should be aimed 44.811° counterclockwise from the direction of Jupiter. 


There is another possible value for 0, the direction of the engine thrust in Example 3. This is 
because there are two solutions to the equation 

9 456 

sin 4> = sin 17.345°. 

^ 4 

The second solution, 180° - 44.811 ° = 135.189°, is shown in Figure 12.10. Both values of (p serve 
to counteract the gravity of Mars, but the 44.811° direction helps push the craft toward Jupiter, 
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whereas the 135.189° direetion helps push it away from Jupiter. Thus, the first solution is the one we 
need. 

Another choice for direction of thrust 

> 



Figure 12.10: There are two possible choices for the direction of thrust. One has the effect of pushing 
the spacecraft toward Jupiter; the other (shown here) pushes the spacecraft away from Jupiter 


Scalar Multiplication 


A v ector 7 can be added to itself. In Figure 12.1 I, we see that the resulting vector, 7 + 7 , points in 
the same direction as 7 but is twice as long. The vector *7 + 7 + 7 also points in the same direction 
as 7 , but is three times as long. We write 

27 for 7+7 and 37 for 7 +7 + 7. 



Figure 12.11: The vector 27 =7 +7 points in the same direction as 7 but is twice 
as long as 7 . Similarly, 37 =7+7+7 points in the same direction and is 3 
times as long as 7 , and —7 is in the opposite direction to 7 


Similarly, 0.57 points in the same direction as 7 but is only half as long. In general, if v is a 
vector and k a positive number (a positive scalar), then kv is a vector that is k times as long as v 
and pointing in the same direction as 7. The vector kv is called a scalar multiple of v . 

If k is a negative number, the vector kv has length \k\ times the length of v , but points in the 
opposite direction to v . For example, —37 is the vector that is three times as long as 7 but pointing 
in the opposite direction. See Figure 12.1 1. 

The Zero Vector 

The zero vector, denoted by the symbol 0, represents no displacement, which is the displacement 
that leaves you where you started. The zero vector has no direction. 

The following rules summarize scalar multiplication. 

• \fk > 0, then kv points in the same direction as v and is k times as long. 

• If k < 0, then kv points in the opposite direction as v and is \k\ times as long. 

• If k = 0, then kv = 0, the zero vector. 

Since they either point in the same direction or opposite directions, two nonzero vectors 7 and 
v are parallel if there is a nonzero scalar k with 7 = kv . For example, all the vectors in Figure 12.11 
are parallel. The zero vector is not considered parallel to any other vector. 
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Alternate View of Subtraction 

Since the vector —v points in the opposite direction to v . the difference u - v is the same as the 
sum Ti +(—?}. See Figure 12.12. 



Figure 12.12: Illustration of the fact that u - v — u + ( — r ) 

Properties of Vector Addition and Scalar Multiplication 

The following properties hold true for any three vectors u , F, w and any two scalars a and b\ 


1. Commutativity of addition: u + v = u + u 

2. Associativity of addition: (u + v) + iu = u + (v + w ) 

3. Associativity of scalar multiplication: a(bu) = ( ab)v 

4. Distributivity of scalar multiplication: ( a + b)v = av + bv and a(u +u) = au + av 

5. Identities: v + 0 = v and 1 • v = v 


These properties are analogous to the corresponding properties for addition and multiplication 
of numbers. In other words, vector addition and scalar multiplication of vectors behave as expected. 

Exercises and Problems for Section 12.1 

Exercises 


We use scalars to describe quantities like weight because these 
require only a single number (for example. 50 lbs). We use vec¬ 
tors to describe quantities like velocity because these require 
more than one number (for example, 20 mph at a heading of 
80°). In Exercises 1-8. should we describe the given quantity 
with a vector or a scalar? 

1. The elevation of a national monument. 

2. The temperature at a point on the earth's surface. 

3. The wind velocity at a point on the earth’s surface. 

4. The distance from Seattle to St. Louis. 

5. The population of the US. 

6. The population of a city. 

7. The location in space of a satellite. 

8. The number of men and women living in a city. 


9. The vectors w and u are in Figure 12.13. Match the 
vectors /7.^,r,v ,r with live of the following vectors: 
u + ii' Si - u '. w - u . 2 w — u St — 2iv , 2tv , —2w , 
2 u . —2Tt. —w , — u . 



Figure 12.13 
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Problems 


Given the displacement vectors F and /? in Figure I 2.14, draw 
the vectors in Problems 10 15. 



Figure 12.14 

10. F + iv 11. F - iv 12. 2F 

13. /? + F/2 14. 2F +/? 15. F -2/? 

16. (a) A kite on a 50-foot string is flying at an angle of 20 11 

to Hat ground. What are the magnitude and the direc¬ 
tion of the vector from the kite to the ground? 

(b) A wind blows the kite upward so that its angle with 
the ground is 402 How far is the new position from 
the original position? 

17. Oracle Road heads due mirth from its intersection with 
Route 10, w hich heads 20° west of north. 

(a) If you travel 5 miles up Route 10 from the intersec¬ 
tion, how far arc you from Oracle Road? 

(b) How far do you have to travel up Route 10 from the 
intersection to be 2 miles from Oracle Road? 

18. A person leaves home and walks 2 miles due west. She 
then walks 3 miles southwest. How far away from home 
is she? In what direction must she walk to head directly 
home? (Your answer should be an angle in degrees and 
should include a sketch.) 

19. The person from Problem 18 next walks 4 miles south¬ 
east. How far away from home is she? In what direction 
must she walk to head directly home? 

20. A hockey puck starts on the edge of the rink and slides 
with a constant velocity F , at a speed of 7 ft/sec and an 
angle of 35° with the edge. After 2 seconds, how far has 
the puck traveled? How far is it from the edge? 

12.2 THE COMPONENTS OF A VECTOR 


21. A helicopter is hovering at 3000 meters directly over the 
eastern perimeter of a secret Air Force installation. The 
eastern perimeter is 5000 meters straight east from the 
installation headquarters. The helicopter receives a trans¬ 
mission from headquarters that a UFO has been sighted 
at 7500 meters directly over the installation's western 
perimeter, which is 0000 meters straight west from the 
headquarters. How far must the helicopter travel to inter¬ 
cept the UFO/ In what direction must it head? Be spe¬ 
cific. 

22. Suppose instead the UFO in Problem 21 is sighted di¬ 
rectly over the installation's northern perimeter, which is 
12.000 meters from headquarters. Flow far must the heli ¬ 
copter travel to intercept the UFO 1 .' In what direction must 
it head / Be specific. 

23. A spacecraft is traveling directly toward Saturn, which ex¬ 
erts a gravitational force of 7 units on it. The moon Titan 
exerts a force of 10 units at a 40'“ angle to the right of 
the line joining the spacecraft to Saturn. The moon Rhea 
exerts a force of 5 units 80° to the left of this line. 

(a) Find ||/' ww ||. the magnitude of the sum of the 
forces acting on the spacecraft. 

(b) Does the craft remain on course or veer to the left or 
to the right? 

(c) if the engines have a thrust of 1 unit, is it possible to 
aim them in such a wav as to correct the spacecraft's 
course? 

24. A ball is thrown horizontally at 5 feet per second relative 
to still air. At the same time a wind blows at 3 feet per 
second at an angle of 45° to the ball's path. What is the 
velocity oft he ball relative to the ground? (There are two 
answers.) 

Use the definitions of addition and scalar multiplication to ex¬ 
plain each of the properties in Problems 25-31. 

25. u' + F = F + w 26. {a + b)v — av + Iw 

27. ci{i- T iv ) — cti- -f oil- 28. v H- 0 — / 1 

29. IF = F 30. F + (-D/F = F - tv 

31. (F + F ) + tv = u + (F + w ) 


So far, vectors have been described in terms of length and direction. There is another way to think 
about a vector, and that is in terms of components. We begin with an example illustrating the use of 
components; we define this term precisely later. 


Example 1 A ship travels 200 miles in a direction that its compass says is due east. The captain then discovers 
that the compass is faulty and that the ship has actually been heading in a direction that is 17.4° to 
the north of due east. How far north is the ship from its intended course? 
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Solution 


In Figure 12.15, a vector v has been drawn for the ship’s actual displacement. We know that \ \v\ \ = 
200 miles and the direction of v is 17.4° to the north of due east. We see that v can be considered 
the sum of two vectors, one pointing due east and the other pointing due north, so 

v = v north "h ^easf 


From Figure 12.15, we have 

so 


sin 17.4° 


II ^ north 11 
200 


|| v northII = 200 sin 17.4° = 59.808 miles. 
Therefore, the ship is 59.808 miles due north of its intended course. 



v 


east 


north 


Figure 12.15: How far north is the ship from its intended eastward course? 


Unit Vectors 

A unit vector is a vector of length 1 unit. The unit vectors in the directions of the positive x- and 
y-axes are called i and j , respectively. See Figure 12.16. These two vectors are important because 
any vector in the plane can be expressed in terms of / and j . 

y 

3 

2 

I 1 

1 - - _ » 

i 

1 2 3 

Figure 12.16: The unit vectors / and j 



Example 2 

Solution 


Let the x-axis point east and the y-axis point north. A person walks 3 miles east and then 4 miles 
north. Express her displacement in terms of the unit vectors / and j . 

The unit of distance is miles, so the unit vector i represents a displacement of 1 mile east, and the 
unit vector j represents a displacement of 1 mile north. The person’s displacement can be written 

Displacement = 3 miles east + 4 miles north = 3/ +4 j . 


Exampte3 Let the x-axis point east and the y-axis point north. Describe the displacement 5/ — Ij in words. 

Solution Since / represents a 1-mile displacement to the east, 5/ represents a 5-mile displacement to the east. 

Since j represents a 1-mile displacement to the north, -7 j represents a 7-mile displacement to the 
south. Thus, 5/ -1 j represents a 5-mile displacement to the east followed by a 7-mile displacement 
to the south. 
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Resolving a Vector in the Plane into Components 

In this book, wc focus chiefly on vectors that lie flat in the plane. Such vectors can always be broken 
(or resolved) into sum of two vectors, 3 one parallel to the x-axis and the other to the y-axis. These 
two vectors arc called the components parallel to the axes. 

For the vector v in Figure 12.17, we can write 

v — v | + v 2 , 

where v j is called the x-component of v and r 2 is the y-component of r . What can wc say about 
the components v j and u 2 ‘? 

3’ 



Figure 12.17: A vector v can be written us the sum of components, v { and v 2 * parallel to the x- and y-axes 


In Figure 12.17, the vector v has length ||F || and makes an angle # with the positive x-axis, 
with 0 < # < 2k. Thus, we sec that 


cos# = 


lUnll 

lisil 


and sin 0 = 


11*11 


Therefore 

ll*ill = I m 1 1 COS 6> and ||? 2 || = ||u || sinfl. 

We know that v j is parallel to the x-axis, so it is a scalar multiple of the unit vector /. Similarly, u 2 
is a scalar multiple of j . After checking that the signs of cos# and sin # give the correct directions 
for v , and v 2 , we have 


v j = (||t; || cos#) / and r 2 = (| \u \ \ sin #) j . 
These are the x- and y- components of v . We have the following result: 


In the plane, a vector v of length \ \u\ \ that makes an angle # with the positive x-axis can be 
written in terms of its components: 

v = (||D|| COS0) ; + (IIP II sinfl) j. 


Example 4 In Example 1, suppose the x-axis points east and the y-axis points north. Resolve the displacement 
vector u into components parallel to the axes. 

Solution The vector 7 norlh is the y-component of v and F cast is the x-component. We already know that 

11 v north 11 “ 59.808 miles. From Figure 12.15, we see that ||F eas( || = 200 cos 17.4° = 190.848 
miles. (This last piece of information tells us that although the ship traveled a total of 200 miles, its 
eastward progress amounted to only 190.848 miles.) The easterly and northerly components are 

v east = 190.848/ and F north = 59.808y . 


■' However, one or both of the vectors may be of zero length. 
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Thus, the course taken by the ship can be written as follows: 

v = ? east + U north = 190.848/ + 59.808/. 

To check the calculation, notice that 

11^ east 11 2 + 11?north I P = (190.848) 2 + (59.808) 2 « (200) 2 = II? II 2 . 


Example 5 


Solution 


Sums and scalar multiples are easy to compute if vectors are written in terms of components. 
For a sum, add corresponding components; for a multiple, multiply each component by the scalar. 


Let u = 5 i + Ij , v = z + j , and id — 6j - 3/ + 2 j - 2 / - 4 j + li . Describe in words the 
similarities and differences between the following displacements: 

2 / + 4 /, 


3v 9 


w . 


We show that the displacements 2/ + 4j , w - 3v , and w; are all the same. Using the properties on 
page 502, we have 

u -3u = (5/ + l]) - 3(7 + /) 

= (57+ 7/)-(3/+ 3/) 

= (5/ -3/) + (7j -3/) = 27 +4/. 

The vector can be simplified as 

= (-3/ - 2 i + 7/) + (6y +2y - 4/) = 27 + 4j . 

Alternatively, we can see that all three displacements are the same by doing head-to-tail addition for 
each case, with the same starting point. Figure 12.18 shows that all three end points are the same, 
although the path followed is different in each case. 

-37 


2/ +47 


Start 




77 



End 


Figure 12.18: These three displacements, 2/ + 47 , u - 3c , w , are all the same 


Displacement Vectors 

Vectors that indicate displacement are often designated by giving two points that specify the initial 
and final positions. For example, the vector v — PQ describes a displacement or motion from point 
P to point Q. If we know the coordinates of P and Q, we can find the components of v . 


Example 6 

Solution 


If P is the point (-3, 1) and Q is the point (2,4), find the components of the vector PQ. 

Figure 12.19 shows the vector PQ and its components v x and v 2 - The length of v j is the horizontal 
distance from P to Q , so 

||5 l || = 2-(-3) = 5. 

The length of v 2 is the vertical distance from P to Q , so 

11^211 =4—1=3. 
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Thus, the components are v ] =5/ and v 2 — 3y . We write v = PQ = 5 i + 3 j . 


y 



In general, we have the following result: 


If P = (xj, y x ) and Q = (x 2 , y 2 ), then the vector v = PQ from P to 0 is given by 

v =(x 2 -x,)7 +(>' 2 ->'i)7- 


Vectors in n Dimensions 

So far we have considered 2-dimensional vectors which have two components. Sometimes, we want 
to analyze vectors in space, which have three components. In addition, there are n-dimensional vec¬ 
tors, which have n components, where n is a positive integer. 


Example 7 A balloon rises vertically a distance of 2 miles, floats west a distance of 3 miles, and floats north a 

distance of 4 miles. The x-axis points eastward, the y-axis points northward, and the z-axis points 
upward. Write the balloon’s displacement vector. 

Solution The displacement vector has three components: a vertical component, an eastward component, and 

a northward component. Therefore, this displacement is a 3-dimensional vector. Writing /, j , k for 
unit vectors in the three directions, we have 

Displacement = -3/ +4 j + 2k . 


Lengths of Vectors and Deciding Whether Vectors Are Parallel 

When a 2-dimensional vector is written in terms of its components, we can use Pythagoras’ Theorem 
to find its length. Similarly, we can use the components of a vector in space to determine its length: 
If? =v j/ + v 2 j 4- u 3 k , then 

Length of v = 11Z31| = ^ (u,) 2 + (v 2 ) 2 + (v$) 2 - 

The direction of vector is also determined by its components—a large component in one direc¬ 
tion means the vector points roughly in that direction. We can use components to decide whether 
two vectors are parallel. Two nonzero vectors v — up -I- v 2 j + v 2 k and w — w ( / + w 2 j + w 3 k 
are parallel when there exists a nonzero scalar k with w — kv , so that for this value of /c, their 
components satisfy: 

w j = kv x and w 2 — kv 2 and w 3 — kv 3 . 

Example 8 Let v — i -2j + 3/c and w =5/ - 10/ -I- 15^ . 

(a) Find \ \v || and \ \w ||. 











Chapter Twelve VECTORS AND MATRICES 


Solution 


(b) Are 3 and w parallel? 

(c) Is a = 5/ 4-10/ + 15* parallel to 3 ? How about b = -5 i + 10 j - 15* ? 

(d) For each pair of vectors in (b) and (c) that are parallel, interpret the value of *. 

(a) We have 

l in 11 = Vi * 1 2 + (-2) 2 +3 2 = Vh 

||w|| = V5 2 + (-10) 2 + 15 2 = V350. 

(b) We have 

w 1 = 5 = 5 • 1 = 5v { and w 2 = -10 = 5 • (-2) = 5v 2 and w 3 = 15 = 5*3= 5v 3 , 

Thus 3 and w are parallel, with k = 5. We have w = 53. 

(c) For a and 3, we have 

a x =5=5*1= 5v l and a 2 - 10 = —5 • (-2) = ~5v 2 and a 3 = 15 = 5 • 3 = 5v 3 , 

The three equations do not all have the same value of k , so 3 and a are not parallel. For b and 
v , we have 

6] = —5 = —5 • 1 = —5^j and Z? 2 = 10 = — 5 • (-2) = —5v 2 and w 3 = -15 = —5*3 = -5^ 3 . 

We see that y and b are parallel, with k = -5. We have b = —5ZJ. 

(d) We have m) =53 and b = -53, so t3 and d are both 5 times as long as 3. All three vectors 
are parallel, but w points in the same direction as 3, while b points in the opposite direction. 


In general, for two parallel vectors, w and 3, with w = kv , we interpret k as follows: 

• The sign of k tells us whether they point in the same or opposite directions. 

• The magnitude of k tells us the ratio of their lengths. 

Exercises and Problems for Section 12.2 

Exercises 


Resolve the vectors in Exercises 1-3 into components. 

1. A vector starting at the point Q = (4,6) and ending at the 
point P — (1,2). 

2. A vector starting at the point P = (1,2) and ending at the 
point Q = (4,6). 

3. The vector shown in Figure 12.20, with components ex¬ 
pressed in inches. 

y 



Figure 12.20: Scale: 1 unit on the x- and 
y -axes is 0.25 inches 

For Exercises 4-7, perform the indicated computations. 
4.5(27-7)+/ 

5. (47 +2/)-(37-7) 


6. -(7+J) + 2(27-3/) 

7. 2(0.457 - 0.97 - 0.0U ) - 0.5(1.27 - 0.U) 

8. On the graph in Figure 12.21, draw the vector 3=4/+ j 
twice, once with its tail at the origin and once with its tail 
at the point (3,2). 

y 



Figure 12.21 

Find the length of the vectors in Exercises 9-12. 

9. 3 =7-7+37 10. 3 = 7 - 7 + 27 

11. 3 =7.27 - 1.57 +2.1* 

12. 3 = 1.27 -3.67 +4.1* 


\ 






































12.2 THE COMPONENTS OF A VECTOR 509 


Problems 


13. A ship steams due north at 10 knots but experiences an 
ocean current that moves east to west at 5 knots. 4 Re¬ 
solve into components the velocity of the ship in a co¬ 
ordinate system in which the x-axis points east and the y 
axis points north. 

In Problems 14—17, use the information in Figure 12.22. Each 
grid square is 1 unit along each side. 

y 






V 



S! 
















p 










p 




Figure 12.22 

14. Write the following vectors in component form. 

(a) v (b) 2 w (c) v + w (d) w - v 

(e) The displacement vector PQ. 

(f) The vector from the point P to the point (2,0). 

(g) A vector perpendicular to the y-axis. 

(h) A vector perpendicular to the x-axis. 

15. What is the angle between the vector w and the negative 
y-axis? 

16. What is the angle between the vectors v and w ? 

17. What is the angle between the vector w and the displace¬ 
ment vector PQ1 

18. A car is traveling at a speed of 50 km/hr. The positive y- 
axis is north and the positive x-axis is east. Resolve the 
car’s velocity vector into two components if the car is trav¬ 
eling in each of the following directions: 

(a) East (b) South 

(c) Southeast (d) Northwest 

19. Shortly after takeoff, a plane is climbing northwest 
through still air at an airspeed of 200 km/hr and rising 
at a rate of 300 m/min. Resolve into components its ve¬ 
locity vector in a coordinate system in which the x-axis 
points east, the y-axis points north, and the z-axis points 
up. 

20. (a) Find a unit vector from the point P = (1,2) toward 

the point Q = (4,6). 

(b) Find a vector of length 10 pointing in the same di¬ 
rection. 

21. Which is traveling faster, a car whose velocity vector is 
21 i + 35y , or a car whose velocity vector is 40?, assum¬ 
ing that the units are the same for both directions? 


22. A truck is traveling due north at 30 km/hr toward a cross¬ 
road. On a perpendicular road a police car is traveling 
west toward the intersection at 40 km/hr. Both vehicles 
will reach the crossroad in exactly one hour. Find the vec¬ 
tor currently representing the displacement of the truck 
with respect to the police car. 

23. An athlete throws a shot at a 30° angle to the ground at 
speed 50 km/hr. 

(a) What is the magnitude of the velocity vector of the 
shot? 

(b) Resolve the velocity vector into vertical and horizon¬ 
tal components. 

24. Which of the following vectors are parallel? 

u =2/+4y — 2k y v =7 - / + 3k , 
w = -7 -2j + 7 , p = 7 + y + 7 , 
q =4 i -4 j +127 , r - 7 -/ + 7 . 

25. (a) A man swims northeast at 5 mph. Give a vector rep¬ 

resenting his velocity. 

(b) He now swims in a river at the same velocity relative 
to still water; the river’s current flows north at 1.2 
mph. What is his velocity relative to the riverbed? 

26. The coastline is along the x-axis and the sea is in the re¬ 
gion y > 0. A sailing boat has velocity v = 2.57 + 3.lJ 
mph. What is the speed of the boat? What angle does the 
boat’s path make with the coastline? 

27. The hour hand and the minute hand of a clock are repre¬ 
sented by the vectors h and m , respectively, with |\h || = 
2 and \\m || =3. The origin is at the center of the clock 
and the positive x-axis goes through the three o’clock po¬ 
sition. 

(a) What are the components of h and m at the follow¬ 
ing times? Illustrate with a sketch. 

(i) 12 noon (ii) 3 pm 

(iii) 1pm (iv) 1:30 pm 

(b) Sketch the displacement vector from the tip of the 
hour hand to the tip of the minute hand at 3 pm. What 
are the components of this displacement vector? 

(c) Sketch the vector representing the sum h +m at 1:30 
pm. What are the components of this sum? 

A cat on the ground at the point (1,4,0) watches a squirrel at 
the top of a tree. The tree is one unit high with base at the point 
(2,4,0). Find the displacement vectors in Problems 28-31. 

28. From the origin to the cat. 

29. From the bottom of the tree to the squirrel. 

30. From the bottom of the tree to the cat. 

31. From the cat to the squirrel. 


4 1 knot is 1 nautical mile (approximately 6080 feet) per hour. 
















510 Chapter Twelve VECTORS AND MATRICES 

12.3 APPLICATIONS OF VECTORS 


Alternate Notation for the Components of a Vector 

The vector v =3/ +4 j is sometimes written v = (3,4), evn though this notation can be confused 
with the coordinate notation used for points, (For instance, (3,4) might mean the point a* = 3, y — 4 
or the vector 3/ +4 j .) This notation is particularly useful for vectors in n dimensions. 

Population Vectors 

Vectors in // dimensions are used for keeping track of n quantities. We add them by adding the 
corresponding components; scalar multiples are obtained by multiplying each component by the 
scalar. 


Example 1 The 2005 population of the six New England states (Connecticut, Maine, Massachusetts, New Hamp¬ 

shire, Rhode Island, and Vermont) can be thought of as a 6-dimensional vector P . The components 
of P are the populations of the six states. Using the alternate notation, we write 

p - (Pqt* /W P VIA' ^NTh P Rl> ^VT^h 

where P CT is the population of Connecticut, is the population of Maine, and so on. 


The population vector P from the previous example does not have a geometrical interpretation. 
We cannot draw a picture of P , or interpret its length and direction as we do for displacement vectors. 
However, the following example shows how it is used. 


Example 2 The vectors P and Q give the populations of the six New England states in 2005 and 2010, respec¬ 
tively. According to the Census Bureau,' 1 these vectors are given, in millions of people, by 

P = (3.51, 1.32,6.40, 1.31, 1.08.0.62) 

Q = (3.57. 1.33,6.55, 1.32, 1.05,0.63). 

For instance, the population of Connecticut was 3.51 million in 2005 and 3.57 million in 2010. 

(a) Find R = Q - P . Explain its significance in terms of the population of New England. 

(b) Let S be the estimated population of New England in the census year 2020. One expert predicts 
that S ~ Q + 2R . Find S and explain the assumption this expert is making about the New 
England population. 

(c) Another expert makes a different prediction, claiming that T = 1.080 will give the population 
of New England in 2020. Find T and explain the assumption that this expert is making. 


Solution (a) We calculate R = Q — P component by component, giving 

R = Q - P 

= (3.57. E33, 6.55.1.32, 1.05,0.63) - (3.51, 1.32,6.40, 1.32, 1.08,0.62) 

= (3.57 - 3.51, 1.33- 1.32,6.55-6.40, 1.32 - 1.31. 1.05 - 1.08,0.63-0.62) 

= (0.06.0.01,0.15,0.01. -0.03,0.01). 

The components of R give the change in population for each New England state. For instance, 
the population of Connecticut rose from 3.51 million in 2005 to 3.57 million in 2010, a change 
of 3.57 - 3.51 = 0.06 million people, so R CT ~ 0.06. 


5 www.ccnsus.gov. accessed May 17.2013. 
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Economics 


Example 3 


Solution 


(b) The formula .V —Q + 2R means that 

Population in 2020 = Population in 2010 + 2 • Change between 2005 and 2010. 

According to this expert, stales will see their populations increase or decrease between 2010 and 
2020 as they did between 2005 and 2010. Note that that the factor of 2 is required because the 
interval is twice as long. Algebraically, we have 

S = Q + 2R 

= (3.57. 1.33,6.55. 1.32. 1.05,0.63) + 2 • (0.06,0.01,0.15,0.01,-0.03,0.01) 

- (3.57. 1.33, 6.55. 1.32. 1.05,0.63) + (0.12.0.02. 0.30.0.02, -0.06.0.02) 

= (3.69, 1.35,6.85, 1.34,0.99, 0.65). 

For instance, Connecticut's population climbed by 0.06 million between 2005 and 2010. The 
predicted population of Connecticut in 2020 is given by 

S CT = Q ct + 2 ■ R ct = 3.51 + 2 • (0.06) = 3.69. 

The 0.12 million jump in Connecticut's population between 2010 and 2020 is twice as large as 
the 0.06 million jump between 2005 and 2010. 

(c) The formula T = 1.08(3 means that each component of T is 1.08 times as large as the corre¬ 
sponding component of Q . In other words, the population of each state is predicted to grow by 
89C We have 

f = 1.080 = 1.08 ■ (3.57. 1.33,6.55, 1.32. 1.05,0.63) 

- (1.08 - 3.57, 1.08 ■ 1.33. 1.08 ■ 6.55. 1.08 • 1.32. 1.08 ■ 1.05, 1.08 ■ 0.63) 

= (3.86, 1.44.7.07, 1.43. 1.13.0.68). 

For instance, the population of New Hampshire is predicted to grow from 0 Ni , — 1.32 million 
in 2010 to T m = l.O80 NIi = 1.08(1.32)= 1.43 million in the year 2020. Here uniform growth 
is assumed across the region, which means that Rhode Island has growth instead of a decline 
that was predicted in S . 


Notice how vector addition and subtraction were used in parts (a) and (b) of the previous exam¬ 
ple, and scalar multiplication w^as used in parts (b) and (c). 


In 2009, the blockbuster movie Avatar set a record by grossing $761 million at domestic (US) box 
offices. 6 It made even more money at international box oftices, where it grossed $2023 million. 
Rounding out its wild success is the $191 million for video and DVD domestic sales. The revenue 
vector , a = (761.2023. 191). summarizes the domestic, international, and video/DVD gross rev¬ 
enues in millions of dollars. 


After Avatar, two other major financially successful US movies were Harry Potter and the Deathly 
Hallows: Part 11 in 2011 and The Avengers in 2012. If 7 and t , are the revenue vectors for these two 
movies, then 

7 = (381,947,90) 7 = (623,891,91). 

Find R , the revenue vector for all three movies combined. 

The revenue vector, R , is the sum of 7,7. and t : 

R = a + 7 + 7 = (761 + 381 +623,2023 + 947 + 891. 191 + 90 + 91 ) = (1765, 3888, 372). 


Data compiled from www.lhe-nunihers.com. Accessed May 17, 2012. 
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Price and Consumption Vectors 

A car dealership has several different models of cars in its inventory, with different prices for each 
model. A price vector , P , gives the price of each model: 

p =(Pi,p 2 . p n )- 

Here P ] is the price of car model 1, P 2 is the price of model 2, and so on. A consumption vector C 
gives the number of each model of car purchased (or consumed) during a given month: 

C =(C„C 2 ,...,C n ). 


Example4 Suppose I gives the number of cars of each model a car dealer currently has in inventory. Explain 

the meaning of the following in terms of the car dealership. 

(a) 1 - C (b) I -2C (c) C = 0.3/ 

Solution (a) This expression represents the difference between the number of each model currently in inven¬ 

tory and the number of that model purchased each month. So / — C represents the numbers of 
each model that remain on the lot after one month. 

(b) This expression represents the number of each model the dealer has left after two months, as¬ 
suming that no new cars are added to inventory and that C does not change. 

(c) This equation tells us that 30 % of the inventory of each model is purchased by consumers each 
month. 


Example 5 Let E represent expenses incurred by the dealer for acquisition, insurance, and overhead, for each 
model. What does the vector P - E represent? 

Solution This represents the dealer's profit for each model. For instance, a model that the dealer sells for 

$29,000 may cost $25,000 to acquire from the factory, insure, and maintain. The difference of $4000 
represents profit for the dealer. The vector P — E keeps track of this profit for each model. 


Physics 


Newton's law of gravitation states that the magnitude of force exerted on an object of mass m by the 
earth is given by 


II An =g 


mM E 



where M E is the mass of the earth, r E is the distance from the object to earth’s center, and G is a 
constant. Similarly, the force exerted on the object by the moon has magnitude 


mM f 

11 ^ 11 = 6 —^, 


where M L is the mass of the moon and r L is the distance to the moon’s center. The force exerted by 
the earth is directed toward the earth; the force exerted by the moon is exerted toward the moon. 


Example 6 Figure 12.23 shows the position of a 100,000-kg spacecraft relative to the earth and moon. The vector 
7 is the position of the moon relative to the earth, r E is the position of the spacecraft relative to the 
earth, and 7 L is the position of the spacecraft relative to the moon. With distances in thousands of 
kilometers, we have 

7 = 3847 and r E = 2807 + 90/. 

Which force is stronger, the pull of the moon on the spacecraft or the pull of the earth? [Use M E — 
5.98 • 10 24 kg, M[ = 7.34 - I0 22 kg, and G — 6.67 * 10 -23 if distance is in thousands of kilometers.] 
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Solution 


Spacecraft 



Figure 12.23 : Gravitational forces between the earth, the moon, and a 100,()()0-kg spacecraft 


To use Newton's law of gravitation, we lirst find | \r t: \ | and | |r 7 11. Since r i: — 280/ + 90 j , 

||F,,|| = \J (280) 2 + (90) 2 = V86500 = 294.109. 

Since r } =r r — T\ we have 

r L = (2807 + 90j) - 3847 = -1047 + 90/ . 


Thus, 

||F, || = \/(-104) 2 + (90)- = \/l8916 = 137.535. 

Using the given values of nu M K , M { , and G, we calculate 

m M r m M , 

F r = G -— =461.116 and F, =G -= 25.882. 

I, IIO.II 2 

Thus, the pull of the earth on this spacecraft is much stronger than the pull of the moon; in fact, it 
is over ten times as strong. The earth's pull is stronger, even though the spaceship is closer to the 
moon, because the earth has a much larger mass than the moon. 


Computer Graphics: Position Vectors 

Video games usually incorporate computer-generated graphics, as do the flight simulators used by 
commercial and military flight-training schools. Hollywood makes ever-increasing use of computer 
graphics in its films. Enormous amounts of computation are involved in creating such effects and 
much of this computation involves vectors. 

A computer screen can be thought of as an xy-grid with the origin at the lower left corner. The 
position of a point on the screen is specified by a vector pointing from the origin to the point. Such 
a vector is called a position vector . The tail of a position vector is always fixed at the origin. 


Example 7 


A video game shows two airplanes on the screen at the points (3,5) and (7,2). See Figure 12.24. 
Both airplanes move a distance of 3 units at an angle of 70° counterclockwise from the x-axis. What 
are the new positions of the airplanes? 


y 



Displacement: 

Both planes move 
3 units at a 70° angle 


x 


Figure 12.24: Computer screen showing two airplanes moving by a displacement vector d 
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Solution The initial position of the first airplane is given by the position vector p start =3/ + 5j . The plane’s 
displacement can also be thought of as a vector, d . Resolving d into components gives 

d = (3 cos70°)/ + (3 sin 70°)/ = 1.026/ + 2.819/. 

The airplane’s final position, J? end , is given by 

P end “ P start + d = 3/ + 5 j + 1.026/ + 2.819 j 
= 4.026/ + 7.819/. 

The second airplane’s initial position is given by the position vector </ start = 
plane’s displacement, however, is exactly the same as the first airplane’s, d 
Therefore, the final position of the second airplane, q end , is given by 

<7 end = Z start + d = li +2 j + 1.026/ + 2.819y 
= 8.026/ + 4.819/. 


11 +2 j . The second 
= 1.026/ + 2.819/. 


Example 7 illustrates the difference between position vectors and other vectors: The tail of a 
position vector is fixed to the origin, but the tail of the displacement vector v can be anywhere, so 
long as its length and orientation do not change. 


Exercises and Problems for Section 12.3 

Exercises 

In Exercises 1-8, find the vector using N = (5,6,7,8,9,10) 
and M = (1,1,2,3,5,8). 

1. B = 2M 2. G = N + M 

3. A = M - N 4. e = 2N - 1M 



6. p = 1.067 M + 2.361 N 



8. R = \J?>M +4 y/3N 

In Exercises 9-12, use Q from Example 2 on page 510. 


9. If the population of each New England state increases by 
120,000 people from 2010 to 2015, what is S , the popu¬ 
lation vector for 2015? 

10. If the population of each New England state increases by 
2% from 2010 to 2015, what is R , the population vector 
for 2015? 

11. If the population of each New England state decreases by 
43,000 people from 2010 to 2015, what is U , the popu¬ 
lation vector for 2015? 

12. If the population of each New England state decreases by 
229r from 2010 to 2015, what is T , the population vector 
for 2015? 


Problems 


13. There are five students in a class. Their scores on the 
midterm (out of 100) are given by the vector v = 
(73,80, 91,65, 84). Their scores on the final (out of 100) 
are given by w = (82,79,88,70,92). The final counts 
twice as much as the midterm. Find a vector giving the 
total scores (out of 100) of the students. 

14. An airplane is heading northeast at an airspeed of 700 
km/hr, but there is a wind blowing from the west at 60 


km/hr. In what direction does the plane end up flying? 
What is its speed relative to the ground? [Hint: Resolve 
the velocity vectors for the airplane and the wind into 
components. ] 

15. An airplane is flying at an airspeed of 600 km/hr in a 
cross-wind that is blowing from the northeast at a speed 
of 50 km/hr. In what direction should the plane head to 
end up going due east? 
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16. Two children are throwing a ball hack-and-forth straight 
across the hack seat of a car. Suppose the hall is being 
thrown at 10 mph relative to the car and the car is going 
25 mph down the road. 

(a) Make a sketch showing the relevant velocity vectors. 

(b) If one child does not catch the ball and it goes out an 
open window, what angle does the hall's horizontal 
motion make with the road? 


The direction of / is the same as the direction of r, so 
that Q tends to be pushed away 7 from q. 

(a) Let the position of Q be r = (3. 5')« Find ||r ||. 

(b) Using Coulomb’s Law, find || /' ||. 

(c) Find the components of F = {F X .F). (Hint: I 7 
points in the same direction as r, so both vectors 
make the same angle with the .v-axis.| 


17. A man walks 5 miles in a direction 30° north of east. He 
then walks a distance x miles due east. He turns around 
to look back at his starting point, which is at an angle of 
10° south of west. 

(a) Make a sketch. Give vectors in / and j components 
for each part of the man’s walk. 

(b) What is xf 

(c) How far is the man from his starting point? 

18. A clothing store sells four different proposed children's 
outfits of pants, shirt, shoes, bell, and jacket. The prices 
of the four outfits can be represented by vectors: 


21. Figure 12.25 shows a rectangle whose four corners are the 
points 

cv = (2, I), b = (4, 1), r = (4, 2), and cl = (2, 2). 

As part of a video game, this rectangle is rotated counter¬ 
clockwise through an angle of 35° about the origin. See 
Figure 12.26. What arc the new coordinates of the corners 
of the rectangle? 


a = (75,30, 120,40,200) 
b = (25,20,75,30,90) 
c = (145,50, 100,40,300) 
d = (60,45,200,35, 150) 


(a) Which two outfits have the same belt? 

(b) David’s children want 3 outfits a , 2 outfits c and 1 
outfit d . 

(i) Write their wishes as a sum of vectors. 

(ii) Write out a single vector expressing what David 
would pay for each of the five items. 

(c) David buys 5 outfits for his children and spends $145 
on shirts. 

(i) Express his purchase as a sum of the vectors 
a , , c , 

(ii) Write out the vector c giving the sum. 

19. Three different electric charges q |, c/., and q , exert forces 
on a test charge Q. The forces are, respectively, F l — 
(3,6), F 2 = (-2,5), and = (7,-4). The net force, 

/Vm is £ iven by Ft - F\ + h + • 

(a) Calculate F m . 

(b) If a fourth charge q 4 is added, what force F 4 must it 
exert on Q so that Q feels no net force at all, that is, 
st) that F m t= 0 

20. Let q = 20 be an electric charge at the origin (0,0), and 
let Q = 30 be another charge at position r = (r Y ,r ). 
Then q exerts a force F on Q given by Coulomb's Law, 


1 2 2 4 5 

Figure 12.25 


y 



Figure 12.26: Rectangle rotated about the 
origin through an angle of 35° 


IF II = 


ciQ 


7 This is true because q and Q have the same sign. The force would be opposite to r if Q and q had opposite signs. 
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22. Provided that x, ^ x 2 and y, ^ y 2 , the points p, = 

(x 1 ,}' 1 ) and p 2 = (x 2 ,y 2 ) define a rectangle with p, in 
one corner and p 2 in the opposite corner. We represent 
this rectangle as a 4-vector r = (xj, _P|, x 0 , y 2 ). For in¬ 
stance, Figure 12.27 shows the rectangle described by 
r = (2, 2,7, 6), which has p, = (2,2) and p 2 = (7,6). 

(a) Sketch the rectangle described by s = (2,4, 5, 8). 

(b) Let 7 be a rectangle and let u = (1,0, 1,0), c = 

(0, 1,0, 1), and u; = u + v . Describe in words how 
the following rectangles are related to 7. 

(i) 7 + u (ii) 7 + v 

(iii) 7 -u (iv) 7 + 2u + 3F 

(v) 7 + w (vi) t+ku' , k a constant. 

12.4 THE DOT PRODUCT 

We have added and subtracted vectors and we have multiplied vectors by scalars. We now see how 
to multiply one vector by another vector. 

To compute the product of u and v , we multiply each coordinate of u by the corresponding 
coordinate of v and add these products. The result is called the dot product , written u ■ u . Notice 
that the dot product of two vectors is a scalar, not a vector. 


y 

6 - 


p 2 = (7, 6) 


Pi =(2,2) 


2 7 

Figure 12.27 


Example 1 A car dealer sells five different models of car. The number of each model sold each week is given 
by the consumption vector C = (22, 14, 8, 12,19). For instance, we see that in one week the dealer 
sells 22 of the first model, 14 of the second, and so forth. 

The price of each model is given by the vector P — (19,23,40,47,32), where the units are 
$1000s. Thus, the price of the first model is $19,000, the price of the second is $23,000, and so 
forth. Find the dealer’s weekly revenue. 

Solution The total revenue earned by the dealer each week (in 1000s of dollars) is given by 

Revenue (in $ 1000s) = 22 cars • 19 per car + 14 cars -23 per car + 8 cars -40 per car 
+ 12cars -47 per car + 19cars • 32 per car 
= 2232. 

The dealer brings in $2,232,000 each week. Since the revenue is obtained by multiplying the corre¬ 
sponding coordinates of C and P and adding, we can write revenue as a dot product: 

Revenue = 2232 — CP. 

Note the revenue is a scalar, not a vector, as the dot product always gives a number. 


In general, we define the dot product of two vectors as follows: 


if u = («|, m 2 ,..., m „) and 7 = (l>j, v 2 , ... ,v n ) are two n-dimensional vectors, then the dot 
product, u • v , is the scalar given by 

u • v = u l v l + U 2 v2 H - F u n v n . 
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Example2 The population vector P Nl , w — (3.51, 1.32,6.40, 1.31, 1.08,0.62) gives the populations (in 

millions) of the six New England states (CT, ME, MA, NH, RI, VT) in 2005. The vector r = 
(1.7 1%, 0.76V, 2.34V. 0.76V, -2.78V, 1.62V) gives the percent change in population between 2005 
and 2010 lor each state. Calculate and interpret the dot product: r ■ P Ncw Kn jaiui . 

Solution We calculate the dot product: 

r • z 1 New i n,land =0.0171 -3.51 +0.0076- 1.32 + 0.0234-6.40 

+0.0076- 1.31 -0.02781 • 1.08 + 0.0162-0.62 
- 0.209789. 

To interpret this dot product, we look at the each term separately: 

0.0171 * 3.51 = 0,060021 = Change in Connecticut population, and soon. 

So the dot product gives the total change in population of New England: it increased by 209,789 
people (0.209789 million) between 2005 and 2010: 

^ ^New Hnglund r ^ New Fnglund 1 


Properties of the Dot Product 

It can be shown that the following properties hold: 


We take the angle 0 between two vectors to be 0 ° < 6 < 180 °. Then: 

• u • v = v • u ( Commutative Law) 

• u - (v + iv) = u • v + u • w (Distributive Law) 

• V -V = ||( 31| 2 

• u • v = \\u\\ • \\v \\cos 0 , where 6 is the angle between u and v 


The commutative law holds because multiplication of coordinates is commutative. A proof of 
the distributive law using coordinates is outlined in Problem 23. For the fourth property, note that 

v • V - (£>|, u 2 ) * = v* + v 2 r 

By the Pythagorean theorem, ||r |[ 2 = v { 2 + v 2 2 , so u * v = 11| 2 . A similar argument applies to 
vectors of higher dimension. 

Dot Product and Angles: What Does the Dot Product Mean? 

From the formula U * v — ||w || * ||E || cos 0 , we see that if 0° < 0 < 90°, then u ■ v is positive, and 
if 90° < 0 < 180°, then u * v is negative. This property provides a useful way to calculate the dot 
product without using coordinates. Later in this section, we use the Law of Cosines to show why it 
works for 2-dimensional vectors. 

The dot product can be interpreted as a measure of the alignment of two vectors. If two vectors 
u and v are perpendicular, then the angle between them is 6 = 90°. (See Figure 12.28.) In this case, 
cos 0 = cos 90° = 0, so 

u - V = ||u|| ■ \ \u\ \ cos 90° =0. 

A dot product of zero tells us that the two vectors are perpendicular. 
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Example 3 


Solution 


▲ 

_* i 

u 

i 

A 

i 

i _ 

r 


u 




\o 

o 








Parallel, same direction 
0 = 0 ° 


Perpendicular 
0 = 90 ° 


0 


180 ° 


Dot product 
u • v > 0 


Dot product 
u ■ v = 0 


v 


H 


Parallel, 

opposite direction 
0 m 180 ° 


Dot product 
u • v <0 


Figure 12.28: Dot product is positive, zero, or negative depending on alignment of vectors 
We obtain the following results connecting the dot product and the alignment of two vectors: 


• The largest possible value for u -u occurs if u and v are parallel and pointing in the same 
direction, with 6 = 0°. 

• Perpendicularity results in u • v = 0. It occurs if u and v are at angle of 6 = 90°. 

• The most negative value for u • v occurs if u and v are parallel but pointing in opposite 
directions, with 6 = 180°. 


(a) Find v • w where v = 3 i +4 j and w =2/ + 5j . 

(b) One person walks 3 miles east and then 4 miles north to point A. Another person walks 2 miles 
east and then 5 miles north to point B. Both started from the same spot. O. What is the angle of 
separation of these two people? (See Figure 12.29.) 



Figure 12.29: What is the angle of separation 0 between the people at A and B ? 


(a) We have v ■ ir = (3/ + 4j ) ■ (2/ + 5j ) = 3 * 2 4- 4 - 5 =» 26. 

(b) Assuming i points east and j points north, we see that v gives the first person's position and w 
gives the second person’s position. The angle of separation between these two people is labeled 
0 in Figure 12.29. We use the formula 

v • w — ||i; || • \ \u' || cos A 

Since [ \v 11 = + 4 2 « 5 and \ \ii'\ \ = \fl 2 4- 5 2 = \fl 9 and, from part (a), v * w = 26, we 

have 

26 = 5V^9cos0, 

« 26 
cos 0 = -, 

5\/29 

0 = arccos —= 15.068°. 

5^29 
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Justification of u -v = \ \u\ \ ■ \ \v\\ cosG 

Figure 12.30 shows two vectors, u and f , with an angle 0 helween them. The vectors 7, v , and 

ic = u ** r form a triangle. Now, we know (from the fourth property of dot products) that /? ■ iv = 

||rr ||-. We can also calculate h 1 • /r using the distributive and commutative laws: 

ic ■ iT = (r — u ) • (r - n ) 

— F • f — u • f - f • Tt + u ■ u 
= ||F|| 2 + ||7||~-27 -r. 

Since i7' • — ||/? ||“, we have shown that 

l|H’|| 2 = ||r|| : + ||7|| : -27 -r. 

But applying the Law of Cosines to the triangle in Figure 12.30 gives 

l|Ml| 2 = IHI 2 + MOI 2 -2|ii7|H|f||costf. 

Thus setting these two expressions for ||/T || 2 equal gives 

||/7|| 2 + ||7|| 2 -27 -F = 11,7 11 2 + ||F 11 2 - 2| |7 ||.| |F 11 cos (K 
which simplifies to the formula we wanted: 

u -v - ||<7|| • | \u 11 cos 0. 



Figure 12.30: Triangle used to justify ft ■ P = 11*7 || • ||F || cos 0 


Work 

In physics, the concept of work is represented by the dot product. In everyday language, work means 
effort expended. In physics, the term has a similar, but more precise, meaning. 

Suppose you load a heavy refrigerator onto a truck. The refrigerator is on casters and glides with 
little effort along the floor. However, to lift the refrigerator takes a lot of work. The work done in 
moving the refrigerator against the force of gravity is defined by 

Work = F ■ (7, 

where F is the force exerted (assumed constant) and d is the displacement. If we measure distance 
in feet and force in pounds, work is measured in foot-pounds, where 1 ft-lb is the amount of work 
required to raise 1 pound a distance of 1 foot. 

Suppose we push the refrigerator up a ramp that makes a 10° angle with the floor. If the ramp is 
12 ft long and the force exerted on the refrigerator is 350 lbs vertically upward, then the displacement 
d lias a magnitude of 12. and the angle 6 between F and d is 90° — 10° = 80°. (See Figure 12.3 1.) 
The work done by the force F is 

Work = ||F II • \ \d 11 cos 80° - 350- 12 cos 80° = 729.322 ft-lbs. 

To push the refrigerator up the ramp, we do 729.322 ft-lbs of work. 
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Figure 12.31: Refrigerator being pushed up ramp; the angle between F and r is 6 — 100° 


It is informative to consider the two extreme cases: horizontal and vertical ramps. A horizontal 
ramp leads to a 90° angle between F and d , so 

Work = 11 F 11 - | \d 11 cos 90° = 350 * 12 * 0 = 0 ft-lbs. 

Since we push the refrigerator in a direction perpendicular to its weight, we don’t have to fight the 
weight at all (assuming frictionless casters). For a vertical ramp, we have 

Work = ||F || • ||d ||cos0° = 350- 12-1 = 4200fMbs. 

In this case, we are pushing (or hoisting) the refrigerator in a direction opposite to that of its weight, 
so we feel its full force. 


Exercises and Problems for Section 12.4 

Exercises 


For Exercises 1-12, perform the following operations on the 
given 3-dimensional vectors. 


a = 2j + k 
c —i +6 j 
1 =i -3 j -k 


1. z ■ a 


b = -3/ +5j +4 k 
y = 4/ - 7/ 


2. a ■ z 


3. c ■ y 
5. a -b 
7. c • a + a • y 
9. {a ■ b )a 
11. (a • y )(c • z) 


4. a • y 

6. b ■ z 

8. a ■ (c + y ) 
10 . ((c -c)d)'d 
12. (z -c)(y - a) 


Problems 


13. What is the angle between the vectors u and w in Fig¬ 
ure 12.32? 


14. The force of gravity acting on a ball is 2 lb downward. 
How much work is done by gravity if the ball 


y 



(a) Falls 3 feet? 

(b) Moves upward 5 feet? 

15. How much work is done in pushing a 350-lb refrigerator 
up a 12-ft ramp that makes a 30° angle with the floor? 

16. Which pairs of the vectors yfi i +7,3/ + y/3 j , 
r-y/3j are parallel and which are perpendicular? 

17. Compute the angle between the vectors i + j +fc and 

7-j -l. 
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18. For what values of / are £ = ti — j + k and £ = 
ti + tj -2 k perpendicular? Are there values of t for 
which £ and £ are parallel? 

19. Suppose that ||£|| = 7 and \\h\\ = 4. hut that £ and 
h can point in any direction. What are the maximum 
and minimum possible lengths for the vectors £ + b and 
£ — b ? Illustrate your answers with sketches. 

20. A 1 ()()-mcter dash is run on a track in the direction of the 
vector £ = 2/ +6 j . The wind velocity w is 5/ +j km/hr. 
The rules say that a legal wind speed measured in the di¬ 
rection of the dash must not exceed 5 km/hr. Will the race 
results he disqualified due to an illegal wind? Justify your 
answer. 

21. Let A, B, C be the points A = (1.2 ): B = (4, 1); C = 
(2,4). Is triangle A ABC a right triangle? 

22. Show that the vectors (b * £ )£ - (a • £ )b and £ are per¬ 
pendicular. 

23. In this problem, you will check the distributive law for 

2-vectors. Show that if £ = (n,,(M, £ = and 

tv = (/fj,/f 2 ), then 

(7 • (£ + /? ) = £ • £ + £ ■ tv . 

24. Let £ = ii\i + u 2 j and £ = i + u 2 j . Using £ • £ = 
|| £ || • || £ || cos 0 and the distributive law, show that £ •£ = 
u ] r, + u 2 r 2 . 

25. (a) Bread, eggs, and milk cost $3.00 per loaf, $2.00 per 

dozen, and $4.00 per gallon, respectively, at Acme 
Store. Use a price vector £ and a consumption vec¬ 
tor £ to write a vector equation that describes what 
may be bought for $40. 

(b) At Beta Mart, where the food is fresher, the price vec¬ 
tor is li = (3.20, 1.80,4.50). Explain the meaning of 
(/; - £ ) * £ in practical terms. Is b — a ever perpen¬ 
dicular to £ ? 

(c) Some people think Beta Mart's freshness makes each 
grocery item at Beta equivalent to 110% of the cor¬ 
responding Acme item. What does it mean fora con¬ 
sumption vector to satisfy the inequality (1/Ll )b • 
£<£•£'? 

26. Recall that in 2 or 3 dimensions, if 0 is the angle between 
v and w , the dot product is given by 

F ■ w = || v || 11(7’ || cos 0. 

We use this relationship to define the angle between two 
vectors in n dimensions. If £,t£ are /7-veetors, then the 


dot product, £ ■ i£ = + v 2 u\ + **• + is used 

to define the angle 0 by 

cos 0 = ———— provided ||£ ||, ||/£ || ^ 0. 

II HI II u'W 

We now use this idea of angle to measure how close 
two populations are to one another genetically. Table 12.1 
shows the relative frequencies of lour alleles (variants of 
a gene) in lour populations. 


Table 12.1 


Allele 

Eskimo 

Bantu 

English 

Korean 


0.29 

0.10 

0.20 

0.22 


0.00 

0.08 

0.06 

0.00 

B 

0.03 

0.12 

0.06 

0.20 

O 

0.67 

0.69 

0.66 

0.57 


Let £ | ,£-,,£ 3 , £ 4 be the 4-vectors showing the rel¬ 
ative frequencies of each allele in the Eskimo, Bantu, En¬ 
glish, Korean populations, respectively. The genetic dis¬ 
tance between two populations is defined as the angle be¬ 
tween the corresponding vectors. Using this definition, is 
the English population closer genetically to the Bantus or 
to the Koreans? Explain.* 

27. A basketball gymnasium is 25 meters high, 80 meters 
wide and 200 meters long. Fora half-time stunt, the cheer¬ 
leaders want to run two strings, one from each of the two 
corners of the gym above one basket to the diagonally op¬ 
posite corners of the gym floor. What is the angle made 
by the strings as they cross? 

28. Let S be the triangle with vertices A = (2,2,2), B = 
(4,2,1), and C = (2,3,1). 

(a) Find the length of the shortest side of S. 

(b) Find the cosine of the angle BAC at vertex A . 

29. We can represent a rectangle as a 4-vector r = 
(A',,y,,x 2 ,y 2 ), where (a,,^) and (x 2 ,y 2 ) are °PP os d e 
corners. (See Problem 22 on page 516.) Assume that 
An > a, and y 2 > y\. Let w — (—1,0, 1,0) and 
Ti = (0, —1,0, I). What do the following quantities tell 
you about the rectangle? 

(a) F ■ w (b) F • h 

(c) 2F ■ {w + li ) 


8 Adapted from L. Cavalli-Sforza and A. Edwards, “Phylogenetic Analysis: Models and Estimation Procedures,” Am. J. 
Hum. Genet., Vol. 19 (1967), pp. 223-57. 
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12.5 MATRICES 

Table 12.2 shows the latest census data (rounded, in 1000s) by age group for the six New England 
states. 9 

Table 12.2 Year 2010 population (1000s) by age group for the six 
New England states 



CT 

ME 

MA 

NH 

RI 

VT 

under 15 

665 

223 

1158 

232 

182 

104 

15-24 

479 

168 

938 

178 

162 

90 

25-34 

420 

145 

845 

144 

127 

70 

35-44 

484 

171 

887 

179 

137 

78 

45-54 

576 

219 

1012 

226 

162 

103 

55-64 

443 

192 

803 

178 

131 

90 

65-74 

255 

113 

456 

97 

74 

50 

over 74 

252 

89 

429 

82 

78 

42 


We can treat the array of numbers in the table as a mathematical object in its own right, indepen¬ 
dent of the row and column headers. This rectangular grid of numbers is called a matrix , 10 usually 
written inside parentheses. Since the numbers in the table are populations, we use P to denote this 
matrix: 



665 

223 

1158 

232 

182 

104 

479 

168 

938 

178 

162 

90 

420 

145 

845 

144 

127 

70 

484 

171 

887 

179 

137 

78 

576 

219 

1012 

226 

162 

103 

443 

192 

803 

178 

131 

90 

255 

113 

456 

97 

74 

50 

252 

89 

429 

82 

78 

42 


The individual entries are called entries in the matrix; we write p t j for the entry in the / th row 
of the / h column. Thus for example, p 2 \ = 479 and p 16 = 104. 

Addition, Subtraction, and Scalar Multiplication 

Like vectors, matrices provide a convenient way of organizing information. And, as with vectors, 
we can manipulate matrices algebraically by adding them, subtracting them, or multiplying them by 
scalars. 

As for vectors, to multiply a matrix by a scalar, we multiply each entry by the scalar. To add or 
subtract two matrices, we add or subtract the corresponding entries. 11 


Example 1 Evaluate the following matrices. What do they tell you about the population of New England? 

(a) Evaluate 1.1P. 

(b) Evaluate 1. IP - P. 

(c) Show that 1.1P - P = 0.1P. 

g The US Census Bureau, www.census.gov. 

l0 In general, matrices can include objects other than numbers, such as complex numbers, functions, or even operators from 
calculus like d/dx. 

11 We can add or subtract two matrices provided that they have the same number of rows and columns. 
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Solution 


(a) To multiply a matrix by a scalar, we multiply each entry by the scalar. For instance, the first 
(upper-left)entry of P is 665, so the first entry of 1.IP is 1.1(665) — 731.5. This matrix tells us 
what the population for each age group would be for each state after a 10% increase: 


731.5 

245.3 

1273.8 

255.2 

200.2 

114.4 

526.9 

184.8 

1031.8 

195.8 

178.2 

99.0 

462.0 

159.5 

929.5 

158.4 

139.7 

77.0 

532.4 

188.1 

975.7 

196.9 

150.7 

85.8 

633.6 

240.9 

1113.2 

248.6 

178.2 

1 13.3 

487.3 

211.2 

883.3 

195.8 

144.1 

99.0 

280.5 

124.3 

501.6 

106.7 

81.4 

55.0 

^ 277.2 

97.9 

471.9 

90.2 

85.8 

46.2 , 


(b) To subtract one matrix from another, we subtract the corresponding entries. For instance, the 
first entry of 1.IP is 731.5, and the first entry of P is 665, and so the first entry of 1.1P - P = 
731.5 - 665 — 66.5. This matrix tells us how much the population in part (a) increased for each 
age group for each state: 




1.1P-P = 


V 

(c) In part (b), we found the matrix 1. 


66.5 

22.3 

24.4 

23,2 

18.2 

10.4 

47.9 

16.8 

14.5 

17.8 

16.2 

9.0 

42.0 

14.5 

14.7 

14.4 

12.7 

7.0 

48.4 

17.1 

21.4 

17.9 

13.7 

7.8 

57.6 

21.9 

19.4 

22.6 

16.2 

10.3 

44.3 

19.2 

11.8 

17.8 

13.1 

9.0 

25.5 

11.3 

9.5 

9.7 

7.4 

5.0 

25.2 

8.9 

8.3 

8.2 

7.8 

4.2 


1P — P. We now find 0.1P by multiplying every entry of P by 


0.1. Then we can 


If A is a matrix having m rows and n columns, we say that A is an m x n matrix, and we let a ( j 
stand for the entry at row /, column j. If m — 1 or n— I, the matrix has only one row or one column, 
and is a vector. A 1 x n matrix is often called a row vector and a mx 1 matrix is often called a column 
vector. 


If A and B are m X n matrices and k is a constant: 

• C = k\ is an m x n matrix such that c /y = ka /y *. This is called scalar multiplication of a 
matrix. 

• C = A + Bisanw?Xrt matrix such that c /y = + b^. This is called matrix addition. 

• C = A - B is an m x n matrix such that c /y = a^ — b t j . This is called matrix subtraction. 


As with vector subtraction, matrix subtraction can be defined in terms of matrix addition by 
rewriting A + (— 1 )B as A — B. 

Properties of Scalar Multiplication and Matrix Addition 

The properties of scalar multiplication and matrix addition are similar to the properties for vectors. 
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Example 2 

Solution 


Example 3 

Solution 




Commutativity of addition: A + B = B + A. 

Associativity of addition: (A + B) + C = A + (B + C). 

Associativity of scalar multiplication: kfk 2 A) = (k\k 2 )A. 
Distributivity of scalar multiplication: {k x + k 2 ) A = k jA + k 2 A and 


k( A + B) = kA + kB 


Use the following matrices to illustrate the properties of matrix addition. 


A = 


2 

-3 




““ C = ( 4 5 ) 


(a) A + B — B + A; 



A + (B + C) = 





3 1 

4 5 


5 

11 


Use the matrices in Example 2 and scalars k = 5, k ] =2, and k 2 = —3, to illustrate the properties 
of scalar multiplication of matrices. 


(a) kj(k 2 A) — (kik 2 A): 


k { (k 2 A) — 2 


-3 


(k l k 2 )A = (2 • -3)( 


2 

-3 

2 
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(b) (k x + k 2 )A - k i A + /c 2 A: 

(/c, + /c 2 )A = -1 

/ct A + /c 2 A = 2( 


(c) *(A + B) = kA + /cB: 

/ 

k(A + B) = 5 


2 0 
-3 5 


/cA H- /cB — 5 ( 


2 0 
-3 5 


+ 1 


+ 5 


/ 2 0 

\ -3 5 

4 0 ^ 

-6 10 j 


-1 4 
3 1 

-1 4 

3 1 


+ (-3)1 


-2 0 
3 

2 0 
-3 5 


+ I 


-6 0 
9 -15 


10 0 
-15 25 


+ i 


-2 0 
3 -5 


5 20 \ 
0 30 ) 

' -5 20 
15 5 


5 20 \ 
0 30 / 


Multiplication of a Matrix and a Vector 

Although there are more general cases of matrix multiplication, in this text we focus on multiplying 
an x n square matrix by an ^-dimensional column vector. We introduce this topic by considering 
two dependent populations. 

Matrix Multiplication of 2-Dimensional Vectors 

A country begins with x 0 = 4 million people and another country begins with y 0 = 2 million 
people. Every year, 20% of the people in country X move to country T, and 30% of the people in 
country Y move to country X . Suppose also that no one is born and no one dies. What happens to the 
populations of these two countries over time? After one year, * { , the number of people (in millions) 
in country X, is given by 




*o 


0.2x 0 + 0.3y 0 


20% leave X 30% leave Y 

= 0.8x 0 + 0.3y 0 . 

Likewise, , the number of people (in millions) in country Y, is given by 

y\ = yo + 0 . 2*0 - 0 . 3 y 0 

20% leave * 30% leave Y 

= 0.2x 0 + 0.7y 0 . 


Thus, we have 


*! = 0.8(4) + 0.3(2) = 3.2 + 0.6 = 3.8 
= 0.2(4) + 0.7(2) = 0.8 + 1.4 = 2.2. 

The population of country X drops by 0.2 million, while the population of country Y goes up by 0.2 
million. The same reasoning shows that after two years, 

x 2 = 0.8*j + 0.3yj 

y 2 = 0.2*] + 0.7yj, 
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Example 4 


Solution 


x 2 = 0.8(3. 8 ) + 0.3(2.2) = 3.04 + 0.66 = 3.7 
v 2 = 0.2(3. 8 ) + 0.7(2.2) = 0.76 + 1.54 = 2.3. 

In general, we sec that 

- V new = 0 . 8 x o 1 d + 0*3>\ >Jd 
y new 3“ 0 -7j ;dd . 

Thinking in terms of vectors, we can write P nuw “ (x ncw ,y new ) and P nid = (x C)ki , v old ). Then, 
using the dot product, we have 

-V'w — (0.8,0.3) ■ P ()ld 
Tie, — (0-2.0.7) • P oId . 

This pair of equations tells us how the components of P ncvv , are related to the components of P o](J , 
when both are written as a column vector. Notice that each component in P ncw is a combination of 
both components of P old . Using matrices, w r e write the pair of equations as a single equation: 


new 
. y new 


0.8 0.3 
0.2 0.7 


old ' 


Maui\ multiplication 

We place the two coefficients from the first equation, v new — 0.8x old + 0.3y okj , in the first row of 
the matrix. We place the two coefficients from the second equation, y ncw = 0.2x oki + 0.7 y M . in the 
second row of the matrix. In general, we use the following notation: 


If P new = (-Knew- >'ne W ) and P 0 , d = (x old , j> old ), then we can write the equations 


''new 

Tiew 


^■*old 3" ^Told 
cx old + dy M 


in the compact form 



old- 


The coefficients in the first row of the matrix tell us how x npu/ is related to P nlr , and the 


old 

coefficients in the second row tell us how y new is related to P old . If we let A = ^ a h 
we can write 

p - AD 

1 new old* 


then 


What does the following matrix equation tell you about the relationship between P new and P ojd ? 


P = 

new 


0.9 0.4 \- 
0.1 0.6 / 


old- 


We have 


= 0.9x„ ld + 0.4; 


>old 


-Vncw = (0.9,0.4) • P ()ld 

4ncw = (0.1,0.6) ■ P llld = 0.1 x old + 0.6x,| d . 


= 0.1 x„ 

This tells us that each year, 10% of the population of country X moves to country Y and 40% of the 
population of country Y moves to country X. 
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Matrix Multiplication of n-Dimensional Vectors 

Let It ~ [it |, it 2 . it n ) be an //-dimensional vector and let A be an // X // square matrix with entries 

</[ |. //12 . ti wr Let r be the //-dimensional vector with coordinates given by equations: 



= 

(" 1 1 * " 1 2."|J 

■(« 


.((„) 

= 

"i 

l“l 

+ + a u ,u n 

r 2 

: 

( a-i |, n n, ... , ch n ) 

•(ft 

,.// 2 , ... 

.(/„) 

: 

a 2 

l"l 

+ + a 2ll u n 

r n 

- 

( a u]' a ni . a nn) 

’(« 


.((„) 

= 


l“i 

+ ••■ + «„„(/„. 

Then, if 














/ 

\ 









"11 ■*' 

"I. 







A 

= 











a i ■ ■ • 

a 









^ n i 

IW ) 





we see that F i 

s the product of A and ft : 












r = Alt 







Example 5 


Solution 


Let e be the number of employed people in a certain city, and u be the number of unemployed people. 
We define E = (c, //) as the employment vector of this city. Suppose that each year, 10(7 of employed 
peopled become unemployed, and 209 ir of unemployed people become employed. Find a matrix A 
such that = \E m - 

We have 


*- nru 


A)ki 


0.1 e 


old 


0 . 2 « 


old 


IOC become unemployed 2()b' become employed 


- () - c )e old + 0-2«ou 

0.2(o 


0.1 e„ 


20b become employed ll)b become unemployed 

— 0.1 e okl + 0.8// o]d . 

We can rewrite this pair of equations using matrix notation: 

7 0.9 0.2 X 
0.1 0.8 


^ new ^ ^ old 


E 


ikt* 


Example 6 


A country produces agricultural products valued at $70 billion and industrial products valued at 
$50 billion. Some of these agricultural products are used up in order to produce other products (for 
instance, cotton is needed to produce cloth, or soybeans are needed to feed cattle), and some of these 
industrial products are used up in order to produce other products (for instance, tractors are needed 
to harvest cotton, or ball bearings are needed to build engines). The production vector of this country 
is P = (70,50). 

(a) Let C be the consumption matrix defined in the following equation. Calculate U , the amount of 
agricultural and industrial products used during production: 


0 = cp 


0.2 0.1 
0.3 0.2 ) 


Find U and describe what it tells you about the country’s economy. 
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Solution 


Example 7 


Solution 


(b) Let the surplus vector S = P - CP . Find S and describe what it tells you about the country’s 
economy. 

(a) We have 

u =( 02 (U V 70 V 

\ 0.3 0.2 / V 50 / 

SO 

Z7, - 0.2(70) + 0.1 (50) - 19 
U 2 = 0.3(70) + 0.2(50) = 31. 

Thus, U = (19,31). This tells us that $19 billion in agricultural products are used up during 
production, and $31 billion in industrial products are used up during production. 

(b) We have 

S = P - CP 

— P—U because V CP 

= (70, 50) — (19,31), from part (a) 

so S = (51,19). This tells us that, after internal consumption is accounted for, $51 billion 
in agricultural products are available for general consumption, as are $19 billion in industrial 
products. 


Let P 0 = (x 0 , y 0 ) be a position vector. This vector is rotated about the origin through an angle (p 
without changing its length. What is its new position, P x ? Find a matrix R such that P { = RP 0 . 


Let r — ||P 0 II = ll^i II* We see from Figure 12.33 that x 0 = rcos0, y {) = rsintf, xj ~ rcos(0 + <p), 
and y x — r sin(0 + <p). Notice that we can rewrite the coordinates of P { as follows: 

x { = rcos(8 + <p) 

= r{c os 6 cos cp - sin 0 sin <p) 

= (rcos 6) cos <p - {r sin 0) sin <p 
= x 0 cos (p — y 0 sin (p 
y x = rsin(0 + <p) 

— r(sin 6 cos <p + cos 0 sin <p) 

= ( r sin 6) cos <p + (r cos 6) sin cp 
= y 0 cos <P + *o sin <P- 

We can rewrite this pair of equations using a matrix R: 


P\ = R ^o 


COS (p 

sin cp 


— sin cp 
COS (p 


Notice that this equation holds for any original vector, P 0 » and any angle of rotation, cp . 



12.5 MATRICES 529 



Figure 12.33: The vector P {) is rotated through an angle (j> 

Exercises and Problems for Section 12.5 


Exercises 


I. Evaluate the following expressions given that: 



(a) 

5R 

(b) 

—2S 

(c) 

R + S 

(d) 

S-3R 

(e) 

R + 2R + 2(R — S) 

(f) 

kS , k constant 


2. Evaluate the following expressions given that: 



2 

5 

\ 

7 



' 8 

-6 0 ^ 


4 

-6 

3 

and 

B = 

5 

3 -2 


16 

-5 




3 

V 

7 12 , 

2A 


(b) 

-3B 


(C) 

A + B 


(d) 2A-3B (e) 5(A + B) (f) A+(A+(A+B)) 

3. Evaluate the following expressions given that: 



f 

3 

2 

5 

\ 

1 


/ 

1 

6 

4 

2 

U = 

4 

6 

7 

3 

and V = 

3 

5 

-1 

7 


1 

9 

5 

8 


9 

4 

7 

3 


0 

-2 

4 

6 


2 

8 

4 

5 


(a) 4U (b) —2V 

(c) U - V (d) 3U-3V 

(e) U + U-(U-V) (f) 2{2U - V ) 

4. Let R and S be the matrices from Problem 1, and let 
p = (3, 1) and q = (-1.5) be vectors. Evaluate the fol¬ 
lowing expressions. 

(a) R p (b) S q (c) S {q + p ) 

(d) (R + S )p (e) Rp • Sq (f) {p • q )S 

5. Let A and B be the matrices defined in Problem 2. and let 
u — (3,2,5) and v - (-1,0. 3) be vectors. Evaluate the 
following expressions. 

(a) A/7 (b) B7 (c) A (U + 7 ) 

(d) (A + B )r (e) A/7 ■ B/7 (f) (z7 • r )A 

6. Let U and V be the matrices defined in Problem 3, and let 
s = (2, 0, -1,7) and 7 = (4, 5, 1. -1) be vectors. Evalu¬ 
ate the following expressions. 

(a) U7 (b) Xs 

(c) U? • U7 (d) U(7 - 7) 

(e) (U+V)(7+7) (f) (s ■ 7)(U + V) 


Problems 


7. Let A and B be the matrices given by 



and u =(1,1) and v = 
following are defined? 

(a) A/7 


and B = 


I -5 0 
0-1 1 
1 0 1 


(1,0,3) be vectors. Which of the 


(c) A(z7 + v ) (d) A + Ti 

(e) (A/7 )/{v ■ v ) (f) {u * E )A 

8. Let 



(a) Find w such that w = A/7 . 

(b) Find w such that Aw = u . 


(b) B u 
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9. A new virus emerges in a population. Each day, 109c of 
the susceptible population becomes infected, and 50% 
of the infected population recovers. Additionally, 2% of 
the recovered population becomes reinfected. Let p = 
( s , /, r) be a population vector where s is the number of 
susceptible (never-in fee ted) people, / is the number of in¬ 
fected people, and r is the number of recovered people, all 
numbers in millions. Assume that initially p {) = (2,0,0). 

(a) Find a matrix T such that p new = Tp 0 j d where p o!d 
is the starting population and p new is the population 
a day later. 

(b) Find p \ , p 2 , and p^ , the populations on days 1, 2, 
and 3, respectively. 

10. A certain species of insect has a three-year life cycle. The 
vector P = (f,s,t) gives the number of insects in their 
first, second, and third years of life, respectively. Each 
year, insects of all three ages lay eggs, and so the value 
of f ncw depends on the values of / 0 i d , s old , and / oid . Only 
some first-year insects survive until their second year, and 
so ,s new depends only on / old ; likewise, f new depends only 
on s iM . 



0.3 

0.6 

0.5 

(a) Suppose P new = TP oM = 

0.7 

0 

0 


, 0 

0.4 

0 j 


Describe in words what this tells you about the life 
cycle of this insect. Be specific. 

(b) Let P {) - (2000, 0,0) be the initial population vector 
in year t — 0. Evaluate P , P 2 . and P s . 

11. Let p 2 oio = (A^qk), 62010 ) ” (200,400) describe the 
populations (in 1000 s) of two cities in the census year 
2010. Each year, 3% of the population of city A moves to 
the city 6, and 57c of the population of the city B moves 
to city A. 

(a) Find a matrix T such that p ncw = Tp old , where p o[d 
is the starting population and p ncw is the population 
1 year later. 

(b) Find p 2 011 and ^ 2012 - the populations in 2011 and 
2012 , respectively. 



r * 0 ) and 1, = 

1 0 0 

12. Let U - ( 

0 1 0 

\ 

v 0 1 / 

0 0 1 


(a) Evaluate I 2 n for (i) ft = (3,2), (ii) u = (0,7), and 
(iii) u — ( a , b). 

(b) Evaluate I, F for (i) F = ( — 1,5,7), (ii) F =(3,8,1), 
and (iii) F = (a, b,c). 

(c) Find a matrix I 4 such that I 4 m = w where w is any 
4-vector. 

13. In an algebraic equation such as y = kx< k ^ 0, we can 
multiply through by k~ ] — \/k in order to solve for x, 
giving x = k~ ] y. We can do a similar thing with matri¬ 
ces: if F = A*7 , it is sometimes possible to find an inverse 
of A, written A -1 , such that u ~ A' ] v . 


(a) Let A 


2 1 

3 2 


It can be shown that A 1 = 


Check this fact using the vector u = 

(3, 5), first by multiplying u by A to get v , and then 
by multiplying v by A -1 to show that we get u back. 

(b) Rework part (a), this Lime for u =(-1,7). 

(c) Rework part (a), this time for u = (a, b). 



14. In Problem 13, wc introduced the notion of the inverse 


of a matrix A. written A 3 . If A = 


A" 1 = 


where D = ad 


b then 
be. Notice that 


A 1 is undefined if D = 0. 


(a) Use this formula to show that A 1 from Problem 13 
is 1 “ -l 


Find B~'. Verify that if v — Bi7 


-3 2 

(b) Let B = ( 3 ' 1 

V ■ i 

then u =B"'F for (7 ~{a.b). 

2 8 


(c) Show that C = 


3 12 


docs not have an inverse. 


15. Multiplying a vector by a matrix is a much more compli¬ 
cated process than multiplying a vector by a scalar. How¬ 
ever, in certain special cases, matrix and scalar multipli¬ 
cation can lead to the same result. If AF = An where A is 
a matrix, v a nonzero vector, and A a scalar, then F is said 
to be an eigenvector of A, and A is said to be an eigenvalue 


of A. For instance, let A 


-2 -1 

8 7 


( 7 , =( 1 ,- 8 ). 


and A ] = 6. We have: 



We see that multiplying F*, by A i =6 works out the same 
as multiplying v ] by A; we say that v { is an eigenvector 
of A with an eigenvalue of A ] =6. 

(a) Show that tJ 2 =( 1, — 1) is an eigenvector of A. What 
is the eigenvalue? 

(b) Show that = (-3, 3) is an eigenvector of A. What 
is the eigenvalue? 

(c) If F is an eigenvector of A, explain why the vectors 
F and AF are parallel. 

16. In this problem, we will consider a new way to think 
about matrix multiplication of vectors. A vector such as 
F = (9, 8) can be written as a combination of unit vectors, 
like this: 


v = (9,8) = 97 + 8/ = 9 (1,0) +8 (0, 1) . 



1 .! 
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But we can also write r as a combination 12 of other vec¬ 
tors besides T and J. For instance, if cj = (1,2), and 
c 2 — (3, 1), notice that 


r = (9,8) = 3f, 


+ 2cs 


= 3 (1,2) +2 (3,1) 



This is where matrix multiplication comes in: if we think 
of c, and c 2 as the columns of a matrix C, we see that 



is the same as 


9 

8 



In general, if r = C/7 , then the coordinates of w tell us 
how to combine the columns of C in order to get F . 

(a) Let r — 3rj 4 5/s where = (3, 2) and r 2 = (0, I). 
Find f , u , and R such that r = R u . 

. Show that cj can 

be written as a combination of T, = (3,2) and 
s 2 — (4, 3), the two columns of S. 


(b) Let q = S p = 


17. Let f = (2,5), c { = (3,2), and c 2 = (5,4). In this prob¬ 
lem we will use the results of Problem 16 to write r as a 
combination of cj and c r : given by f = ac { 4- bc 2 . 

(a) Let C be a matrix whose columns arc given by q and 
c 2 . and let u = {a. b). Show that C/7 — ac ] 4 bc 2 . 

(b) Let v = C u where v — (2.5). Referring to Prob¬ 
lem 13 and Problem 14, solve for u . 

(c) Show that F is a combination of F, and c 2 given by 
v = flCj 4 bc 2 . 


18. Following the procedure outlined in Problem 17, write 
v = (5, 8) as a combination of cj = (6, 1) and c 2 = (7,2) 
given by u — ac { 4 bc 2 . 


CHAPTER SUMMARY 


• Vectors 

Displacement: vector notation; components. 

Length: ||F|| = yj r~ 4 />; 4 /> 2 ; unit vectors. 

• Addition, Subtraction, and Scalar Multiplication of 
Vectors 

• Dot Product 

REVIEW EXERCISES AND PROBLEMS FOR CHAPTER TWELVE 

Exercises 


r • w ~ r | iv } + t'liVi 4 = | |F 1111/? 11 cos 0. 

• Applications 

Economics; computer graphics; work. 

• Matrices 

Addition; subtraction; multiplication by scalars, by vec¬ 
tors. 


Calculate the vectors in Exercises 1-8, using a = (5, 1,0), 


= 

(2, -1,9), c 

= (1, 1.2). 



1. 

3 c 


2. 

a + ~b 

3. 

T) — a 


4. 

d 4 2 (b 4 c ) 

5. 

2d - 3 (b - 

c ) 

6. 

2 (b 4 4 (a 4 c)) 

7. 

a 4 ~b — {a 

-b) 

8. 

4(c 4 2 (a — c ) — 2a ) 


Resolve the vectors in Exercises 9-10 into components. 




12 This sort of combination is called a linear combination. 
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For Exercises 11-18, perform the indicated computations. 

11. -4(7 -2/)-0.5(7 - 7 ) 

12 . (/ +2y ) + (—3)(2/ + j ) 

13. (37 +/)-(57 -2j) 

14. (3/ ~2k + 7) * (47 - 27 + 3/) 

15. (57-/-37)-(27 + 7 + 7 ) 

Problems 


16. (2/ • 5j )(/ + j + 7 ) 

17. (2/ + 5j ) • 3/ (/ + j + 7 ) 

18. (/ +7 +7 )(2r + 3y + 7 ) ■ (3/ +7 + 47 ) 

19. Find the length of the vectors u and u in Problem 10. 

20. Find a vector of length 2 that points in the same direction 

as 7 - 7 + 27 . 


21. (a) Are the vectors 4/ +aj +67 and ai + (o-l)y +37 

parallel for any values of the constant al 

(b) Are these vectors ever perpendicular? 

22. A point P is on the rim of a moving bicycle wheel of ra¬ 
dius 1 ft. The bicycle is moving forward at 6 n ft/sec. 

(a) Sketch the velocity of P relative to the wheel’s axle 
at the 3, 6, 9, 12 o’clock positions. 

(b) Sketch the velocity of the axle relative to the ground. 

(c) Sketch the velocity of P relative to the ground at the 
positions in part (a). 

(d) Does P ever stop, relative to the ground? What is the 
greatest speed that P moves, relative to the ground? 

23. A gymnastics academy offers classes to children of differ¬ 
ent ages. Software used by the academy tracks enrollment 
data using vectors. Let E = (tq, e 2 , cq,e 4 , e 5 ) represent 
the number of children enrolled at each of live different 
experience levels, from beginner (I) to advanced (5), and 
let E max = (40,40,30, 15, 10) be the maximum allowed 
enrollment at each level. 

(a) Let E = (51,47,41,22, 23) give the number of ap¬ 
plicants at each level for the next session. After full 
enrollment is reached, the remaining applicants are 
placed on a wait list, Z . Find Z . 

(b) At the start of the next session, E = £ max . Let 
D = (8,4,9,7,6) be the number of dropouts after 
the first week of the next session. Find F = E - D 
and G = L - D . What do these vectors tell you 
about enrollment? 

24. Let E be the enrollment vector for the gymnastics 
academy described in Problem 23, where E max = 
(40,40, 30, 15,10). Also, let f = (30,30,40,80, 120) be 
the weekly tuition (in $). 

(a) Evaluate E max ■ f . What does this tell you about the 
gymnastics academy? 

(b) Let R - (5,5, 10,20,30) describe a rate hike in 
weekly tuition, and let 7 ncv , = Z + R. Evaluate 
E max • R and E m;tx * T ncw . What do these two quan¬ 
tities tell you about tuition? 


In Problems 25-27, a 5-pound block sits on a plank of wood. 

If one end of the plank is raised, the block slides down the 
plank. However, friction between the block and the plank pre¬ 
vents it from sliding until the plank has been raised a certain 
height. It turns out that the sliding force exerted by gravity on 
the block is proportional to the sine of the angle made by the 
plank with the ground. 

25. Find a formula for F = f (0), the sliding force (in lbs) 
exerted on a block if the plank makes an angle of 6 with 
the ground. [Hint: What is sliding force if the plank is 
horizontal? Vertical?] 

26. One end of the plank is lifted at a constant rate of 2 ft per 
second, while the other end rests on the ground. 

(a) Find a formula for F = h(t), the sliding force exerted 
on the block as a function of time. 

(b) Suppose the block begins to slide once the sliding 
force equals 3 lbs. At what time will the block begin 
to slide? 

27. The 5-lb force exerted on the block by gravity can be re¬ 
solved into two components, the sliding force F s parallel 
to the ramp and the normal force F N perpendicular to the 
ramp. Use this information to show that your formula in 
Problem 25 is correct. 

28. A plane is heading due east and climbing at the rate of 
80 km/hr. If its airspeed is 480 km/hr and there is a wind 
blowing 100 km/hr to the northeast, what is the ground 
speed of the plane? 

29. A particle moving with speed o hits a barrier at an angle 
of 60° and bounces off’ at an angle of 60° in the opposite 
direction with speed reduced by 20 percent, as shown in 
Figure 12.34. Find the velocity vector of the object after 
impact. 

I’ 



Figure 12.34 
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30. Figure 12.35 shows a molecule with four atoms at O, A, B 
and C. Show that every atom in the molecule is 2 units 
away from every other atom. 

z 



31. Two cylindrical cans of radius 2 and height 7 are shown in 
Figure 12.36. The cans touch down the side. Let A be the 
point at the top rims where they touch. Let B be the front 
point on the bottom rim of the left can, and C be the back 
point on the bottom rim of the right can. The origin is at 
A and the z-axis points upward; the x-axis points forward 
(out of the paper) and the y-axis points to the right. 

(a) Write vectors in component form for A B and AC. 

(b) What is the angle between AB and AC? 


A 



B 


Figure 12.36 

32. (a) Using the fact that u • v = | \u \ \ • | \v \ | cos 0, show 

that 

2 ■ (-2) = ~(u * v). 

[Hint: What happens to the angle when you multiply 
v by -1?] 

(b) Using the fact that u • v = |\u \ | • | \v \ | cos 0, show 
that for any negative scalar X 

u • (Xu ) = X(u • v) 

(Xu) • v = X(u ■ v). 

33. A consumption vector of three goods is given by x = 
(x 1 ,x 2 ,x 3 ), where x v x 2 and x 3 are the quantities con¬ 
sumed of the three goods. Consider a budget constraint 
represented by the equation p • 5c = k, where p is the 
price vector of the three goods and k is a constant. Show 
that the difference between two consumption vectors cor¬ 
responding to points satisfying the same budget constraint 
is perpendicular to the price vector p . 


34. Consider the grid in Figure 12.37. Write expressions for 
AB and CD in terms of T and J. 






f 








V 

i 









L« 

D. 




"1 






1 



Figure 12.37 


35. Consider the grid of equilateral triangles in Figure 12.38. 
Find expressions for AB, BC , AC, and AD in terms of u 
and v . 



36. Consider the regular hexagon in Figure 12.39. Express 
the six sides and all three diameters in terms of m and n . 



Figure 12.39 

37. Consider the grid of regular hexagons in Figure 12.40. 
Express AC, AB, AD and BD in terms of in and n . 
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STRENGTHEN YOUR UNDERSTANDING 


Are the statements in Problems 1-24 true or false? Give an 
explanation for your answer. 

1. The vector 0.5/ 4- 0.5y has length 1. 

2. If a vector r is multiplied by a scalar, /c, the resultant vec¬ 
tor kv is longer than the original vector. 

3. If |]« || = 5, then || — u || = —5. 

4. The vectors 3/ ~j +k and 6/ -2 j +2 k are parallel. 

5. The vectors 2i + j and 2 i — j arc perpendicular. 

6. The two vectors 2/ +3 j and 3/ -f 2 j point in opposite 
directions 

7. If u ■ v < 0 then u and v form an acute angle (between 
0° and 90°). 

8. If u and r are vectors, then their dot product is also a 
vector. 

9. For any two vectors u and c we have u + v = v + u . 

10. For any two vectors u and v we have ||u + v || = \\u || T 

ns it 

11. For any two vectors u and V we have it • v —v-u. 

12. If the dot product of two nonzero vectors is zero, then the 
vectors are perpendicular. 

13. The distance between the points P = (2. 3) and Q — (3,4) 
is the vector i + j . 


14. The vector starting at the point P = (1,2) and ending at 
the point Q = (—3, 7) can be represented by -2/ +9 j . 

15. To add any two vectors, we add their corresponding com¬ 
ponents. 

16. If v is any vector, v • v is the length of r . 

17. The two vectors 2/ +3j and3/+2y have the same length. 

18. If A is a m X /; matrix, the matrix A has m rows and n 
columns. 


19. If A = 


1 2 3 
4 5 6 
7 8 9 


then a-yi = 8. 


20. The matrix A = 


1 2 3 
4 5 6 


is a 3 x 2 matrix. 


21. If A is a 5 x 5 matrix, then a ?5 refers to the element of A 
that is in the third row and fifth column. 


22. To rotate a vector c through an angle (j), multiply v by 

- cos (j) sin 4> 

sin 0 cos (j) 

23. You cannot add a 2 x 2 matrix A and a 3 x 3 matrix B. 


the matrix R = 


24. If A = 


-I 5 


and v = 


, then Av = 
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13.1 SEQUENCES 


Elections for president of the United States have been held every four years since 1792, that is, in 
1792, 1796, 1800, 1804, and so on up to the year 2012. Any ordered list of numbers, such as 

1792, 1796, 1800,1804,..., 2004,2008,2012 

is called a sequence , and the individual numbers are the terms of the sequence. A sequence can be 
a finite list, such as the sequence of past presidential election years, or it can be an infinite list, such 
as the sequence of positive integers 

1,2,3,4,.... 


Example! (a) 0,1,4,9, 16,25,... is the sequence of squares of integers. 

(b) 2,4, 8, 16,32,... is the sequence of positive integer powers of 2, 

(c) 3, 1,4, 1,5,9,... is the sequence of digits in the decimal expansion of k. 

(d) 3.9,5.3, 7.2,9.6,12.9,17.1,23.1,38.6,50.2 is the sequence of U.S. population figures, in mil¬ 
lions, for the first 10 census reports (1790 to 1880). 

(e) 40.4,60.2,73.3,84.4,93.4,101.5 is the sequence of smartphone users in the US, in millions, 
from the years 2009 to 2014. 1 

Notation for Sequences 

We denote the terms of a sequence by 


<2 [, a 2 , ^ 3 ’ • * * * * * * 

so that a j is the first term, a 2 is the second term, and so on. We use a n to denote the « th or general 
term of the sequence. If there is a pattern in the sequence, we may be able to find a formula for a n . 


Example 2 


Solution 


Find the first three terms and the 98 th term of the sequence. 

(a) a n = \ + ^t (b) b n = {-l) n 


n + 1 


(a) £q — 1 + \/T, a*-) — 1 + \^2 

1 ~ 


(b) &!=(-!)■ 


2.414, a 3 : 

2 


= -~,b 2 = (-1) 2 - 
1+1 2 2 2+1 


1 + » 2.732, and a 98 = 1 + V98 ; 




(-ir 


3+1 4 

This sequence is called alternating because the terms alternate in sign. 


, and £> 98 = (—1) 


10.899. 

98 98 = 98 

98+ 1 “ 99' 


A sequence can be thought of as a function whose domain is a set of integers. Each term of the 
sequence is an output value for the function, so a n = f(n). 


Example 3 List the first five terms of the sequence a n = /(«), where f(x) = 500 — lOx. 

Solution Evaluate f(x)forx= 1,2,3,4,5: 

a l — /(1) — 500 — 10- 1 = 490 and a 2 =/(2) = 500 - 10-2 = 480. 

Similarly, a 3 = 470, a 4 = 460, and a 5 = 450. 

Arithmetic Sequences 

You buy a used car that has already been driven 15,000 miles and drive it 8000 miles per year. The 
odometer registers 23,000 miles 1 year after your purchase, 31,000 miles after 2 years, and so on. 
The yearly odometer readings form a sequence a n whose terms are 

15,000, 23,000, 31,000, 39,000. 

1 http://blog.signalhq.com. Accessed May 25,2014. 
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Each term of the sequence is obtained from the previous term by adding 8000; that is, the differenee 
between successive terms is 8000. A sequence in which the difference between pairs of successive 
terms is a fixed quantity is called an arithmetic sequence . 


Example4 Which of the following sequences are arithmetic? 

(a) 9,5, 1, —3, —7 (b) 3,6. 12.24,48 

(c) 2,2 + p, 2 + 2p, 2 + 3 p (d) 10,5,0,5, 10 


Solution 


(a) Each term is obtained from the previous term by subtracting 4. This sequence is arithmetic. 

(b) This sequence is not arithmetic: each term is twice the previous term. The differences are 3, 6, 
12, 24. 

(c) This sequence is arithmetic: p is added to each term to obtain the next term. 

(d) This is not arithmetic. The difference between the second and first terms is —5, but the difference 
between the fifth and fourth terms is 5. 


We can write a formula for the general term of an arithmetic sequence. Look at the sequence 
2, 6 , 10, 14, 18, ... in which the terms increase by 4, and observe that 

a, =2 

a 2 = 6 = 2+14 
a 3 = 10 = 2 + 2- 4 
a 4 = 14 = 2 + 3-4. 

When we get to the /7 th term, we have added (n — 1) copies of 4, so that a n = 2 + (n — 1 )4. In general: 


For n > 1, the n lh term of an arithmetic sequence is 

a n — ci\ + (n - \ )d, 

where a x is the first term, and d is the difference between consecutive terms. 


Example 5 


Solution 


(a) Write a formula for the general term of the odometer sequence of the car that is driven 8000 
miles per year and had gone 15,000 miles when it was bought. 

(b) What is the car's odometer reading seven years after its purchase? 

(a) The odometer reads 15,000 miles initially, so a { = 15,000. Each year the odometer reading 
increases by 8000, so d = 8000. Thus, a„ = 15,000 + (//-! )8000. 

(b) Seven years from the date of purchase is the start of the 8 th year, so n — 8. The total number of 
miles on the ear is 

a 8 = 15,000+ (8 - 0*8000 = 71,000. 


Arithmetic Sequences and Linear Functions 

You may have noticed that the arithmetic sequence for the car's odometer reading looks like a linear 
function. The formula for the n th term, a n = 15,000 + (n — 1)8000, can be simplified to a n — 
7000 + 8000/7, a linear function with slope m = 8000 and initial value h = 7000. Elowever, for a 
sequence we consider only positive integer inputs, whereas a linear function is defined for all values 
of n. We can think of an arithmetic sequence as a linear function whose domain has been restricted 
to the positive integers. 
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Geometric Sequences 

You are offered a job at a salary of $40,000 for the first year with a 5% pay raise every year. Under 
this plan, your annual salaries form a sequence with terms 

a i =40,000 

a 2 = 40,000(1.05) = 42,000 

a 3 = 42,000(1.05) = 40,000(1.05) 2 = 44,100 

a 4 = 44,100(1.05) = 40,000(1.05) 3 = 46,305, 

and so on, where each term is obtained from the previous one by multiplying by 1.05. A sequence 
in which each term is a constant multiple of the preceding term is called a geometric sequence. In a 
geometric sequence, the ratio of successive terms is constant. 


Example 6 


Solution 


Which of the following sequences are geometric? 

(a) 5,25,125,625,... (b) -8,4, -2,1,... (c) 12,6,4,3,... 


(a) 

(b) 

(c) 


This sequence is geometric. Each term is 5 times the previous term. Note that the ratio of any 
term to its predecessor is 5. 

This sequence is geometric. The ratio of any term to the previous term is - 

a 2 6 1 

This sequence is not geometric. The ratios ot successive terms are not constant: — = — = 

a x 12 2 



As for arithmetic sequences, there is a formula for the general term of a geometric sequence. 
Consider the sequence 8,2, ... in which each term is ^ times the previous term. We have 

a x = 8 

0! = 2 = 8(i) 

1 / 1 

When we get to the n th term, we have multiplied 8 by (h - 1) factors of so that a n = 8 ( - j 
In general. 


For n > 1, the n lh term of a geometric sequence is 

a„ = a\r n -\ 

where a } is the first term, and r is the ratio of consecutive terms. 


Example 7 

(a) 


(b) 

Solution 

(a) 


(b) 


Write a formula for the general term of the salary sequence that starts at $40,000 and increases 
by 5% each year. 

What is your salary after 10 years on the job? 

Your starting salary is $40,000, so a, = 40,000. Each year your salary increases by 5%, so 
r = 1.05. Thus, a n = 40,000(1.05)"-'. 

After 10 years on the job, you are at the start of your 11 th year, so n = 11. Your salary is 
a,, =40,000(1.05)' 1-1 « 65,156 dollars. 
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Geometric Sequences and Exponential Functions 

The formula for the salary sequence, a tl = 40,000( 1looks like a formula for an exponential 
function, /(/) = a*b ! . A geometric sequence is an exponential function whose domain is restricted to 
the positive integers. For many applications, this restricted domain is more realistic than an interval 
of real numbers. For example, salaries are usually increased once a year, rather than continuously. 


Exercises and Problems for Section 13.1 

Exercises 

Are the sequences in Exercises l^t arithmetic? 

1. 2,7,11,14,... 2. 2, —5. —12, —19_ 

3- 2.7,12,17,... 4. 2,-5,-11,-16,... 

Are the sequences in Exercises 5-7 arithmetic? For those that 
are, give a formula for the n lh term. 

5. 6,9, 12. 15, ... 6. 1,-1,2,-2, ... 

7. -1,-1.1,-1.2,-1.3,... 

Are the sequences in Exercises 8-11 geometric? 

8. 2,6,18,54,... 9. 2,4,8,12,... 

10 . 2,-1 i 11 . 2 , 0 . 2 , 0 . 02 , 0 . 002 .... 

2 4 S 


Are the sequences in Exercises 12-17 geometric? For those 
that are, give a formula for the /i lh term. 

12. 4, 12,36, 108.... 13. 4,1. 

4 S 

14. 2,-4,8.-16.... 15. 4,2, l. 1 ,-.... 

2 4 

16. 4,0.4.0.04.0.004,... 

17. 1.— 

1.2 ( 1 . 2) 2 ( 1 . 2 )' 


Problems 


In Problems 18-23, write out the first four terms of each se¬ 
quence and state if it is geometric. 

18. a„ = 2 " 19. a„ = ^ 

20 . a„ = (--Q 21 . u„ = cos(iwr) 

22, a.. — n 2 — n 23. a n = ~^= 

V n 


24. An arithmetic sequence has first term of 10 and difference 
of 5; what is the tenth term? 

25. An arithmetic sequence has first term of 5 and difference 
of 10, After how many terms will the sequence exceed 
1000 ? 


In Problems 26-29, find the 5 !h . 50" 1 , n !h term of the arithmetic 
sequences. 

26. 3,5,7,... 27. 6,7.2,... 


34. During 2012, global oil consumption grew by 0.7%, to 
reach 88 million barrels per day. 2 Assume that it contin¬ 
ues to increase at this rate. 

(a) Write the first four terms of the sequence a n giving 
daily oil consumption n years after 2011; give a for¬ 
mula for the general term a n . 

(b) In what year is consumption expected to exceed 100 
million barrels a day? 


35. In 2011, US natural gas consumption was 690.1 billion 
cubic meters. Asian consumption was 590.6 billion cubic 
meters. 3 US consumption increased by 2.4% a year dur¬ 
ing 2011, while Asian consumption grew by 5.9%, a year. 
Assume these rates continue into the future. 


28. a x = 2.1, a 3 = 4.7 29. a 3 = 5.7, a (l = 9 

In Problems 30-33, find the 6 th and n lh of the geometric se¬ 
quences. 

30. 1,2,4,... 31. 7,5.25,... 

32. a, - 3, a 3 — 48 33. a 2 = 6, a 4 — 54 


(a) Give the first four terms of the sequence, a tr giving 
US consumption of natural gas n years after 2010. 

(b) Give the first four terms of a similar sequence b n 
showing Asian gas consumption. 

(c) According to this model, when will Asian yearly gas 
consumption exceed US consumption? 


2 http://www.bp.com/extendedsectiongenericarticle.do?categoryld=9041228&contentld=7074736, accessed May 18, 
2013. 

3 www.bp.com/downloads. Statistical Review of World Energy 2011, accessed May 18, 2013. 
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36. The population 4 of Nevada grew from 2.4 million in 2005 
to 2.76 million in 2012. Assuming a constant percent 
growth rate: 

(a) Find a formula for a ir the population in millions n 
years after 2012. 

(b) When is the population predicted to reach 5 million? 

37. Florida’s population 5 was 19.042 million in 2012 and 
18.934 million in 2011. Assuming the population contin¬ 
ues to increase at the same percentage rate: 

(a) Find the first three terms of the sequence a n giving 
the population, in millions, n years after 2012. 

(b) Write a formula for a fl . 

(c) What is the doubling time of the population? 


46. A geometric sequence has first term of 10 and ratio of 
-0.2. After how many terms will the sequence have ab¬ 
solute value less than 10 -7 ? 

47, The sequence defined by 

is called a discrete logistic equation. Such a sequence is 
often used to model a population p u , where the initial pop¬ 
ulation is p 0 . 

(a) Compute the first 6 terms of the sequence. What do 
you conclude? 

(b) Show that if 0 < p {) < 200, then p n increases but 
never exceeds 200. 


The graphs in Problems 38^4-1 represent either an arithmetic 
or a geometric sequence; decide which. For an arithmetic se¬ 
quence, say if the common difference, d , is positive or nega¬ 
tive. For a geometric sequence, say if the common ratio, r, is 
greater or smaller than I. 


38. 


39. £!„ 



48. The Fibonacci sequence starts with 1, 1,2, 3,5.and 

each term is the sum of the previous two terms. 

(a) Write the next three terms in the sequence. 

(b) Write an expression for a n in terms of a n _ ] and a n _ 2 . 

(c) Suppose r n is the ratio a f Ja n ^ { and r n _ x is the ratio 

a n _i / 2 - Using your answer to part (b), find a for¬ 

mula for r n in terms of r n { and without any of the 
as. 

(d) The terms r n form another sequence. Suppose r n 
tends to a fixed value, r as n increases without bound; 
that is. r n r as n -> oo. Use your answer to part (c) 
to find an equation for r. Solve this equation. The 
number that you find is called the golden ratio. 


40. 

5 - 

3 - 


1 


1 


j-1—„ 

3 5 


41. 

5 - 
3 - 

1 - 



49. Some people believe they can make money from a chain 
letter (they are usually disappointed). A chain letter works 
roughly like this: A letter arrives with a list of four names 
attached and instructions to mail a copy to four more 
friends and to send $1 to the top name on the list. When 
you mail the four letters, you remove the top name (to 
whom the money was sent) and add your own name to 
the bottom of the list. 


A sequence a n can be delined by a recurrence relation , which 
gives a n in terms of the previous term, a u _ x , and the first term 
a x . In Problems 42-45, find the first four terms of the sequence 
and a formula for the general term. 


(a) If no one breaks the chain, how much money do you 
receive? 

(b) Let d n be the number of dollars you receive if there 
are n names on the list instead of 4, but you still 
mailed to four friends. Find a formula for d n . 

50. For a positive integer n , let a n be the fraction of the US 
population with income less than or equal to $n thousand 
dollars. 


42. a n = 2o„_,; a, = 3 

43. a„ = u„_, + 5; «| = 2 

44. a„ = a, = 1 

45. a n = 2 a n _ ] + 1 ; a { — 3 


(a) Which is larger, a 4[) or a 5() l Why? 

(b) What does the quantity a 5{) - a 4[) represent in terms 
of US population? 

(c) Is there any value of n with a n = 0? Explain. 

(d) What happens to the value of a n as n increases? 


4 http://www.infoplease.com/us/census/datiiyncvada/, accessed May, 2013. 

5 htlp://www.noridacharts.com/FLQUERY/Population/PopulationRpt.aspx, accessed May 18. 2013. 
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Domestic Deaths from AIDS n years after 1980 


Table 13.1 shows the number of US AIDS deaths 6 that occurred each year since 1980, where a„ is 
the number of deaths in year n, and n = 1 corresponds to 1981. For each year, we can calculate the 
total number of death from AIDS since 1980. For example, in 1985 

Total number of AIDS deaths(1981-1985)= 159 + 463+ 1508 + 3505 + 6972 = 12,607. 

We write S n to denote the sum of the first n terms of a sequence. In this example, 1985 corre¬ 
sponds to n = 5, so we have S 5 = 12,607. 


Table 13.1 US deaths from AIDS each year from 1981 to 2010 


n 


n 


n 


n 

<*n 

n 


n 


1 

159 

6 

12,110 

11 

36,616 

16 

38,025 

21 

18,524 

26 

14,732 

2 

463 

7 

16,412 

12 

41,094 

17 

21,999 

22 

17,557 

27 

16,659 

3 

1508 

8 

21,119 

13 

45,598 

18 

18,397 

23 

18,017 

28 

20,091 

4 

3505 

9 

27,791 

14 

50,418 

19 

*17,172 

24 

15,798 

29 

19,981 

5 

6972 

10 

31,538 

15 

51,117 

20 

15,245 

25 

16,268 

30 

19,343 


Example 1 Find and interpret S% for the AIDS sequence. 

Solution Since 5 8 is the sum of the first 8 terms of the sequence, we have. 


5*8 = U j + <?2 + 03 + <24 + Q$ +flg + fly + <2 8 



= 12,607 + 12,110+ 16,412 + 21,119 
= 62,248. 


Here, S s is the number of deaths from AIDS from 1980 to 1988. 


The sum of the terms of a sequence is called a series . We write S n for the sum of the first n 
terms of the sequence, called the n th partial sum. We see that S„ is a function of «, the number of 
terms in the partial sum. In this section we see how to evaluate functions defined by sums. 


Arithmetic Series 


Landscape timbers are large beams of wood used to landscape gardens. To make the terrace in Fig¬ 
ure 13.1, one timber is set into the slope, followed by a stack of two, then a stack of three, then a 
stack of four. The stacks are separated by earth. 


Earth 



■+— Timber 


Figure 13.1: A slope terraced for planting using landscape timbers 


6 From the HIV/AIDS Surveillance Report, 2011, Centers for Disease Control and Prevention, Atlanta. 
http://www.cdc.gov/hiv/pdf/statistics_201 l_HTV_Surveillance_Report_vol_23.pdf. Accessed May 25, 2014. 
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The total number of timbers in 4 stacks is S 4 , the sum of the number of timbers in each stack: 
Total number of timbers = *£4 =1+2 + 3 + 4=10. 

For a larger terrace using 5 stacks of timbers, the total number is given by 

S 5 = 1 +2 +3 + 4 + 5 = 15. 

For an even larger terrace using 6 stacks, the total number is given by 

S 6 =1+2 + 3+ 4 + 5 + 6 = 21. 

For a terrace made from n stacks of landscape timbers. S ir the total number of limbers needed is a 
function of n. so 

S n = f(n) = 1 + 2 + ••• + n. 

The symbol means that all the integers from 1 to n are included in the sum. 

Notice that each stack of landscape timbers contains one more timber than the previous one. 
Thus, the number of timbers in each stack. 


1.2,3,4.5,... 

is an arithmetic sequence, so S n is the sum of the terms of an arithmetic sequence. Such a sum is 
called an arithmetic series. 

The Sum of an Arithmetic Series 

We now find a formula for the sum of an arithmetic series. A famous story concerning this series 7 
is told about the great mathematician Carl Friedrich Gauss (1777-1855), who as a young boy was 
asked by his teacher to add the numbers from 1 to 100. He did so almost immediately: 

S 100 = 1 + 2 + 3 + —h 100 = 5050. 

Of course, no one really knows how Gauss accomplished this, but he probably did not perform the 
calculation directly, by adding 100 terms. He might have noticed that the terms in the sum can be 
regrouped into pairs, as follows: 

S 10() = 1 + 2 + * • • + 99 + 100 = (1 + 100) + (2 + 99) + **■ + (50 + 51) 

W J 

v- 

50 pairs 

= 101 + 101 + *■* + 101 Each pair adds to 101 

'-v-' 

50 terms 

= 50 * 101 =5050. 

The approach of pairing numbers works for the sum from 1 to tu no matter how large n is. 
Provided n is an even number, we can write 

S n = 1 + 2 + + (n - 1) + n = (1 + n) + (2 + (/; — 1)) + (3 + (n - 2)) + ■■■ 

"-V-' 

1 

-n pairs 

— ( 1 +//)+(l + /?)+"■ Each pair adds to 1 + n 

K -v-' 

1 

-n pairs 

7 As told by E.T. Bell, The Men of Mathematics, p. 221 (New York: Simon and Schuster. 19371, ihc scries involved was 
arithmetic, but more complicated than this one. 
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Example 2 

Solution 


so we have the formula: 

S n = 1 + 2 + ••• 4* n = ^ n(n + 1). 

Cheek this formula for S /t with n — 100. 

Using the formula, we gel the same answer, 5050, as before: 

.S',,,,, = 1+ 2+ ••• + 100= ■ 100(100+ 1) = 50- 101 = 5050. 

A similar derivation shows that this formula for S n also holds for odd values of n. 


To find a formula for the sum of a general arithmetic series, we first assume that n is even and 
write 


S )} — u [ -f + ■** T ci )} 

= (a ] + a n ) + (^2 + u n _ \) 4- ( a ^ T . 

^ j 

v 

\n pairs 

We pair the first term with the last term, the second term with the next to last term, and so on. just 
as Gauss may have done. Each pair of terms adds up to the same value, just as each of Gauss's pairs 
added to 101. Using the formula for the terms of an arithmetic sequence, a n = a x + (w - \)d, the 
first pair, a { + a fr can be written as 


a x + a n = a { + a x + (n — 1 )d = 2a l T (n — 1 )d. 


and the second pair, a 2 + , can be written as 

a 2 + a n-1 = a \ + d T a j + (n - 2 )d = 2a j + (n - 1 )d. 



Both the first two pairs have the same sum: la j + (/i - 1 )r/. The remaining pairs also all have the 
same sum, so 


s„ = (a ] + a n ) + ( a 2 + a„_ ,) + (a, + a„_ 2 ) + ••• = hi (2«, + (n - I )d) . 

V- -V - 

V 

pairs 

The same formula gives the sum of the series when n is odd. See Problem 45 on page 547. 


The sum, S n , of the first n terms of the arithmetic series with a n = 0 , + (« — 1 )d is 
S„ = + a n ) = 4 «(2a | +(«- 1 )d). 
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Example3 Calculate the sum 1 + 2 + *•• + 100 using the formula for S fV 

Solution Here, a x = 1, n = 100, and d = 1. We get the same answer as before: 

^100 = ^ n { 2a \ +(n- l)d) = | • 100(2- 1 +(100- 1)- 1) = 50- 101 =5050. 


Summation Notation 


The symbol X is used to indicate addition. This symbol, pronounced sigma, is the Greek capital letter 
for S , which stands for sum. Using this notation, we write 

n 

^ ai to stand for the sum a ] + a 2 + + a n . 

i=] 

The X tells us we are adding some numbers. The a { tells us that the numbers we are adding are called 
a x , a 2 , and so on . 8 The sum begins with a x and ends with a n because the subscript / starts at / — 1 
(at the bottom of the X sign) and ends at i — n (at the top of the X sign): 


This tells us that the sum 
ends at a n 
1 


x 

i = 1 

t 


a i 


This tells us that the num¬ 
bers we are adding are 
called «,. a 2 . 03 . ... 


This tells us that the sum 
starts at a ] 


Example 4 


Solution 


Write S n = f(n), the total number of landscape timbers in n stacks, using sigma notation, and give 
a formula for S fr 

Since S n = f(n) — 1 + 2 + ••• + n, we have a { = /'. We start at / = 1 and end at i = n. Thus, 
S n — /.The formula for the sum of an arithmetic series with — d — 1 gives 

n 

S,, = f(n) = X /= + *1- 

i=i Z 


Example 5 Use sigma notation to write the sum of the first 20 positive odd numbers. Evaluate this sum. 

Solution The odd numbers form an arithmetic sequence: 1, 3, 5, 7, ... with a j = 1 and d ~ 2. The / th odd 

number is 

a { — 1 + (/ — 1)2 = 2/ — 1 . 

(As a check: a x = 1 + (1 — 1)2 = 1 and a 2 = 1 + (2 - 1)2 = 3.) Thus, we have 

20 20 

Sum of the first 20 odd numbers = ^ a i — ^(2/ - 1 ). 

1=1 i= 1 

We evaluate the sum using n = 20, a\ = 1 , and d = 2: 

Sum = (2a, + {n - 1 )d) = | ■ 20(2 • 1 + (20- I)-2) = 400. 


8 The letter /' is often called a dummy index since it can be switched with any other letter without affecting the sum. 
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Example 6 

Solution 


Example 7 

Solution 


If air resistance is neglected, a falling object travels 16 ft during the first second, 48 ft during the 

next, 80 ft during the next, and so on. These distances form the arithmetic sequence 16, 48, 80. 

In this sequence. — 16 and d — 32. 

(a) Find a formula for the /7 lh term in the sequence of distances. Calculate the fifth and tenth terms. 

(b) Calculate .S’,, S3. and S \. the total distance an object falls in 1,2, and 3 seconds, respectively, 
(e) Give a formula for S ir the distance fallen in n seconds. 

(a) The /i th term is a n = + (n - 1 )d — 16 + 32(// — I) — 32/7 - 16. Thus, the lifth term is 

a 5 = 32(5)- 16 = 144. The value of a n) - 32(10)- 16 = 304. 

(b) Since — 16 and d — 32, 

S | — a j = 16 feet 

,S 2 — ci j + ch — a j + {a | + d ) = 16 + 48 = 64 feet 
S ^ —t/j + ci-} + ci ^ = 16 + 48 + 80 — 144 leet. 

(e) The formula for S n is S n — (2a l + (n — \ )d). We can check our answer to part (b) using this 

formula: 

.S', = ^ -1(2-16+0-32) = 16, S 2 = ^-2(2-16+1 -32) = 64. .S', = ^-3(2-16+2-32) = 144. 


An object falls from 1000 feet starting at time t - 0 seconds. What is its height, /?, in feet above the 
ground at t — 1,2. 3 seconds? Show these values on a graph of height against time. 


At time t — 0, the height h = 1000 feet. At time t = 1, as in Example 6 , the object has fallen 
S j — 16 feet, so 

h= 1000- 16- 984 feet. 

At time t — 2 , the object has fallen a total distance of S 2 = 64 feet, so 

h = 1000-64 = 936 feet. 

At time t — 3, the object has fallen a total distance of — 144 feet, so 

h = 1000- 144 = 856 feet. 

These heights are marked on the graph in Figure J3.2. 

h, height (feet) 



Figure 13.2: Height of a falling object 
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Exercises and Problems for Section 13.2 

Exercises 


Are the series in Exercises 1^1 arithmetic? 

1. 2 + 4 + 8+ 16+ ••• 

2 . 10 + 8 + 6 + 4 + 2 + - 

3. 1+2 + 4 + 5+7+8+- 



Expand the sums in Exercises 5-10. (Do not evaluate.) 


5 20 


*■ X '- 2 

/=—! 

6. 

X(' + D 2 
;=10 

5 

7. £ 2k + i 

8. 

b 

130- 3 ) 

*=0 


7=1 

10 

9- I(-D y 

10. 

7 


7=2 


17. 


18. 


19. 


20 . 


In Exercises 11-14, write the sum using sigma notation. 
11. 3 + 6 + 9+ 12+15+18 + 21 


n 

1 

2 

3 

4 

5 

6 

7 

8 

a n 

3 

7 

11 






s. 

3 

10 








n 

1 

2 

3 

4 

5 

6 

7 

8 

a n 

7 



16 





S„ 










n 

1 

2 

3 

4 

5 

6 

7 

8 

a n 

2 








S„ 

2 

13 

33 

62 






n 

1 

2 

3 

4 

5 

6 

7 

8 

a n 









S„ 






201 

273 

356 


12. 10+ 13 + 16+19 + 22 

13. 1/2+1+ 3/2+ 2+ 5/2 + 3+ 7/2 + 4 

14. 30 + 25 + 20+ 15+ 10 + 5 

15. (a) Use sigma notation to write the sum 2+4+63-b20 

of the first 10 even numbers. 

(b) Without a calculator, find the sum in part (a). 

In Exercises 16-20, complete the tables with the terms of the 
arithmetic series a 3 , a 2 , a fr and the sequence of partial 
sums, Sj, ..., S tr State the values of a , and d where 
a n = a, +(// - 1 )d. 


n 

1 

2 

3 

4 

5 

6 

7 

8 

a n 

2 

7 

12 

17 





s„ 

2 

9 

21 

38 






Problems 


21. Find the sum of the first 1000 integers: 1+2+33-1-1000. 

Without using a calculator, find the sum of the series in Prob- 


ferns 22-29. 


50 

30 

22. 2 3/ 

/=i 

23. ^(5/+10) 

15 

10 

24. X(2 + i.) 

25. ]^(8 -An) 

«=0 

H=0 

26. \/2 + 2\/2 + 3\/2+** 

■ + 25\/2 

27. -101 — 91 — 81 — 71 - 

61 - 11-1 

28. 26.5 +24.5 + 22.5+ •• 

• + 2.5 + 0.5 

29. -3.01 - 3.02-3.03 - 

•** -3.35 


30. Jenny decides to raise money for her local charity by en¬ 
couraging people to lay quarters on the floor of a class¬ 
room in the shape of an equilateral triangle. She puts one 
quarter in the first row, two in the second, three in the 
third, and so on. Her target is to raise $400. How many 
rows does she need? 

31. Find the thirtieth positive multiple of 5 and the sum of the 
first thirty positive multiples of 5. 


32. For the AIDS data in Table 13.1 on page 541, 

(a) Find and interpret in terms of AIDS 

(i) The partial sums S 5 , S b , S \, . 

(“) *^6 - s y — S b , S% — S v 

(b) Use your answer to part (a) (ii) to explain the value 
Of S n+l - .v„ for any positive integer n. 
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33. Table 13.2 shows US Census figures, 9 in millions. In¬ 
terpret these figures as partial sums, S n of a sequence, 
a tr where n is the number of decades since 1950, so 
*Sj = 179.3, S 2 = 203.3, 5, - 226.6 and so on. 

(a) Find and interpret in terms of population 

(i) .S«, S h 

(ii) a : ,a 5 ,a (i 

(iii) <+,/10 

(b) For any positive integer n . what are the meanings of 
S fr a tr and aj 10 in terms of population? 


Table 13.2 


Year 

1960 

1970 

1980 

1990 

2000 

2010 

Population 

179.3 

203.3 

226.6 

248.7 

281.4 

308.7 


43. An auditorium has 30 seats in the first row, 34 seats in 
the second row. 38 seats in the third row, and so on. If 
there are twenty rows in the auditorium, how many scats 
are there in the last row? How many seats are there in the 
auditorium? 

44. (a) Show that tf - {n - 1 ) 3 = 3 tf - 3 n + 1. 

(b) Write tf ~ tf - {n - 1 f + (/; - 1 f ~(n~ 2 f +(n - 
2) 3 - ... - 2 3 -h 2 3 — 1 3 + 1 3 — 0 3 and then show 

n 

n' = £(.+ -3y + 1). 

J= I 

(c) Use the result £" =] j = ~n{n + 1) to show that 


Simplify the expressions in Problems 34-37. 


34 • Z ;: -Zv + 1): 35 -1/-!/- 2 ;) 

/: l J~ 0 1=4 j= 4 


36. £ 


15 15 

37. 

/=! y=5 




= j{n + 1)(2h + 1). 
6 


45. In the text we showed how to calculate the sum of an arith¬ 
metic series with an even number of terms. Consider the 
arithmetic series 

5 +12+ 19+ 26 + 33 + 40 + 47 + 54 + 61. 


Problems 38—41 refer to the falling object of Example 6 on 
page 545. 

38. Calculate the distance, S 7 , the object falls in 7 seconds. 

39. (a) Find the total distance that the object falls in 4, 5, 6 

seconds. 

(b) The object falls from 1000 feet at time t = 0. Calcu¬ 
late its height at t = 4, i — 5, t ~ 6 seconds. Explain 
how you can check your answer using Figure 13.2. 

40. Find a formula for f{n% the distance fallen by the object 
in n seconds. 

41. If the object falls from 1000 feet, how long does it take to 
hit the ground? 

42. A boy is dividing M&Ms between himself and his sister. 
He gives one to his sister and takes one for himself. He 
gives another to his sister and takes two for himself. He 
gives a third one to his sister and takes three for himself, 
and so on. 

(a) On the n th round, bow many M&Ms does the boy 
give his sister? How many does he take himself? 

(b) After n rounds, how many M&Ms does his sister 
have? How many does the boy have? 


Here, there are n — 9 terms, and the difference between 
each term is cl = 7. Adding these terms directly, we find 
that their sum is 297. In this problem we find the sum of 
this arithmetic sequence in two different ways. We then 
use our results to obtain a general formula for the sum of 
an arithmetic series with an odd number of terms. 

(a) The sum of the first and last terms is 5 + 6 1 =66, the 
sum of the second and next-to-last terms is 12 + 54 = 
66, and so on. Find the sum of this arithmetic series 
by pairing off' terms in this way. Notice that since the 
number of terms is odd, one of them will be unpaired. 

(b) This arithmetic series can be thought of as a series of 

eight terms (5-1-h54) plus an additional term (61). 

Use the formula we found for the sum of an arith¬ 
metic series containing an even number of terms to 
find the sum of the given arithmetic series. 

(c) Find a formula for the sum of an arithmetic series 
with n terms where n is odd. Let a x be the first term 
in the series, and let d be the difference between con¬ 
secutive terms. Show that the two approaches used in 
parts (a) and (b) give the same result, and show that 
your formula is the same as the formula given for 
even values of n. 


9 http://www.census.gov. accessed June 27, 2014. 
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13.3 FINITE GEOMETRIC SERIES 

In the previous section, we studied arithmetic series. An arithmetic series is the sum of terms in a 
sequence in which each term is obtained by adding a constant to the preceding term. In this section, 
we study another type of sum, a geometric series. In a geometric series, each term is a constant 
multiple of the preceding term. 

Bank Balance 

A person deposits $2000 every year in an IRA that pays 6 % interest per year, compounded annually. 
After the first deposit (but before any interest has been earned), the balance in the account in dollars 
is 

B ] =2000. 

After 1 year has passed, the first deposit has earned interest, so the balance becomes 2000(1.06) 
dollars. Then the second deposit is made and the balance becomes 

B 2 = 2 nd deposit + I st deposit with interest 
s___^ s___/ 

V- V' 

2000 2000 ( 1 . 06 ) 

= 2000+2000(1.06) dollars. 

After 2 years have passed, the third deposit is made, and the balance is 

B 3 = 3 rd deposit + 2 nd dep. with 1 year interest + 1 sl deposit with 2 years interest 

'-V-' ^-V- / S -V-' 

2000 2000 ( 1 . 06 ) 2000 ( 1 . 06) 2 

= 2000 + 2000 ( 1.06) + 2000 ( 1,06) 2 . 

Let B n be the balance in dollars after n deposits. Then we see that 

After 4 deposits B 4 = 2000 + 2000( 1.06) + 2000( 1.06) 2 + 2000( 1.06 ) 3 

After 5 deposits B, = 2000 + 2000( 1.06) + 2000( 1.06 ) 2 + 2000( 1,06) 3 + 2000( 1,06) 4 

After n deposits B„ = 2000 + 2000( 1.06) + 2000( 1,06) 2 + ••• + 2000( 1.06)' ,_l . 


How much money is in this IRA in 5 years, right after a deposit is made? In 25 years, right after a 
deposit is made? 

After 5 years, we have made 6 deposits. A calculator gives 

B 6 = 2000 + 2000( 1.06) + 2000( 1,06) 2 + - + 2000( 1.06 ) 5 
= $13,950.64. 

In 25 years, we have made 26 deposits. Even using a calculator, it would be tedious to evaluate B 26 
by adding 26 terms. Fortunately, there is a shortcut. Start with the formula for B 26 : 

By, = 2000 + 2000( 1.06) + 2000( 1,06) 2 + - + 2000( 1.06) 25 . 

Multiply both sides of this equation by 1.06 and add 2000, giving 

1.06Bi (l + 2000 = 1.06 (2000 + 2000( 1.06) + 2000( 1,06) 2 + - + 2000( 1.06) 25 ) + 2000. 

We simplify the right-hand side to get 

1.06 B 26 + 2000 = 2000( 1.06) + 2000( 1.06) 2 + - + 2000( 1.06) 25 + 2000( 1.06) 26 + 2000. 


Example 1 

Solution 
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Notice that the right-hand side of this equation and the formula for B 2 6 ^ ave almost every term in 
common. We can rewrite this equation as 

1,06B 26 + 2000 = 2000 + 2000( 1.06) + 2000( 1.06) 2 + - + 2000( 1.06) 25 +2000( 1.06) 26 

V- - -- 

B 26 

= B 26 + 2000(1.06) 26 . 

Solving for B 2 6 gives 

1.06B 26 - B 26 = 2000( 1.06) 26 - 2000 
0.06B 26 = 2000(1.06) 26 - 2000 
„ 2000(1.06) 26 - 2000 
26 " 0.06 

Using a calculator to evaluate this expression for J? 26 , we find that 5 26 = 118,312.77 dollars. 


Geometric Series 

The formula for the IRA balance, 

B 26 = 2000 + 2000( 1.06) + 2000( 1,06) 2 + - + 2000( 1.06) 25 , 

is an example of a geometric series. This is a finite geometric series, because there are a finite number 
of terms (in this case, 26). In general, a geometric series is the sum of the terms of a geometric 
sequence—that is, in which each term is a constant multiple of the preceding term. 


A finite geometric series is a Sum of the form 



n-1 

S„ = a + ar + ar 2 + • 

•• + ar n ~ x = Tar'. 


1=0 


Notice that S„ is defined to contain exactly n terms. Since the first term is a — ar° , we stop at 
ar n ~ i. For instance, the series 

50 + 50(1.06) + 50(1.06) 2 + - + 50(1.06) 25 

contains 26 terms, so n = 26. For this series, r = 1.06 and a = 50. 

The Sum of a Geometric Series 

The shortcut from Example 1 can be used to find the sum of a general geometric series. Let S n be 
the sum of a geometric series of n terms, so that 

S n = a + ar + ar l + — + ar n ~ l . 

Multiply both sides of this equation by r, giving 

rS n = r(a + ar + ar 2 -\ -1- ar n ~ x ) 

= ar + ar 2 + a? + + ar". 

The right-hand side now looks like the with the first term, a, missing, and the term ar n added at 
the end. Subtract S n from both sides, writing S n on the left and S n in its term-by-term form on the 
right: 
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rS n — S n = (flr + a/* 2 + ar 7 + *•* + a/' 1 + ar n ) - 


a + ar + ar" + + ar 


n -1 


Solving the equation rS n - S n = ar tl — a for S n gives 

rS n - S n = ar n - a 
S fl (r — ]) = ar n — a fhctoring out s n 
c . _ - a 

_ a(r n - 1) 
r- 1 

By multiplying the numerator and denominator by — 1, this formula can be rewritten as follows; 


The sum of a finite geometric series of n terms is given by 

S n = a + ar + ar 2 + —h ar n ~ ] = ^——, for r # 1. 


This formula is called a closed form of the sum. 


Example 2 

Solution 


Use the formula for the sum of a geometric series to solve Example 1. 
We need to hnd B 6 and B 26 where 


B n = 2000 + 2000( 1.06) + 2000( 1.06) 2 + •■ • + 2000( 1.06)"" l . 

Using the formula for S n with a = 2000 and r = 1.06, we get the same answers as before: 


*6 

*26 


20000-(1.06)»> 

1-1.06 

2000(1 - (1.06) 26 ) _ 1 18 312.77 
1-1.06 


Drug Levels in the Body 

Geometric series arise naturally in many different contexts. The following example illustrates a ge¬ 
ometric series with decreasing terms. 


Example 3 A patient is given a 20-mg injection of a therapeutic drug. Each day, the patient's body metabolizes 
50% of the drug present, so that after 1 day only one-half of the original amount remains, after 2 
days only one-fourth remains, and so on. The patient is given a 20-mg injection of the drug every 
day at the same time. Write a geometric series that gives the drug level in this patient’s body right 
after the n th injection. 

Solution Immediately after the 1 st injection, the drug level in the body is given by 

Q\ - 20 . 

One day later, the original 20 mg has fallen to 20 • 2 = 10 mg and the second 20-mg injection is 
given. Right after the second injection, the drug level is given by 
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Example 4 

Solution 


Q — 2 nd injection + Residue of 1 st injection 

'- - -' 

20 

= 20 + 20 ( 1 ). 

Two days later, the original 20 mg has fallen to (20 •-)•-; = 20 (-) 2 = 5 mg. the second 20 mg 

injection has fallen to 20 • ^ = 10 mg, and the third 20 mg injection is given. Right after the third 
injection, the drug level is given by 





Q, = 3 ,J injection + Residue of 2 lui injection + Residue of 1 sl injection 



= 20 + 20(1 



Continuing, wc see that 


C 4 = 20 + 20 (1) + 20 (1) _ + 20 (1) ' 

1 i i i 4 

Qs = 20 + 20 (-) + 20 (-)“ + -+ 20 (-) 

After « lh injection Q n = 20 + 20 (1) + 20 (1/ + - + 20 (1) 

This is another example of a geometric series. Here, a — 20 and r = 1 /2 in the geometric series 
formula 

Q n — a + ar + ar 2 + ■ • • + ar n ~ 1 . 


After 4 lh injection 
After 5 th injection 


To calculate the drug level for a specific value of a?, we use the formula for the sum of a geometric 
series. 

What quantity of the drug remains in the patient's body after the 10 th injection? 

After the 10 th injection, the drug level in the patient's body is given by 

<2 m = 20 + 20 (l)+20(l)' + -+20(l) . 

Using the formula for S n with n = 10, a = 20 , and r = 1/2, we get 

20(1 -( 3 10 ) 

Q in = - F - = 39.961 mg. 

1 1 
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Exercises and Problems for Section 13.3 

Exercises 


How many terms are there in the series in Exercises 1-2? Find 

the sum. 

18 

1 . £ 3 - 2 ; 

j =5 


2. £(-l)*5(0.9)* 


Find the sum of the series in Exercises 3-7. 


3. 




+ 



4. 5+15 + 45+ 135 + •** + 5(3 12 ) 

5. 1/125+ 1/25+ 1/5+ - + 625 


10 

6 . £4(2") 

rt=l 



»'+H+ 



11. 5 - 10 + 20-40 + 80-2560 


Write each of the sums in Exercises 12-15 in sigma notation. 

12. 1 +4+ 16 + 64 + 256 

13. 3 - 9 + 27 -81 + 243 -729 

14. 2 + 10 + 50 + 250 + 1250 + 6250 + 31250 

15. 32-16 + 8-4 + 2-1 


Evaluate the sums in Exercises 16-19. 


In Exercises 8-11, decide which of the following are geometric 
series. For those which are, give the first term and the ratio be¬ 
tween successive terms. For those which are not, explain why 
not. 


8 . 


2+1 + — + — + — + ••* + 

248 128 


1 


1 


n , 1 1 1 1 

9> I “2 + 4“8 + T6 + "' + 256 


4 

16. £(0.1)" 

5 3 

17. Y- 

Lu 

n=() 

n=0 1 

n- 1 

N 

18. £^ x 

j= 0 

19 . £(-iy 

H=0 


Problems 


20. Write ar 3 + ar 5 + ar 7 + ar 9 + ar 11 in notation. 

21. Worldwide consumption of oil was about 88 billion bar¬ 
rels in 2012. 10 Assume that consumption continues to in¬ 
crease at 0.7% per year, the rate for the previous decade. 

(a) Write a sum representing the total oil consumption 
for 25 years, starting with 2012. 

(b) Evaluate this sum. 

22. Figure 13.3 shows the quantity of the drug atenolol in the 
blood as a function of time, with the first dose at time 
t - 0. Atenolol is taken in 50-mg doses once a day to 
lower blood pressure. 

(a) If the half-life of atenolol in the blood is 6.3 hours, 
what percentage of the atenolol present at the start of 
a 24-hour period is still there at the end? 

(b) Find expressions for the quantities Q () , QQ 2 , Q 3 , 
..., and Q n shown in Figure 13.3. Write the expres¬ 
sion for Q n in closed form. 

(c) Find expressions for the quantities P { , P 2 , ,..., and 

P n shown in Figure 13.3. Write the expression for P n 
in closed form. 


q (quantity, mg) 



t (time, days) 


23. Annual deposits of $4000 are made into a bank account 
earning 2% interest per year. What is the balance in the ac¬ 
count right after the 15 th deposit if interest is calculated 

(a) Annually (b) Continuously 

24. A deposit of $1000 is made once a year, starting today, 
into a bank account earning 3% interest per year, com¬ 
pounded annually. If 20 deposits are made, what is the 
balance in the account on the day of the last deposit? 


lo http://www.bp.com/extendedsectiongenericarticle.do?categoryld=9041228&contentld=7074736, accessed May 18, 
2013. 
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25. What effect does doubling each of the following quanti¬ 
ties (leaving other quantities the same) have on the answer 
to Problem 24? Is the answer doubled, more than doubled, 
or less than doubled? 

(a) The deposit 

(b) The interest rate 

(c) The number of deposits made 

26. To save for a new car, you put $500 a month into an ac¬ 
count earning interest at V/ per year, compounded con¬ 
tinuously. 

(a) How much money do you have 2 years after the first 
deposit, right before you make a deposit? 

13.4 INFINITE GEOMETRIC SERIES 


(b) When does the balance lirst go over $10,000? 

27. A bank account in which interest is earned at 2 r /r per year, 
compounded annually, starts with a balance of $50,000. 
Payments of $1000 are made out of the account once a 
year for 10 years, starting today. Interest is earned right 
before each payment is made. 

(a) What is the balance in the account right after the 
tenth payment is made? 

(b) Assume that the tenth payment exhausts the account. 
What is the largest yearly payment that can be made 
from this account? 


In this section, we look at geometric series with an infinite number of terms and see under what 
circumstances they have a finite sum. 


Long-term Drug Level in the Body 

Suppose the patient from Example 3 on page 550 receives injections over a long period of time. 
What happens to the drug level in the patient’s body? To find out, we calculate the drug level after 
10, 15, 20, and 25 injections: 

20(1 -(f) 10 ) 

Q io =-f— 

20(1 -(f) 15 ) 

20(1 -(f) 20 ) 

C?2() ~ f 

20(1 -(f) 25 ) 

C?25 = f 

1“5 

The drug level appears to approach 40 mg. To see why this happens, notice that if there is exactly 40 
mg of drug in the body, then half of this amount is metabolized in one day, leaving 20 mg. The next 
20 mg injection replaces what was lost, and the level returns to 40 mg. We say that the equilibrium 
drug level is 40 mg. 

Initially the patient has less than 40 mg of the drug in the body. Then the amount metabolized 
in one day is less than 20 mg. Thus, after the next 20 mg injection, the drug level is higher than 
it was before. For instance, if there are currently 30 mg, then after one day, half of this has been 
metabolized, leaving 15 mg. At the next injection the level rises to 35 mg, or 5 mg higher than where 
it started. Eventually, the quantity levels off to 40 mg. 

Another way to think about the patient’s drug level over time is to consider an infinite geometric 
series . After n injections, the drug level is given by the sum of the finite geometric series 


= 39.960938 mg, 

= 39.998779 mg, 

= 39.999962 mg, 

= 39.999999 mg. 


Q n = 20 + 20 


(I) + 2 o(I)V. + 20 (i)- 


-i 20(1-(f)") 

1-i ' 
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Example 1 

Solution 


What happens to the value of this sum as the number of terms approaches infinity? It does not seem 
possible to add up an infinite number of terms. However, we can look at the partial sums , Q n , to see 
what happens for large values of n. For large values of we see that (1/2)” is very small, so that 

20 (1 - Small number) 20 (1 — Small number) 

Qn = jTi = 1/2 ' 


We write —► to mean “tends toward.’’ Thus, as n oo, we know that (1 /2) n 0, so 


Qn 


20 ( 1 - 0 ) 20 


1/2 


1/2 


: 40 mg. 


The Sum of an Infinite Geometric Series 


Consider the geometric series S„ = a + ar 4- ar 2 + ■■■ + ar n 1 . In general, if |r| < 1, then r" -» 0 as 
n oo, so 


a( 1 - r n ) a( 1 — 0) 


Thus, if \r\ < 1, the partial sums S n approach a finite value, S, as n oo. In this case, we say that 
the series converges to S . 


For |r| < 1, the sum of the infinite geometric series is given by 


oo 

5 = a + ar + ar 2 + ••• 4- ar n H— = ^ ar 1 

i =0 


a 


On the other hand, if |r| > 1, then we say that the series does not converge. The terms in the 
series get larger and larger as n -> oo, so adding infinitely many of them does not give a finite sum. 

What happens when r = ±1? For |r| > 1, the value of S n does not approach a fixed number as 
n -> oo, so we say that the infinite series does not converge. (To see why, consider what happens to 
1 ” and (—1)” as n increases.) 


17 oo 

Find the sum of the geometric series ^ 7(—z)'and ^(-z)'provided |z| < 1. 

/=() /=() 


We have 


2 7(—z)' = 7(—z)° + 7(—z) 1 + 7(—z) 2 + ••• + 7(—z) 


17 


/=0 


Since (—z)° = 1, this is a geometric series with a — 1 and r = —z. There are 18 terms, so 


17 


Z 7 (-y 


7(1-(-z) 18 ) 7(1-z 18 ) 


18 x 


/=0 


1 - (-Z) 


1 + z 


oo 

As for ^(—z)', this is an infinite geometric series. Since |z| < 1, we have 
(=0 


00 


5> z >' 


__ i 

1 - (-z) 1 4- z 
















13.4 INFINITE GEOMETRIC SERIES 


Present Value of a Series of Payments 

When baseball player Alex Rodrigue/ was signed by the Texas Rangers, before being traded to the 
New York Yankees, he was given a signing bonus for $10 million: $2 million a year for five years. 
Of course, since much of the money was to be paid in the future, the team’s owners did not have to 
have all $10 million available on the day of the signing. How much money would the owners have 
to deposit in a bank account on the day of the signing in order to cover all the future payments? 
Assuming the account was earning interest, the owners would have to deposit less than $10 million. 
This smaller amount is called the present value of $10 million. We calculate the present value of 
Rodrigue/’s bonus on the day he signed. 


Definition of Present Value 

Let’s consider a simplified version of this problem, with only one future payment: How much money 
would we need to deposit in a bank account today in order to have $2 million in one year? At an annual 
interest rate of 59c, compounded annually, the deposit would grow by a factor of 1.05. Thus, 


Deposit * 1.05 = $2 million, 

F 1.05 

We need to deposit $ 1,904,761.91. This is the present value of the $2 million. Similarly, if we need 
$2 million in 2 years, the amount we need to deposit is given by 

Deposit * (1.05) 2 = $2 million, 

^ $ 2 , 000,000 01 , nc0 ^ 

Deposit — --— = $1,814,058.96. 

(1.05 ) 2 

The $1,814,058.96 is the present value of $2 million payable two years from today. In general. 


The present value, $P, of a future payment, $5, is the amount that would have to be deposited 
(at some interest rate, r) in a bank account today to have exactly $B in the account at the 
relevant time in the future. 


If r is the yearly interest rate (compounded annually) and if n is the number of years, then 


B = P (1 -f r) n , or equivalently, P = ^ ^ . 


Calculating the Present Value of Rodriguezs Bonus 

The present value of Rodriguez’s bonus represents what it was worth on the day it was signed. 
Suppose that he receives his money in 5 payments of $2 million each, the first payment to be made 
on the day the contract was signed. We calculate the present values of all 5 payments assuming that 
interest is compounded annually at a rate of 5% per year. Since the first payment is made the day the 
contract is signed, we have, in millions of dollars. 


Present value of first payment — 2. 
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Example 2 


Solution 


Since the second payment is made a year in the future, in millions of dollars we have: 

2 2 

Present value ot second payment = --- = -. 

K J (1.05) 1 1.05 

The third payment is made two years in the future, so in millions of dollars: 

2 


Present value of third payment 


(1.05) 2 


and so on. Similarly, in millions of dollars: 


Present value of fifth payment = 


(1.05) 4 


Thus, in millions of dollars. 


2 2 2 

Total present value = 2 H-1-- + •** + -- 

1.05 (1.05) 2 (1.05) 4 

Rewriting this expression, we see that it is a finite geometric series with a = 2 and r — 1/1.05: 

Total present value = 2 + 2 ( ——^) + 2 ( —^ \ . 

F \ 1.05 / V 1.05 / \ 1.05 / 

The formula for the sum of a finite geometric series gives 




Total present value of contract in millions of dollars = 


Thus, the total present value of the bonus is about $9.09 million dollars. 


9.09. 


1.05 


Suppose Alex Rodriguez's bonus with the Rangers guaranteed him and his heirs an annual payment 
of $2 million forever. How much would the owners need to deposit in an account today in order to 
provide these payments? 

At 5%, the total present value of an infinite series of payments is given by the infinite series 

2 2 

Total present value = 2 + —-1-f- 

F 1.05 (1.05)2 

= 2 + 2 ( — ) +2 (— V + 

V 1.05 / V 1.05 / 

The sum of this infinite geometric series can be found using the formula: 


Total present value = 


1 


l 

1.05 


— 42 million dollars. 


To see that this answer is reasonable, suppose that $42 million is deposited in an account today, and 
that a $2 million payment is immediately made to Alex Rodriguez. Over the course of a year, the 
remaining $40 million earns 5% interest, which works out to $2 million, so the next year the account 
again has $42 million. Thus, it would have cost the Texas Rangers only about $33 million more (than 
the $9.09 million) to pay Rodriguez and his heirs $2 million a year forever. 
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Example 3 Using summation notation, write the present value of Alex Rodriguez’s bonus, first for the 5-payment 
case and then for the infinite sequence of payments. 

Solution For the 5 payments, we have 


2 2 

Total present value = 2-1-H-- 

K 1.05 (1.05) 2 


+ 


+ ■ 


Umi- 


(1-05) 3 (1.05 ) 4 /=() 

For the infinite sequence of payments, the series goes to oo instead of slopping at 4, so we have 


Total present value = 2 H-1- 


1.05 (1.05) 2 


+ ■ 


2 2 (^) 

/=o 


Exercises and Problems for Section 13.4 

Exercises 


In Exercises 1-7, decide which of the following are geomet¬ 

Find the sum of the series in 

Exercises K 

ric series. For those that are, give the first term and the ratio 


1 1 1 

1 

between successive terms. For those that are not, explain why 

10. 

- 2+| -2 + i-» + 

7b ” "* 

not. 

11. 

11 - 11(0.1)+ 11(0.1 ) 2 

— 

1. 1 - x + x 2 - x 3 +x 4 - 

2. / + y 3 + / + / + ••• 

12. 

CO 

1(0.')' 

00 

•3. X 

3. 1 + x + 2x 2 + 3x 3 + 4x 4 + ••• 


1=2 

1=4 

4. 3 + 3z + 6z 2 + 9z 3 + 12z 4 + - 

14. 

y 3' +5 

3 4' 

00 

t=0 

5. e x + e 2x + e 3x + e Ax + 

6. 1 - e~ 3 * + e- 6 * - e“ 9x + - 

7. 1 + \/2 + 2 + 2V2+ ••• 

16. 

00 

^7((0.iy+ (0.2y +2 ) 

j =1 


8. Find the sum of the series in Problem 1. 

9. Find the sum of the series in Problem 2. 

17. 

2V', W<i 
/= 1 



Problems 


18. A repeating decimal can always be expressed as a frac¬ 
tion. This problem shows how writing a repeating deci¬ 
mal as a geometric series enables you to find the fraction. 
Consider the decimal 0.232323 .... 

(a) Use the fact that 0.232323 ... = 0.23 + 0.0023 + 
0.000023 + to write 0.232323... as a geometric 
series. 

(b) Use the formula for the sum of a geometric series to 
show that 0.232323 ... = 23/99. 

In Problems 19-23, use the method of Problem 18 to write 
each of the decimals as fractions. 

19. 0.235235235... 20. 6.19191919... 

21. 0.12222222... 22. 0.4788888... 

23. 0.7638383838... 


24. You have an ear infection and are told to take a 250-mg 
tablet of ampicillin (a common antibiotic) four times a 
day (every six hours). It is known that at the end of six 
hours, about 4% of the drug is still in the body. What quan¬ 
tity of the drug is in the body right after the third tablet? 
The fortieth? Assuming you continue taking tablets, what 
happens to the drug level in the long run? 

25. In Problem 24 we found the quantity Q n , the amount (in 
mg) of ampicillin left in the body right after the n lh tablet 
is taken. 

(a) Make a similar calculation for P n , the quantity of 
ampicillin (in mg) in the body right before the n [h 
tablet is taken. 

(b) Find a simplified formula for P n . 

(c) What happens to P n in the long run? Is this the same 
as what happens to Q n l Explain in practical terms 
why your answer makes sense. 
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26. Draw a graph like that in Figure 13.3 for 250 mg of ampi- 
cillin taken every 6 hours, starting at time t = 0. Put on 
the graph the values of Q r Q 2 , Q 3 ,... calculated in Prob¬ 
lem 24 and the values of P ] . P 2 , P 3 , ... calculated in Prob¬ 
lem 25. 

27. Basketball player Patrick Ewing received a contract from 
the New York Knicks in which he was offered $3 mil¬ 
lion a year for 10 years. Determine the presenL value of 
the contract on the date of the first payment if the interest 
rate is 79r per year, compounded continuously. 

Problems 28-30 are about bonds , which are issued by a gov¬ 
ernment to raise money. An individual w'ho buys a $1000 bond 
gives the government $1000 and in return receives a fixed sum 
of money, called the coupon , every six months or every year 
for the life of the bond. At the time of the last coupon, the in¬ 
dividual also gets the $1000, or principal , back. 

28. What is the present value of a $3000 bond that pays $50 
a year for 10 years, starting one year from now? Assume 
interest rate is 2% per year, compounded annually. 


29. What is the present value of a $10,000 bond that pays 
$100 a year for 10 years, starting one year from now? As¬ 
sume the interest rate is 2% per year, compounded annu¬ 
ally. 

30. (a) What is the present value of a $10,000 bond that pays 

$200 a year for 10 years, starting one year from now ? 
Assume the interest rate is 2% per year, compounded 
annually. 

(b) Since $200 is 2% of $10,000, this bond is often called 
a 29c bond. What docs your answer to part (a) tell you 
abouL the relationship between the principal and the 
present value of this bond when the interest rate is 

2 %? 

(c) If the interest rate is more than 27< per year, com¬ 
pounded annually, which one is larger: the principal 
or the value of the bond? Why do you think the bond 
is then described as trading at discount ? 

(d) If the interest rate is less than 2% per year, com¬ 
pounded annually, w r hy is the bond described as trad¬ 
ing at a premium ? 


CHAPTER SUMMARY 

• Sequences 

Arithmetic: a n = a l + (n — 1 )d. 

Geometric: a n — a 

• Sigma Notation 

• Arithmetic Series 
Partial sum: 

S n = flj + a 2 H-+ a H - ^tf(2c/| + (n - 1 )d). 


• Geometric Series 

Finite: 

q ( 1 _ 'k 

S n = a + ar + ar 2 H— + ar ,! ~ ] = -, r A 1. 

1 - r 

Infinite: 

S — a + ar + ar + • ■ • = --. 

1 — r 

converges for |/*| < 1 , docs not converge for \r\ > 1 . 

• Applications 

Bank balance; drug levels. 

fi 

Present value: P = -or P = 

( 1 + /•)" O '* 7 
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Exercises 




1. land the sum of the first 1 8 terms of the series: 8+11 + 

not. 



14 + •••. Whal is the 18"' term'.' 

2. Write the following using sigma notation: 100 + 90 + 80 + 

4. 

1 + 2.- + (2r.) : + (2z)' + - 


70+ ••■+(). 

5. 

,+ } + T + T + - 


3. (a) Write the sum ^(4// - 3) in expanded form. 

6. 

+ 

1 

+ 

1 


(b) Compute the sum. 

7. 

Find the sum of the series in 

Problem 4. 


8. 

Find the sum of the series in 

Problem 6. 

In exercises 4-6. decide which ol the lol lowing are geo met- 

ric series. For those that are. give the first term and the ratio 
between successive terms. For those that are not, explain why 

9. 

Find the sum of the first nine 

21 + .... 

terms of the series: 7+14 + 

Problems 


10. Figure 13.4 shows llie first four members in a sequence 
of square-shaped grids. In each successive grid, new dots 
are shown in black (•), For instance, the second grid has 
3 more dots than the first grid, the third has 5 more dots 
than the second, and the fourth has 7 more dots than the 
third. 


o • 


o o • 


o • o o • o o o • 


(a) Write dow n the sequence of the total number of dots 
in each grid (black and white). Using the fact that 
each grid is a square, find a formula in terms of n for 
the number of dots in the grid. 

(b) Writedown the sequence of the number of black dots 
in each grid. Find a formula in terms of// for the num¬ 
ber of black dots in the n' u grid. 

(c) Stale the relationship between the two sequences in 
parts (a) and (b). Use the formulas you found in parts 

(a) and (b) to confirm this relationship. 


Figure 13.5 

12. In a workshop, it costs $300 to make one piece of furni¬ 
ture. The second piece costs a bit less, $280. The third 
costs even less, $263, and the fourth costs only $249. 
The cost for each additional piece of furniture is called 
the marginal cost of production. Table 13.3 gives the 
marginal cost, c, and the change in marginal cost, Ac, 
in terms of the number of pierces of furniture, n. As the 
quantity produced increases, the marginal cost generally 
decreases and then increases again. 


• • • o o o • 

• • o o • o o o • 

• o • o o • ooo* 

Figure 13.4 

11. The numbers in the sequence 1, 4, 9, 16, ...from Prob¬ 
lem 10 are known as square numbers because they de¬ 
scribe the number of dots in successive square grids. 
Analogously, the numbers in the sequence 1. 3, 6, 10. 
... are known as triangular numbers because they de¬ 
scribe the number of dots in successive triangular pat¬ 
terns, as shown in Figure 13.5: Find a formula for the /? Ul 
triangular number. 


Table 13.3 


n 

1 


2 


3 


4 

c($) 

300 


280 


263 


249 

Ac ($) 


-20 


-17 


-14 



(a) Assume that the arithmetic sequence -20, -17, -14, 

_continues. Complete the table for n = 5, 6, ..., 

12 . 

(b) Find a formula for c )r the marginal cost for produc¬ 
ing the /7 th piece of furniture. Use the fact that c n is 
found by adding the terms in an arithmetic sequence. 
Using your formula, find the cost for producing the 
12 th piece and the 50 th piece of furniture. 

(c) A piece of furniture can be sold at a profit if it costs 
less than $400 to make. Flow many pieces of furni¬ 
ture should the workshop make each day? Discuss. 
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13. A store clerk has 108 cans to stack. He can fit 24 cans on 
the bottom row and can stack the cans 8 rows high. Use 
arithmetic series to determine how he can slack the cans 
so that each row contains fewer cans than the row beneath 
it and that the number of cans in each row decreases at a 
constant rate. 

14. A university with an enrollment of 8000 students in 2007 
is projected to grow by 2% in each of the next three years 
and by 3.5% in each of the following seven years. Find 
the sequence of the university’s student enrollment for the 
next 10 years. 

15. Each person in a group of 30 shakes hands with each 
other person exactly once. How many total handshakes 
take place? 

16. A bank account with a $75,000 initial deposit is used to 
make annual payments of $1000, starting one year after 
the initial $75,000 deposit. Interest is earned at 2% a year, 
compounded annually, and paid into the account right be¬ 
fore the payment is made. 

(a) What is the balance in the account right after the 24 lh 
payment? 

(b) Answer the same question for yearly payments of 
$3000. 

17. One way of valuing a company is to calculate the present 
value of all its future earnings. A farm expects to sell 
$1000 worth of Christmas trees once a year forever, with 
the first sale in the immediate future. What is the present 
value of this Christmas tree business? Assume that the 
interest rate is 4% per year, compounded continuously. 

18. You inherit $100,000 and put the money in a bank ac¬ 
count earning 3% per year, compounded annually. You 
withdraw $2000 from the account each year, right after 
the interest is earned. Your first $2000 is withdrawn be¬ 
fore any interest is earned. 

(a) Compare the balance in the account right after the 
first withdrawal and right after the second with¬ 
drawal. Which do you expect to be higher? 

(b) Calculate the balance in the account right after the 
20 th withdrawal is made. 

(c) What is the largest yearly withdrawal you can take 
from this account without the balance decreasing 
over time? 

19. After breaking his leg, a patient retrains his muscles by 
going for walks. The first day, he manages to walk 300 
yards. Each day after that he walks 50 yards farther than 
the day before. 

(a) Write a sequence that represents the distances 
walked each day during the first week. 

(b) How far is he walking after two weeks? 

(c) How long until he is walking at least one mile? 


20. Before email made it easy to contact many people quickly, 
groups used telephone trees to pass news to their mem¬ 
bers. In one group, each person is in charge of calling 4 
people. One person starts the tree by calling 4 people. At 
the second stage, each of these 4 people call another 4 
people. In the third stage, each of the people in stage two 
calls 4 people, and so on. 

(a) How many people have the news by the end of the 
5 th stage? 

(b) Write a formula for the total number of members in 
a tree of 10 stages. 

(c) How many stages are required to cover a group with 
5000 members? 

21. A ball is dropped from a height of 10 feet and bounces. 
Each bounce is 3/4 of the height of the bounce before. 
Thus after the ball hits the floor for the first time, the 
ball rises to a height of 10(3/4) = 7.5 feet, and after it 
hits the floor for the second time, it rises to a height of 
7.5(3/4) - 10(3/4) 2 = 5.625 feet. 

(a) Find an expression for the height to which the ball 
rises after it hits the floor for the /7 th time. 

(b) Find an expression for the total vertical distance the 
ball has traveled when it hits the floor for the first, 
second, third, and fourth limes. 

(c) Find an expression for the total vertical distance the 
ball has traveled when it hits the floor for the w lh time. 
Express your answer in closed form. 

22. You might think that the ball in Problem 21 keeps bounc¬ 
ing forever since it takes infinitely many bounces. This 
is not true! It can be shown that a ball dropped from a 
height of h feet reaches the ground in ^ yfh seconds. It is 
also true that it takes a bouncing ball the same amount of 
time to rise h feet. Use these facts to show that the ball in 
Problem 21 stops bouncing after 

seconds, or approximately 11 seconds. 

23. This problem illustrates how banks create credit and can 
thereby lend out more money than has been deposited. 
Suppose that initially $100 is deposited in a bank. Expe¬ 
rience has shown bankers that on average only 8% of the 
money deposited is withdrawn by the owner at any time. 
Consequently, bankers feel free to lend out 92% of their 
deposits. Thus $92 of the original $100 is loaned out to 
other customers (to start a business, for example). This 
$92 will become someone else's income and, sooner or 
later, will be redeposited in the bank. Then 92% of $92, 
or $92(0.92) = $84.64, is loaned out again and eventually 
redeposited. Of the $84.64, the bank again loans out 92%, 
and so on. 

(a) Find the total amount of money deposited in the 
bank. 
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(b) The total amount of money deposited divided by the 
original deposit is called the credit multiplier. Calcu¬ 
late the credit multiplier tor this example and explain 
what this number tells us. 

24. Take a rectangle whose sides have length 1 and 2, divide 
it into two equal pieces, and shade one of them. Now, di¬ 
vide the unshaded half into two equal pieces and shade 
one of them. Take the unshaded area and divide it into 


two equal pieces and shade one of them. Continue doing 
this. 

(a) Draw a picture that illustrates this process. 

(b) Find a series that describes the shaded area after n 
divisions. 

(c) If you continue this process indefinitely, what would 
the total shaded area be? Make two arguments, one 
using your picture, another using the series you 
found in part (b). 


STRENGTHEN YOUR UNDERSTANDING 


Are the statements in Problems 1-34 true or false? Give an 
explanation for your answer. 

1. If a n = tr 4 - 1. then <q = 2. 

2. The first term of a sequence must be a positive integer. 

3. The sequence 1, 1, 1, 1.... is both arithmetic and geomet¬ 
ric. 

4. The sequence a , 2a, 2a, 4a is arithmetic. 

5. The sequence a, a + 1, a 4 - 2, a 4 - 3 is arithmetic. 

6. If the difference between successive terms of an arith¬ 
metic sequence is cl, then a n — a ] + dn — d. 

7. The sequence 3.v : , 3.v 4 , 3.v°, ... is geometric. 

8. The sequence 2,4, 2,4, 2, 4, ... is alternating. 

9. For all series .V, = afe 

10. The accumulation of college credit is an example of a fi¬ 
nite series. 

11. The sum formula for a finite series with n terms is S n = 
;/i(n + 1). 

4 

12. There are four terms in ^ a r 

/=o 

n 

13. Yj 3 = 3n - 

/=! 

14. The sum of a finite arithmetic series is the average of the 
first and last terms, limes the number of terms. 

15. If C n denotes your college credits earned by the end of 
year n, then C 4 is your credits earned during your fourth 
year of college. 

16. If C n denotes your college credits earned by the end of 
year n, then C\ - C 2 is your credits earned in year 2. 

17. For any scries S tr we must have < S 4 . 

18. If a tl — ( — l) /,+ l then the sequence is alternating. 

19. The sum formula for a finite geometric series, S fl — 
a( I — r n ) 

—j-, can be simplified by dividing by (1 — /') to get 

S„ = a{ \ 


20 . 

21 . 

22 . 


23. 


24. 

25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


With the same interest rate, a bank balance after 5 years 
of $2000 annual payments is the same as the balance after 
by 10 years of $1000 annual payments. 

1 — - + --- is a geometric series. 

: 4 s is 

2000(1.06) 3 +2000(1.06) 4 + - + 2000(1.06)'° is a geo¬ 
metric scries. 

5000 + 2000(1.06) + 2()()0( 1.06)- - + 2000(1.06)'° is a 
geometric series. 


2000(1.06) + 2000(1. ()6) 2 


Payments of $2000 are made yearly into an account earn¬ 
ing \V( interest compounded annually. If the interest rale 
is doubled, the balance at the end of 20 years is doubled. 


The present value of a sequence of payments is the 
amount that you would need it) invest at this moment in 
order it) exactly make the future payments. 

If' the present value of a sequence of payments is I million 
dollars, then the present value of a sequence of payments 
which are doubled in size would be 2 million. 

The series ^ — is geometric. 

/=o / “ 

n 

For Q n = £(-D$ we see Q 2 = 0, Q A — 0, Q (l = 0, etc. 

i=i 

CO 

Thus, the series converges to a sum of Q = ^(-1)' = 0. 


A patient lakes 100 mg of a drug each day; 5% of the 
amount of the drug in the body decays each day. Then, 
the long-run level of the drug in the body is 2000 mg. 

If S = a 4 - ar 4 ar 2 4 - and \a\ < 1 then the infinite 
series converges. 

It is possible to add an infinite number of positive terms 
and get a finite sum. 

The sum of an infinite arithmetic series with difference 
d — 0.01 converges. 

All infinite geometric series converge. 
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ANSWERS TO ODD NUMBERED PROBLEMS 


Section 1.1 

51 (3/2)c 

52 imp 

53 Uxn 

54 5/3 

55 51/2 

56 -26 

57 1 

58 -12 

59 A={- 2.8) 

S10 A = (3,21) 

1 m = /(r) 

^ P (millions) 


/ (years) 


5 


pressure (lbs/in 2 ) 


r, volume (in* 5 ) 


7(a) 2 

(b) 2 

(c) About 12 hours 

9 (a) 40 
(b) 2 

11 2.9 
13 0,4,8 

15 (a) w 

(b) (-4,10) 

(c) (6,1) 

17 One (.>’ is a function of x) 
19 Both 
21 No 
23 Yes 
25 Yes 

27 blood-sugar level 



1 - - J — time 

8 am Noon 6 pm Midnight 


29 Height 




(b) 

r„,(9)-r„(9) = -2 


(c) 

/■„,(/) < rjt) for / = 5 to / = 9 

33 

(a) 

(it) 


(b) 

(i) 


(c) 

(vf 


(d) 

tiv) 


(e) 

(ii) 

35 

(a) 

100.3 m. own phones in 2000 


(b) 

20 m. own phones a years after 1990 


(e) 

b in. own phones in 2010 


(d) 

n ni. own phones / years after 1990 

37 

(a) 

72* fU 


(b) 

45* ft 3 


(c) 

V{h) =9 nh 

39 

(a) 

69° F 


(bj 

July 17 and 20 


(c) 

Yes 


(d) 

No 

41 

(a) 

No 


(b) 

Yes 


(c) 

In 1981, record was 3 min 47.33 sec 


(d) 

1967. record of 3 min 51.1 sec 


43 

0.945 P 

45 

(a) x + y 


(b) 0.15.v + 0.18 y 


(c) (I5.v+ 18y)/(. 

47 

(a) Yes 


(b) No 

Section 1.2 

SI 

_2 

S2 


S3 

_2 

S4 

-7 

S5 

-1 

S6 

—x + 2a + 3b 

S7 

-3.v : - 4r/x — a 2 

S8 

3x 2 + 2 bx — b 2 

S9 

x + y 

S10 

4x + 2 h 

1 

Increasing x > 0, < 

3 

Increasing — 1 < j 


x > 1 


5 (a) -82.5, 180 
(b) -76.307 


E = (90,40) 

(b) Point F is on the graph. 

(c) Increasing: 6-21, 

36-5 1,66-81 

(cl) Decreasing: 22-35, 
52-65.82-96 

19(a) 2 

(b) Increasing everywhere 



23 24.5 degrees/minute 

25 (a) Year determines number 
(b) 1964 </< 1969 
1971 < / < 1972 
1976 < / < 1979 
1986 </ < 1989 
1996 < t < 2000 

27 Between 3000 and 
4000 years ago 

9 

n — k 
m - j 
6x + 3 h 

10, 10. 10, 10,5,5 
33,30.5,56.7,34.2.10.2, -2.8 
No; AG/A/ not constant 
A recycling and composting program in the 
US 


Section 1.3 

51 /(()) = 5./(3> = 7 

52 /(0)= 17,/(3) = 5 

53 5 

54 -3 

55 >'js 3;.v = 3/4 

56 y=~ 2;x = 5/4 


29(a) 
(b) 
(O 
31 (a) 

(b) 

(c) 

(d) 


7 (a) 80/3 songs per year 

(b) -20 songs per year 

(c) 0 songs per year 

9 (a) (i) A D = 90, A t = 3 

(ii) AD = 60, A/= 2 

(iii) AD = 45. A/ = 1.5 
(b) 30milcs/bour 

II 0 < x < 4, 0 < x < 8, 4 < x < 8, 

2.2 < x < 5.2, 2.2 < x < 6.9. 

5.2 < x < 6.9, 

other answers possible 

13 Equal 
15 F(-2)>F(2) 

17(a) A =(10,30) 

B = (30,40) 

C = (50,90) 

D = (60,40) 


57 7/2, -2 

58 -8,9 

59 -ab -i- a + 3. a — 3 
S10 -2,5 

1 (a) y = -2 + 3x 
(b) y = — I +2x 

3(a) y=( \/4)x 
(b) y = 1 - 6x 

5 Not linear 
7 Not linear 

9 Could be linear 
Rate of change -10 

11 Vert int; 17.75 in; Slope: 1/250 in/yr 
13 Vert int: $29.99; Slope: $0.05/min 

15(a) r = f(u) could be linear 
(b) $5 increase/mph 


31 (a) r„(0)-r A (0)»22 
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64 r (dollars) 

200 | • 

• 

X 

25 (a) Country A is Afghanistan; 

Country B is Sri Lanka. 

(h> 0.24 million/year. 

(c) 16.8 million 

41 (a) 

3 

10 

y = 3 

150 J* 

27 (a) No 

(b) Looks linear 




r = f(v) 

100 - ,• 


-10 

10 

m' 



-10 



50 


60 65 70 75 80 85 


v (mph) 


17 K = 23,500-1559/ 

19 7r(n) = -10.000+ 127/? 


2i (a) 


inches 



(h) 


gallons 



23 (a) Side length and perimeter 

lb) Area 

50 
40 
30 
20 
10 





12 3 4 5 6 7 


Side length 


Perimeter 

25 ■ 

20 

15 
10 
5 


/ 

/ 


4 1 Side length 

12 3 4 5 6 


7 

6.5 
6 

5.5 
5 


10 


x = 3 


St* 


-10 


100 200 300 


-10 


10 


(c) AT/Ad - O.OrC/mcter 

29(a) 7’= $1900 
(b) C = 7 

(d) Twelve credits 

(e) Fixed costs that do not depend 
of credits taken 


31 (a) 
(b) 

35 No 


r ~ 5/2. .v - 16 
k = 0.2. j = -3 


(h) Yes (y = 3 -f O.v). No 
43 y = -\x+l 
45 (a) / 

(b) f(x) = 1.1 6a- -2.38 
47(h) r = 40- 331 

on the number 49 $ 10.500 

51 (b) p — 12 - s 

(c) p 

12 


Section 1.4 


51 

52 


>’=26 
x — 9 


S3 x =: 


12 


(C) 4 


S4 

>'=-(7/41) 

53(a) W = -6254.46 + 3,2 

S5 

y — -17/16 

(b) 282.26 million tons 

S6 

P = //(r/) 

55 /?(/) = 254-248/ 

S7 

F = (9/5)C + 32 

57 y = —4 + 4x 

S8 

f = C/{2k) 

59 (a) /(.vi = 2.5x 

S9 

x — (c - ab)/{2a) 

(h) /(()) =0 

S10 

y = (c + d)/{b - a) 

61 (a) p = 0.1/ - 1, and t > 
lb) 1 1 

1 

y = 28 - 4x 

(d) / = lOp + 10 

3 

y - 3 -2x 

(e) 2 hours 40 minutes 

5 

v = -5 + 5x/3 

63 w(r) — kx 1 - s\fx + ( 

7 

y = 1.5 - 2.4x 

h — 7tx 2 - s y/x; m ■ —3j 

9 

V = 2000 - 500/ 

65(a) /- = 0.005// 0.03 

11 

y = —160/9 + (5/9)x 

(h) 5 - 200 

13 

p = 125.000 + 5000/? 

Section 1.5 

15 

.v - 9 - 0.5q 

SI x - -2, y — 5 

17 

y = 4-(3/5)x 

S2 x — 4. >' = -1 

19 

y = 2/3 + (5/3)x 

S3 No solution 

21 

y = 5 + O.v 



S4 Infinitely many solutions 

23 

Not possible 

S5 x — 7, y — 4 

25 

Yes; £(;r) = - i/3 +4 iv 

S6 x - 13.5: y = -12 

27 

Not linear 

S7 .v — 3/2, y = 3/2 

29 

Not linear 

S8 (3,2.5) 

31 

Parallel 

1 (a) (V) 

33 

Parallel 

(b) (VI) 

35 

Neither 

(c) (1) 

(d) (IV) 

37 

fix) - 12.5- 1.5x 

(e) (III) 

39 

hit) = 12.000 + 225/ 

(0 (II) 















5 (;ii (Hi 
ihi 11V i 
(ci (I) 

Ul I '111: 

7 Slope - -2/5 
y = — (2 / S i A + 3 
(answers may \an ) 
9 (1,1ft 


I (a) Company \ 
Company B 
Company (' 
(h) 

y (cost'day in $) 
120 


20 + 0.2 a 
33 + 0. lx 
70 



Section 1.6 

Chapter 1 Review 

1 r = 1 

not reasonable 

I (ai 

No 

3 r — 0.9 reasonable 

<h) 

Yes 

5 r - 0.9 nut reasonable 

3 (a) 

(1). (Ill), (IV), (V) 

7 (a) r = 



(VII). (VIII) 

= 1 

<bi 

(i) (V) and (VI) 

(b> r = 

= 0.7 



te) r- 

= 0 


(ii) (VIII) 

<d> r- 

- -U.9N 

le) 

(III) and (IV) 

(e) r - 

= -0,25 



(0 r = 

= -0.5 

5 (a) 

330, -SO people/yr 


(b) 

1X3, -75 people/yr 

I I ta) 

mass, gm 

(e) 

259. -94 people/yr 



7 (hi 

Juh 

100 

• 

(Cl 

Increasing: .Ion—July 

SO 

• 


Decreasing: July-Dee 

60 

• 

9 No 


100 


300 


500 


.v (miles) 


(e) Slope: mileage rale 
Vertical intercept: fixed 
cost/day 

till A for ,v < 150 

B tor 150 < .v < 350 
C lor a > 350 

13 n < 3.5 drinks 
15 g < X.333 gaK 
17(h) (i) y 





19 y = a/3 + 2/3 
23 (a) y = - Vdt 

(h) y = (l/v/5lv + 4/v/3 

25 (a) m, - m 2 and b ] ^ b 2 
(b) m, = m 2 and b ] — b-, 

(e) /«! 4 m 2 
(d) Not possible 

27 ft = 5 

29 (a) Demand decreases to 100 
(h) 0=1100- 200/) 

(Cl S5.25 
31 (a) 

p, price (dollars) 


Supply 



40 

20 


volume, ml 


g(.v) 

/m = 


= SO -0.05a 
: 70S - 122/ 


20 40 60 SO 100 


mass, gm 


SO 

60 

40 

20 


15(a) y = 7 + 2 a 
lb) y = S - 15a 

17 Neither 
19 Perpendicular 
21 120 
23 500 m 

-2 distance of bug from light 


20 40 60 SO 100 


volume, ml 


(b) y = 0.3 + 0.9S5a; y = -0.05 + 1 ,0925 a 


mass, gm 




temperature 


volume, ml 


20 40 60 SO 100 


mass, gm 




time 


volume, ml 


29 T{d) = r//5 + (10 - d)/% 


20 40 60 SO 100 

(c) gm/ml; density 

(d) Salt water has higher density 


31 .v = 
33 ta) 


1440- iv 


•2 (a) nonpreferred 
hand strength (kg) 


300 600 9001100 


Demand 

q, quantity 



50 


40 


30 


20 


10 

(el 

> f — 3 

(d) 

« 34 

(e) 

S3 40 


.V 


) 1/2 

) 1/2 

) 1/2 

(bj Always 1 /2 

Pit) 


(ii 


35 (h) 




K) 20 30 40 50 


preferred hand 
strength (kg) 


30 I 
20 # 
10 


10 20 30 40 50 
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(c) 22 million 

(d) 0.3 million people/year 


67 (a) L = W\Jl 

(b) w = 21.02 cm, L - 29.73 cm 


37 (a) F = 2C + 30 

(b) -3°,-2°, 1°, and 4° 
respectively 

(c) 10°C 


39 y: 


' y/5 V 

13 , 




) X 


or 


43 f{r) = (x 1 + 3x 2 + 2)r + (4.vx + 7.v + 3); m — 
x' + 3x 2 + 2, 6 - 4.?x + 7.v + 3 


45 (a) 



10 20 30 


(b) /(x) = 20-(2/3)x 
(d) y 



47 y = 24 — 4x 
49 (4.3) 

51 (a) Option 1 if sales < $500, 
Option 2 if sales > $500 

(b) Second option 

(c) Second option 

(d) Option 1 if sales < $1500, 
Option 2 if sales > $1500 

53 (a) 



(6) Estimates will vary, e.g. H = Yft - 37 

(c) H = 37.26/ - 39.85, r = 0.9995, r = 1. 
The correlation between the data set and the 
regression line is very good. 

(d) Slope gives the average number of home runs 
per year, about 37 

55(a) (i) -1.246 

(it) -1.246 
(iii) -1.246 

(b) f{x )= -0.367- I.246x 
57 y = (x + 6)/(—2); k = 6, z = -2 
59 /, 

61 (a) 4.459? 

(b) 4.45%; $281 billion 

(c) $28.1 billion 

63 g(22) = 5'/ 4 = y/5 
65 n = 8; not unique 


Ch. 1 Understanding 

1 False 
3 True 
5 True 
7 True 
9 True 
11 True 
13 True 
15 True 
17 False 
19 False 
21 False 
23 True 
25 True 
27 False 
29 True 
31 False 
33 False 
35 True 
37 False 
39 False 
41 True 
43 False 
45 True 
47 True 
49 False 
51 True 
53 True 

Ch. 1 Skills: Linear Equations 

1 x = 5 
3 z = 11/2 
5 W —11 
7 1 = 45/13 
9 / = 10/7 
11 B = -2 
13 / = Afw 
15 a = 2(h - v 0 t)/t 2 
17 v — (3it> — 2 u- z)/{u + w - z) 

19 x = — a(b + 1 )/(ad - c) 

21 /=4/(y + 2x) 

23 «> 150 
25 x > — 1 
27 k >-l 
29 -1/0.019 > y 
31 / < —0.5 

33(a) x > (a + b)/(a - 3) 

(b) x < (a + b)/{a - 3) 

35 x < {a - b)f 8 
37 x = 4, y = 3 
39 x = -55, y - 39 
41 x = 1, y = a 
43 x = 3, y = 6 
45 (-8.75,-0.625) 


47 (-0.03,-0.4) 

49 (-52.6316,2052.6316) 
51 A = (-4,7) 

53 A = (2,9), B = (10,1) 
55 A = (-7,8), B = (-3,4) 

Section 2.1 

51 5x — 15 

52 2a 2 + 5a 

53 4m 2 -38m+90 

54 3x 2 -2x- 16 

55 (3x + 3)/3 

56 (3x 2 + 2 - x 3 )/(x 2 ) 

57 x = ±3 

58 x = (37/2) 

59 (18±V285)/3 
S10 x = 4 2 / 3 

1 3/2 

3(a) -4 
(b) ±2 

5(a) -1/2 
(b) -1 

7 54 
9 (0,2) 


x 


11 Intersect at x = 2 


x 


13 x = 0 
15 x < 1 
17 100 

19(a) Salary $158,100 in 2004 
(b) Salary $169,300 in 2008 

21(a) 11,000 

(b) 16.064 

(c) 2,541,000 

23(a) (i) 1/(1-/) 

(ii) -1A 

(b) x = 3/2 
25 2 

27 (a) 48 ft tor both 
(b) 4 sec, 64 ft 

29 (a) 0 ft/sec 

(b) / = 0, / = 2 seconds 

(c) Velocity at / = 3; ft/sec 

31 (a) 18; the speed of the ear, in feet per second, 5 
seconds later than time / 
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(h) %; a speed 5 feet per second faster than the 
car’s speed at time / 

(c) 2.3; the time 2 seconds prior to when the car 
has slowed to 40 feet per second 

(d) 5; the time when the car has slowed to 30 feet 
per second 

33(a) $5372.16 

(b) T(x) = 0.Sx 

(c) L{x) = 0,0532x — 479.84 

(d) $5372.16 

35 (a) Same values; same function 

(b) Same values; not same function 

39(a) h([) = b + c+ 1 

(b) h(b + 1) = 2 b 2 + 3b + c + 1 

41 a - a 2 

43 y 



(c) Range: 0, 1.9 

37(a) p(0) = 50 
p( 10) ss 131 
p{ 50) ^911 
(c) 50 < pU) < KMK) 

39(a) A = 2/rr 2 + 7 10/r 

A (cm 2 ) 



(c) Domain: r > 0 

Approximate range: A > 277.5 enr 

(d) ss 277.5 cm 2 
r w 3.83 cm 
ha 7.7 cm 


Section 2.2 


51 a- = 3 

52 0,3 

53 a- < 15 

54 x > 15 

55 x > 8 

56 x < 5 

57 n < 0 

58 a < 3 

59 x > 5 or x < -5. 

510 —6 < x < 6 

511 a >2 and a < —2. 

512 y > 3 or y < -3. 

1 D; 1 < x < 7; R: 2 < /(x) < 18 

3 D: 1 < x < 5; R: 1 < f{x) < 6 

5 f{x) < —(1/2) or f{x) > (1/2) 

7 -4 < f(x) < 5 
9 D: all real numbers # -3 

1 1 D: all real numbers ^ —3 

13 D: all real numbers > -9 

15 D: x > 2 or x < -2 

17 D: all real numbers 

19 D: all real numbers 

R: all real numbers 

21 Domain: x > 4 
Range: y > 0 

23 a = 3 
25 Any a > 0 

27 y — l/(x + 2)+ y/x + 4 
Other answers possible 
29 D: 0 < t < 12 
R: 0 < fit) < 200 

31 Domain: integers 0 < n < 200 
Range: 0,4,8,, 800 

33 D; All real numbers # 0; 

R: All real numbers # a 

35 (a) 9 

(b) Domain: 1,2,..., N, 

where N = number of listings 


Section 2.3 

51 x > 0 

52 x < -3 

53 2 < x < 3 

54 0 < x < 4 

55 x < -1 or x > 2 

56 x < -1 or x > 4 

57 Domain: 2 < x < 6 
Range: 3 < x < 5 

58 Domain: 1 < x < 7 
Range: -8 < x < -1 

59 Domain: —2 < x < 3 
Range: -2 < x < 3 

S10 Domain: -2 < x < 4 
Range: 1 < x < 5 



_ I 5 - x for x < 3 

5 y = \ 

^ -1 + (1 /2)x for x > 3 

f 4 — - x for 1 < x < 3 
7 y = < 

t - 1 ) + 2,v for 5 < x < S 

9 Domain: all reals; 

Range: G(x) < 0 and G(x) > 3 

11 x = ±5 


13 x = -4 and x = 10. 
15 x = -1 and x = 7. 


17 (u) Yes 
(b) No 

(O y = 1,2,3,4 


19 (e) Domain: all x. x f () 
Range: -1 and 1 
(d) False, »(()) is undefined 


21 (a) /(0) = 0,/(3)= I 
(b) Domain: -1 < x < 5; 
Range: —3 < fix) < 3. 



25 (b) $5.40 

(c) 1.4 mile 

(d) 

cost (dollars) 


for x < 0 
for x > 0 


7 

6.2 

5.4 

4.6 

3.8 

3 


o-# 

o-* 

o-% 

0-9 

0-9 

0-9 

0-9 

09 

0-9 


r* 


_i_i i i i i i i i i_ distance 

0.2 0.6 1 1.4 1.8 2 (mtles) 


27 (a) 

$1.01 

r 

1 + X 

for 

0 < x < 0.1 

(6) 

y = { 

10x + x 

for 

0.1 < x < 0.5 


l 

. 5 + x 

tor 

x > 0.5 

(e) 

$4 




(d) 

y 






0.1 0.5 1 


29(b) 13-69 



Section 2.4 

51 2 

52 8 

53 -1 

54 3 
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S3 -2,2 

56 -3,3 

57 -1,3 

58 -3, I 

1 (a) —3,0,2,1,-1 
One unit right 

(b) -3,0,2, 1,-1 
One unit left 

(c) 0,3, 5,4,2 
Up three units 

(d) 0,3,5,4,2 

One right and three up 

3 y 



^ y 



-5 - 


7 (a) {3, 1) 

(b) (-2.-4) 

(e) (6,-6) 

9 -30 < R(s)~ 150 <50 
11 y = f(x- 2)-6 
13 (a) g(x) + 3 
(b) g{x-2) 

15 w(x) = v(x-5)-l:h = 5J< = -l 
17 Average for 7 mos, 10 mos 
Above average 
19 Shift up 3 
21 Shift left 4 
23 Shift left /). down a 
25 (a) 

Temperature, °F 



27 Hit) — 37 

Section 2.5 

51 y = (x + 4)/3 

52 (7 — 4x)/(—3) 

53 y — (2x + l)/(x - 2) 

54 y = x/(x + 4) 

S3 y = + 4x + 4 

56 y — \/x + 4 

57 >’ = ( \/5—"x)/2 

58 a- 


S9 4a 2 + 4a - 3 
SIO 3r-l2v + 5 
SI I i 2 -t 

1 Domain: -3 < all real numhers < 2 

Range: -2 < all real numbers < 3 

3 Domain: 1 < all real numbers < 4.5 

Range: 0 < all real numbers < 6 

5 2 
7 -24 
9 2 — 3x : 

11 9a-4 

13 Area in sq cm at time t 
15 Price for diameter d 
17 Temp for baking time of /'; °F 
19 Ounces of almonds having a calories 
21 f~ l (y)mly~3)/2 
23 /- ! 0-) = (y- D ,/? 

25 f~ [ (A)=\/A/x 
27 f ‘(/A *- P/(3 - 2P) 

29 k(3) ~ 2; k" 1 (14,1 = 6 
31 23/4;-2 

33(a) h 

(b) a 

(c) a 
Id) b 

35 A = /'" l (n) = 25()/i 
37 f-'lf(A)) = A 
/(/-'(»))=# 

39(a) (!) 2 

(ii) 1 

(iii) 1 
(ivj 2 

|b) /(()) = 2 means /“’(2) = 0 
(c) /(1} = 0 means (0) m 1 

41 D: all real numbers 
R: al| real numbers 

43 D: all real numbers > 2 
R: all real numbers > 0 

45 (a) In 2013, the GDP was SI6.01 1.2 billion. 

(b) The GDP was 513,776 dollars in the year 
2007. 

47 (a) 12, perimeter for s = 3 

(b) 5; side for P = 20 

(c) /“' (P)~ P/4 

49 / = /-'(H)= 2/-/+ 32 = r 
51 20 +(50/9)2""; 

H = is temperature in °C at time n 

53 (a) A = f{r) = nr 2 
(b) /(«)=() 

(e) j (r + I) = n{r + I ) 2 

(d) fir) + I = nr + 1 

(e) Centimeters 

55 (a) ;rU//2) 2 

(b) 0.01196/1 

(c) 0.01196 ■ nid/2) 2 : 

Cost of pepperoni for d-\n pizza 

(d) Area 95.033iir; Pepperoni cost $1.14 

57(a) /(60) = 30 
(b) 40 meters 
<c) / -1 (70) m 100 

59 (a) Domain: () < / < 4, range: 375 < Cif) < 383 

(b) C(4) is the concentration in 2008; C(4) = 383 

(c) C _1 (381) is number of years after 2004 when 


the concentration was 381 ppm. 

Section 2.6 

1 Concave down 
3 Concave up 
5 Concave up 
7 Concave up 

9 Rates of change: 0.043. 0.073. 0.090; Concave up 
I I Possible graph: 

y 



13 m 

A <0 

(b) 

Nowhere 

(C) 

A > 0 

(d) 

Nowhere 

15 (a) 

Nowhere 

(b) 

A < 0 

(c) 

Nowhere 

(d) 

A > 0 


17 Increasing; 
concave down 


19 Increasing; 

concave up then down 

21 Increasing; 

concave up then down 

23 No 

25 (a) F, IV 
(b) G. I 
(e) K, II 

(d) 11,111 

27 (a) Larger swims twice as fast 
(b) Increasing, concave down 


V 



(c) yfl increasing 
lilt yfl concave down; 
greater 

Chapter 2 Review 

] /(-7) m -9/2 
3 -3/31:1 
5 32; ^74 

7(a) I 
(b) -1/2 

9 -8 

i I (a) 2,0,-2 
(b) a — 1 
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13 Domain: a > 3 or a < -3 
Range: ;/(x) > 0 

13 Domain: all real numbers 
Range: all real numbers 

17 D: all real numbers 
R: all real numbers 

21 (a) 2( 1 - a ) 

(bi 2 - a 
<e) x 

(d) (1 — v)“ 

(e) 0 

(0 yi “ .v 

23 i 3 a - 7) x + l 
23 Period in see at time ; 

27 26 
26 7 

3 I 2a- + 3 
33 4a + 4 

33 Interest rate for $/ interest: C/year 

37 D: all real numbers; 

R: h( a) > 6 

34 = (R + 2)/ 14. 

41 Time, yrs, at which pop is P mil 

43 Rates of change: 4.33, 4.10, 3.80; Concave down 

43 K: 81 

47 y 


tb) 0.1473/1 

(c) 0.1473.S"’: cost of staining deck of si tie 
id) (i) 64 ft- 1 
di) $11.80 
(iii) $14.73 

63 (a) P = f(s) = 4.s 

(b) /(.* + 4) = 4(,\ 4-4) = 4.v + 16 

(c) /(.v) + 4 = 4v + 4 
id) Meters 

63 (a) 2 

(b) Unknown 
(ct 3 

67(a) (3,3) 

(b) (21.3) 
to \fi - yo 


43 True 


Section 3.1 



51 -200; 

52 A ] ~2A 2 B : + H a 

53 u(u — 2) 

54 (a + 2)(.v +- 1 ) 

53 (3x-4)(x+l) 

56 (.s + 2; + 2 /j)(,s 4 - 2/ - 2/j) 

57 (4a - 1 )(4.v 4- I) 

55 y(y - 4)(>■ +- 3) 

54 a = -6 or a — — 1 
SI0 tv = (-3/2) or tr = 2 

1 g(o = 3;- - 12;+ 19;u - 3./> = -I 
3 ir{n) = 3/r + 6/) +- 0: a = 3, b = 6. c 

3 Not quadratic 

7 Yes; Tin) — ( \f} - I /2)>r 4- \/3 

4 ft. -3 

1 1 (a) a a 0.037. a * 1.443 
(b) No real solutions 



64 (h) No 

(c) ,/(()) = 0 
/(-!) = 1 
/{- 2) = - I 
/(0.3): undelined 


44 (a) -22 

(b) 3 - a 2 
(e) —a 2 +- 1 Ocj — 22 

(d) -a 2 — 2 

(e) - a 2 + 23 

31 g(x) = /(x + 2)- I 

53(a) -I 

(b) a = ±3 

(c) 0 

(d) -I 

(e) 3, -3 

55 (a) -2.4 < a < 0, 1.4 < x <3 
(b) -4 < a < - 1.8. 0.8 < a < 3 

57 


73 y : 

75 (a) 

(c) 

(d) 

(f) 


= y/x - 4 + 1 /(A- - 8) 

Increasing until year 60, then decreasing 
Appears concave up 
Greatest between 40 and 60; 
smallest between 60 and 70 
1840: potato famine 


13 
15 
17 

14 
21 

23 
25 
27 

24 
31 
33 


a = “ 1/3 
2 and 5 
ft and -3 
a - 16 
Concave up 
Concave up 
>’ - (7/4)(x + 2) 2 
No 

Impossible 
Concave down 
Y 

4c 2 


Ch. 2 Understanding 



59 f-'(V): 
61 (a) y 


s/W/4tt 


1 

3 

False 



False 


2c 


5 

False 



7 

False 



9 

True 

35 y = (1 /3 )x“ — 

(2/3)x - 1 

11 

True 

37 y — (6/7)( a + 1 )(x — 5) 

13 

False 

39 k = -30./-= f 

!, .v = 0.2 

15 

False 

41 (a) 5 meters below the edge 

17 

True 

(b) 0.4184,2.4387 

19 

(e) 2.0203 see 


True 

43 Yes; 262.8 million: no 

21 

True 

45 (a) 5 km 


A 

False 

(h) 4430 m 


25 

True 

(c) h « -0.000000255d : + 5 

27 

False 

Section 3.2 


29 

True 


31 

True 

SI (y - 6) 2 - 36 


33 

True 

S2 (s + 3 )■ - 17 


35 

True 

S3 (cd-3/2) 2 -37/4 

37 

False 

S4 4 (s+ 1 /8) 2 + 31/16 

39 

True 

S5 r = 4, 2 


41 

True 

Sft n = 6,-3 


43 

True 

S7 q = 1/5 ± V4T/5 


2, c = 14 
plO 
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58 *«(2 ± V3T)/3 

59 n — —5,1 

S10 q = -1 ± V 15 / 2 

1 (1,2); x ts 1; opens upward 

3 Vertex: (-11/2,-137/4) 

Axis of symmetry: r — —11/2 

5 (a) am Lb ~(lc = 3 

Axis of symmetry: y-axis 
Vertex: (0,3) 

No zeros 
y-intercept: y = 3 

axis of symmetry 



(b) y = (x — 1 ) 2 — 1 or y = x 2 — 2x 

(c) Range: y > -1 

(d) The other zero is (2,0) 

37 Vertex: (-30.-25) 





39 g(x) = U-2) 2 - 1 

41 Shift y = x 2 right by 5 units to get y = (x - 5) 2 = 
x 2 - lOx + 25 

>' y = x 1 — 10x + 25 


(b) a = — 2, b = 4, c = 16 
Axis of symmetry: x = 1 
Vertex: (1, 18) 

Zeros: x = -2,4 
y-intercept: y = 16 


vertex ( 1 , 18 ) 



7 y=-I(x + 6) 2 +9 

9 y ss (3/16)(x — 6) 2 + 5 

11 g(x) = —2(x - 3) 2 +22; 

Vertex: (3, 22); axis: x — 3 

13 w(z) = -3(z - 3/2) 2 + 19/4, vertex is 

(3/2, 19/4). axis of symmetry is z = 3/2 



43 12.5 cm by 12.5 cm; k /4 by k/4 



(b) 39.063 meters 

(c) 7.324 meters 

(d) 19.531 meters 


15 (5/2)t 2 - 10; (5/2)(/-0) 2 - 10; (5/2)(r-2)(/ + 2) 

n o/ 2 )« 2 +1 Chapter 3 Review 

19 (l/2)« 2 — 3.7 1 Yes; /(x) = 2x 2 - 28x + 99 


21 (l/2)n 2 + y/iJ 
23 (l/2>r+3«+f 

25 _l 6 (,_iZ) 2 + 2 gi 
27 k — 4 

29 y — • -3(x 2) : 4 5 


3 Yes; g{m) = ~2m 2 + yfim -I- 42 
5 x — 2, x — -1 
7 x = (-1 ± \/6)/5 
9 No zeros 

II Vertex is (-5, 106) 

Axis of symmetry is x = -5 


31 y = (—3/8)(x - 4) 2 + 2 
33 (1 /4)(x — 7) 2 +3 
35 (a) y 



13 y = (—l/16)(x — 4) 2 — 2 
15 y = (x- l) 2 - 1 
17 y = —(3/16)(x - 4) 2 + 7 
19 y ~ |(x — 3) 2 - 5 

21 Vertex is (3/4, -2/3), axis of symmetry is x = 
3/4. y-intercept y = II /24, concave up 

23 Vertex is (0.6, 0), axis of symmetry is x = 0.6. 
y-intercept is y = 0.36, concave up 

25 y = 0.3(x - 6)(x + 4). zeros at x = 6 and x = -4. 
vertex at (1, —7.5) 


y = —3(x - 6)(x - 2), vertex is (4, 12), zeros at 
x = 6 and x = 2 


29 Rates of change: —4, 0, 4; Concave up 
31 1/2 second 


Ch. 3 Understanding 

1 True 
3 False 
5 False 
7 False 
9 False 
11 True 
13 False 
15 True 


Ch. 3 Skills: Factoring 

1 6x - 14 
3 12x + 12y 
5 2x 2 + 5x 
7 —50r 2 - 60r 2 s 
9 5xz - lOz - 3x 4- 6 
11 x 2 +4x - 12 
13 yz + 3y + z + 3 
15 5xz - lOz — 3x + 6 
17 x — 25 

19 Pp 2 — 6Ppq + 9Pq~ 

21 —2x - 2\flx — 1 
23 2(x + 3) 

25 5(z - 6) 

27 5(2«; — 5) 

29 3« 2 (w 5 +4) 

31 lrs(2r\s - 3t) 

33 (x — 2)(x - 1) 

35 Cannot be factored 
37 Cannot be factored 
39 (2x + 1 )(x + 2) 

41 (x + 7)(x-4) 

43 x(x + 3)(x - 1) 

45 (x + 2y)(x + 3z) 

47 (ax - b)(ax -I- b ) 

49 (B - 6)(B - 4) 

51 Cannot be factored. 

53 (t- l)(r + 7) 

55 (a-2)(a z + 3) 

57 (d + 5)(d - 5)(c + 3)(c — 3) 

59 (/*+ 2)(r - .v) 

61 xr _1v (x + 2) 

63 P( 1 + rf 
65 (k + 2m)(d - 3e) 

67 (2 g - 3h)(4s + 5m) 

69 x = (-3 ± V249)/8 
71 x = 7/4 
73 ( = 3 ± 

75 x — 2, x = —4/3 
77 N = 3. N = 1 


27 
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79 x=\±y/l 
HI r ~ 3 ± V6 
S3 a = ~U).±2y/5/5 
85 z = -1/2 
87 L = ± 1/2 
89 r = ±5 
91 .v — 0, .v = 36 
93 A' = -4/3. x — 2 
93 /> = ^CfA 
97 a = 4m 

99 x — 1 /2 and y - 2. nr a = — 1 /2 and y = 
101 a' = —3 and y = —3, or v = 1 and y = 3 
103 (0.0) and (3.9) 



1 / 


1 3 


105 (-5,23), (3,9) 

Ch. 3: Completing Square 

1 (a 4- 4)~ - 16 
3 2(r + 5) 2 - 30 
5 («-l) 2 -3 
7 3(r+ 3/2) 2 -43/4 
9 (a- l) 2 -4 
11 -(a - 3) 2 + 7 


27 s = -3/2 ± V27/2 
29 p = —9/10 ± VToT/10 
31 y = - 1 /2, -2 
33 «’ = (-! + V^7)/2 
33 </ = (-3*Vl5)/2 
37 ,v = (-3 ± VT5) /2 

39 u = (3 + V5>/3 
41 y = I ± v 7 
43 iv = 3.2, -2 
45 m = (-5 ± V3)/7 

Section 4.1 

51 0.06 

52 0.006 

53 0.129f 

54 123% 


1 Yes; «(«•) = 2(1/2)"’ 

3 Yes: /(a) = (1/4)9' 

5 Nut exponential 
7 Yes; C/0) = 2' 

9 Yes; A’ (a) « (1 /3)(2/3) v 
II a = 34.3; b — 0.788; r = -21.2% 

13 a = 0.0022; /> = 0.081 1; r = -91.89% 
15 1.28(per decade) 

17 0.20 (per century) 

19 (a) (i), (ii), (iv); (iii), (v). (vi) 

(b) (iv); 18.5% per year 
(e) (v); 22% per year 
(d) (iii); (ii) 

21 18.549% 

23(a) Q = 2000(1.05)' 

(b) 3257.789 

25(a) Q = 112.8(0.766)' 

(b) 7.845 

27(a) Q — 5(2)' 

(b) 5120 

29 P = 70(1.019)' 

31 Q — 726(0.94374)' 


Q (grams 
of tritium 
remaining) 



400 

200 


33 (a) C = 100(0.84)' 
(b) 41.821 mg 


80 100 


t (years) 


55(a) 13.4% 

(b) 6.489%. 

57(a) (i) $444 per month 

(ii) $286.20 per month 

(iii) $506.40 per month 
(b) $11,232 

(e) $23,112 

59 366.875 miles 
61 0.5 

63 > a,,; r, > r„ 

65 6„ 

67 r () decreases 

Section 4.2 

51 b l[] 

52 128g 5 

53 3 a 7 b n) 

54 a 7 b' A /2 

55 5.6:6.354 

56 12,837:7608.541 

57 a — 1.710 

58 a = ±0.2 

59 a ~ 1.393 
S10 a = 1.842 

1 B, C, D exponential 

3 (a) p = 2.50 + 0.03r 

(b) p = 2.50 - 0.07r 

(c) p= 2.50(1.02)' 

(d) p = 2.50(0.96)' 

5 (a) 


t 

0 

1 

2 

3 

4 

5 

fit) 

1000 

1200 

1440 

1728 

2073.6 

2488.32 


13 

(-3, -6) 

.35 L = 420(0.15)'' 



15 

(-4,18) 

37 >0) - 300 - 300(0.97)' 

(b) 

1.2; 1.2; 1.2; 1.2; 1.2 

17 

(1/2.-23/4) 

39 (a) 134,058 megawatts; 28.4 megawatts 

(c) 

The growth factor is 1.2 

19 

(1,-2) 

(b) 8.1%; 0.02% 

41 6 

7 (a) 
(b) 

g(x) is linear 
g(x) = 2 a 

21 

(7/4, -25/8) 

23 

8 = 6. -4 

43 20 



25 

d = 3,-1 

45(a) 1,2,4, 8 


y 


(b) Rate of change increases by factor of 2 over 
consecutive intervals 
2 ly = 524,288 

47 (a) (iii) < (i) < (ii) 

(b) Increasing, concave down 


49 5 ■ 4”ft \a = 5 ,k = -1/6 
51 j\t) = 12(0.940)'; a — 12 .b = 
53(a) N(r) = 64( 1 /2) r 

y 

64 t 
48 \ 

32 
16 



0.940 


2 4 6 8 10 


9 (a) /(a) is linear 
(b) /(a) = 1 8 — 4a 


— +» • r 

1 2 3 4 5 6 



(b) 6 


12 3 4 
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II f{x) = 250.4(1.0284)* 

13 /W = 3(])' V 

15 y = 10( 1.260# 

17 y = (1 /2)(l/3) v 

19 y = 4(0.1 ) x or y = 4(10)“* 

21 Not exponential 
23 g{t) - 5.7(0.315)' 

25 (a) h 

(h) f(x) = 2.23(1.10)*/ 3 - 2.23(1.03# 
27 / is exponential, h is linear, g is neither 

29 Exponential, 

R(t) = 2.001(1.030# 


27 D 
29 Zero 




(c) Models 1 and 3 agree (approx); 
Model 2 predicts larger populations 



53 (a) 5 

(b) -3 


31 y = 20 + 1 1 a; y = 20( 1.303# 
33 a < —1.69 and x > 2 


35 (a) 

P = 1154.160(1.20112V 

(b) 

$1154.16 


(c) 

20.112%. 


37 (a) 

no = 

f 80 for / < 0 

l 80(0.8459 f for / > 0 

(b) 

t x 39.933 seconds 

39 (a) 

N = 191+1 

1.9/ 

(b) 

/V = 191(1.0095# 

41 (a) 

W = 43.45 - 

- 0.154r; 39.754 seconds 

(b) 

W - 43.45(0.99635)% 39.799 seconds 


43 World: /> — 3.1(1.25# 

Ivory Coast: P ~ 1.3 + 0.04/ 

45 (a) Linear 

(b) L = 0.25/ + 75.95 

(c) 88.45 years 

47 (a) 0 
(b) 0.35 P 0 

49 (a) Neither 
(b) Not possible 

Section 4.3 

1 Not exponential 
3 Could be exponential, 0 < b < 1 
5 (b) y 


-- x 


35 (a) All 
{b) b 

(e) b. a . c\ p 

(d) a = c 

(c) ci and q 

37 y () decreases. y {) > h 

39(a) P = 6.92(0.9917 >' 
(b) 6.06 million 

(e) 12.42% 

(d) t - 65.8 

43 (a) P « 0.538 millibars 
(b) h w 0.784 km 

45 (a) y 



(b) f(.\) < 1 

(O (0.0) (2,0) 

(d) As A + 00 , f{x) —co 
As x -»■ "Oo, f{x) *»# 0 

(e) Increasing for x < 0, decreasing for x > 0 

47 (a) 


Section 4.4 

1 8.71% 


3 (a) 

8.300% 


(b) 

8.322% 


(O 

8.328% 


5 -8 

.3? 


7 (a) 

$505 


(b) 

$505.02 


(c) 

$505.03 


9 (a) 

$525 


(b) 

$525.62 


(c) 

$525.64 


1 1 (a) 

Norn: 1% Eff 

i % 

(b) 

Norn: 1% Eff 

1.004% 

(O 

Norn: 1% Eff 

1.005%. 

13 (a) 

Nom: 3% Eff 

3% 

(b) 

Norm 3% Eff 

3.034% 

(c) 

Norn: 3% Elf 

3,045%. 


15 5.387%' 


17 34.392% 

19(a) $18,655.38 

(b) S18.532.00 

(c) $18,520.84 

21 (i) (b> 

(ii) (a) 

(iii) (c) 

(iv) (b), (c) and (d) 

(v) (a)and(e) 


8 

4 



= 2 X 


-3 3 


x 


7 h{x) top; g(x) middle; fix) bottom 
9 Yes 
11 No 
13 No 

15(a) 13 ft 3 
(b) 3.2 weeks 

19 q — 5.662 
21 r = 2.452 

23 Increasing: b > I. a > 0 or 0 < b < 1, a < 0; 
Decreasing: 0 < b < 1, a > 0 or b > 1, a < 0; 
Concave up: # > 0, 0 < b < 0 or b > !. 

25 D 


50,000 

40.000 

30,000 

20.000 

10.000 






1 2 3 4 5 6 7 8 9 


/ 


(b) W — 4710( 1.306}% answers may vary 

(c) 30.6%/yr 

49 (a) Graphs agree 


mussels (1000’s) 



Section 4.5 

51 1.073 

52 8.694 

53 1.433 

54 3480.202 

55 2.3:7.636 

56 4.2:2.599 

57 161.6:202.027 

58 284.3:284.334 

59 /(/) = 27e"- ,i 

510 gU) = 15c 12 * 

511 Q - 1.096.633c' -3 ' 

512 Q — 4.482t# ; 

513 m(x)=4^' nJ * 

W 

514 P(rm 16e J f* 

515 //(/■> =V AV 

f) 
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1 Uli (III I 
ih) (II) 
id (IVi 

(d) ill 

5 (a )=( I\' j; ih>-l[Il); (c)-lll): (d)-(l) 

7 (a)"(l): (h )=( 11); (d-(lll): (dMlV) 

y un y„ = 2.1 

<h) Decreasing 

I e i -SSb 

(d) Not continuous 

II (a) (J tl = 158 
|ii Increasing 
id 1 d.7'f 
(d) Not continuous 


lb) 2,6b 
(o S25.X5 

51 lai Increasing. 2.7 i 042 d. 

2.7IS 145b. 2.7 I S26S2. 2.7182805 
ih) Approximately Mb 
(c) (1 + I / 10 1 j 111 ' f appeal s to be I 

5 * i) 

55 2 

57 a > 0. k > 0 

Chapter 4 Review 

I 550 

3 445 

5 41 I.S 

7 l> = 2200(0.4011# 

4 20b; 22?'. 

1 I Linear: /a n = 10 + 3r 

15 Ne itlier 

15 



-3 3 


(h) 0.04 
Id 140 
Ul) e * 2.72 
03 V = 12.000e nm "' 
05 r = - 13.1,\ + 20411 

07 ia) 37401.22 
<h) 3 /454.1 2 

04 la f y 



(hi Increasing 

Id Approach;! limiting value 
(d) la mi ling \alue just above 2.5 


Year 

2013 

2014 

2015 

2016 

2017 

Cost ($) 

126 

132.30 

138.92 

145.87 

153.15 


13 U) 

0>„ = l 

(b) 

Increasing 

(d 

100'; 

(d) 

Not continuous 

15 (a) 

Q ~ 8(1.12)'; 24.847 

(b) 

(J = 8e" I: b 26.561 

17 (a) 

(J = .500(0.93)'; 241.991 

(b) 

(_) = 50()i'- 1M1/ '; 248.293 

19 (a) 

(i) 23.183 


(ii) 23.645 

(b) 

Continuous growth luster 

2 i (a) 

Pit ) = 254>OOe ,MI/3 ' 

<b) 

7.788b 

23 on 

Pin = 22.000c 1111 l ' 

lb) 

+ 7.358% 

25 (a) 

272 

(b) 

28.4b' 


27 310.073.52. 

24 (a) 36044,47 

(b) 56107.01 

3 I 54.43 1 years 

33 A is continuous. B is annual 
Initial deposit is S500 

35 V - 50()( 14)6983 )bo = 500 .h = i,00483.r = 
6.4333' 

37 5.5b compounded annually 

34 Lmin best to worst: B. C, A 
41 3143.70 

43 (at G = 145.Re on3l/ 

<b) 5.23% 

(c) (i= 145.8( 1.0523 f 

(d) The two formulas have the same graph 

45(a) P- l06e tHlls ' 

(b) I 15.43 million tons 
(d l.alc 2014 
47(a) .4=50e“"- 1J ' 

(b) 12.330 mg 

(c) 2025 

44(a) 13.5 b 


17 (a) 4.2b 
lb) ^4.2Xb 

(e) w 4.24b 

14 hix ) = 3(5)' 

21 g( a ) — 2(4)' 

23 g(A) e 14.20(0.6024)' 

25(a) f ix) : ; a I- 72 

lb) fix) = 5(2)' 

27 y ~ (1 /2)' 

24 r = {(3 b 

31 y — 2(0.3)' 

33(a) P{t) = 2.53 + 0.04f. 

increases by 40,000 people per xear 
(b) Pin = 2.63( 1.026)b 

increases by 2.6b per year 

35 N - 10(1.13)'; I3b/yr 

37(a) S = 104.5( 1.133)' 

(b) Increasing b\ 13.3b'/yr 
(d Yes 

(d) No 

34 



41 / 

43 y = 2 

47 (a) Initial balance = 31 100 
Effective yield = 5% 

(b) Initial balance = SI500 
Fffeet i ve yieId ^ 5.13% 

44 pi xi = 

5 1 s(iv) = (/’ — 4/ + ki')j" a = r - 4/ + kr. h — j 
53 1000(0.7071)" 

57 d>b 

59 f matches (ii) and (iv); g matches (i) and (iii) 


V 



hnix 

100 


2.5 f 


1 .v 

1000 


(e) (1 + I/aO appears to approach e as .v gets 
larger 

(f) 504)00 

71(a) Pin — 0.755(1.194)' 


P 



(b) 20 years; 2135 
73 f (( decreases 

75 (a) f{x) = p„(2.087.372,982)-' 
(b) 8.55 

(d BAC ol’0.051 
77 97.7% 
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79 0 
81 5.1 
83 oo 



Ch. 4 Understanding 

1 True 
3 True 
5 False 
7 True 
9 True 
11 False 
13 False 
15 True 
17 True 
19 False 
21 True 
23 False 
25 True 
27 False 
29 True 
31 False 

Ch. 4 Skills: Exponents 

1 25 
3 10,000 
5 5 
7 1 
9 4 
11 4 
13 16 
15 -121 
17 2100 
19 2 
21 32 
23 100,000 
25 -6 
27 4 

29 1/(3 V3) 

31 1/625 
33 0.5 
35 / 

37 x 5 /V 
39 5x 3 / 2 z 2 
41 rV2 
43 8 j 7 / 2 
45 4\/3u 5 rj 6 y 5/2 
47 16£ 2 xr 2 
49 A 3 /(3£ 3 ) 

51 {M + 2) 2 
53 3 a 

55 25(26+l) 20 


57 -8 

59 Not a real number 
61 1/512 

63 Not a real number 
65 x = ±1.690 
67 (2.5,31.25) 

69 False 
71 True 
73 True 
75 x = r + s 
11 x — 5/a 
79 x = 3/a 
81 x = b/a 

Section 5.1 

51 x = 6 

52 f = -2 

53 2 = 3/2 

54 x = 0 

55 No solution 

56 x = -5/3 

57 t = 14/9 

58 No solution 

59 r = -1/8 
S10 x = 5/9 

1 19=10' 279 
3 26 = e 3 - 258 
5 P = 10 r 

7 8 = log 100,000,000 
9 v = log a 
11 3 
13 0 
15 0 
17 5 
19 100 
21 0.01 
23 0 
25 1/2 
27 -1/2 

29 (log 1 l)/(log 2) = 3.459 
31 (In 100)/(0.12) = 38.376 
33 (log(48/17))/(log(2.3)) = 1.246 

35(a) 2x 

(b) x 3 

(c) —3x 

37(a) 3,3 

(b) 5,5 

(c) -1,-1 

(d) -1,-1 

(e) 2,2 

(f) 3,3 

Both answers equal 

39 True 

41 False 

43 True 

45 x = 24.990 

47 x — (M — In a)/(ln b) 

49 x = 31.522 


51 (a) u + v 

(b) 3u - 2 

(c) 

(d) 1 -It 

53(a) 25; 7.5% 

(b) / w 19 

(c) t = (log 4)/()og 1.075) = 19.169 
55 5Xx) = 42.0207(0.8953)* 

57 (log(14/3))/(log 1.081) 

59 (In 0.3)/(-0.2) 

61 t = (15 In 6)/(In 2) 


65 (In 10-4 In 3)/In 3 
67 1/5 

69 ±(ln(30/58)-l) 

71 (In Q - In P)/k 

73 *=- 4° r 4 

75 -1, 1 

77 (a) (In(0.5))/2 
(b) (ln(6/3))/3 
79 B > A 

81 q = In r + (In j)r; b = In r, m = In 5 

Section 5.2 

51 (5x)-‘ 

52 r 3 

53 t 2 /2 

54 lOOx 

55 x = (log 9)/(log 4) = 1.585 

56 x = In 8 = 2.079 

57 x = ln(13/2)= 1.872 

58 x = (In 5)/4 = 0.402 

59 x = 93/2 
S10 x = 10 

1 Q — 4 • 1096.633 7 
3 Q = (14/5)1.030' 

5 y = 25(1.0544)', 

5.44%/yr, 5.3%/yr 

7 Q = I2e" 0105 ' 

9 Q = 14e“ 020S? 

11 y — 6000e'° 3625f , 

— 15%/yr, -16.25%/yr 

13 a = 230, r = 18.2%, k — 16,72% 

15 a = 0.81, r= 100%, and k = 69.31% 

17 a= 12.1, r= -22.38%, k = -25.32% 

19 a = 5.4366,6 = 0.4724, r = -52.76%, k 
-3/4 

21 About 26 years 
23 About 3 years 
25 About 20 days 
27 About 6.3 minutes 

29 (a) 4.729% 

(b) 4.621% 

31 23.362 years 
33 t = 30.034 
35 About 18.6 hours 
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12 24 36 48 60 


39(a) 10; 30; and 70 yrs 

(b) 14.207; 28.413; and 42.620 yrs 

41 (a) 12 days 

(b) 5.78% per day; P = 50e°° 578f 

43(a) 190°F; 100°F; 77.5°F 

(b) 1.292 hours; 2.292 hours 

45 (a) 15.927% 

(b) 7.549 years 

47(a) P = 25,000(1.0466)' 

(b) 4.66%; 4.56% 

(c) 10.32 years; during the year 2020 

49 (a) 2.6% 

(b) 6.72 million 

(c) 42.25 years 

(d) 605 years ago; unreasonable 
51 About 12:53 pm 

53(a) /(*)=i(4)' 

*W = 4 (i)' 

fi(x) = .x + 2 

(b) x = log 8/ log 12 

(c) x= 1.378 or *=*-1.967 

55 (a) 20, 395, 954 

(b) 5.615 years, 7.2 years 

(c) 1000 toads 

59 a = 9.0856, b = 1.0303, k = 0.02986, s 
23.213 

61 t = -10 In (—2 In 0.5) = —3.266 

63 (a) v = log 1.12, u' — log 6.3 
(b) t = u’/v,t= 16.241 


Section 5.3 

SI -4 
S 2 3 

53 log 100,000 = 5 

54 In 7.389 = 2 

55 x = e~ n 

56 10 2 = x-f 3 

57 lnx + 31n(7-x) 

58 lnx + 2Iny- Inz 

59 lnx 5 
S10 log(2/5) 

I D: x > 3 

R: All y 

3 Positive; decreases; concave down 
5 Negative; decreases; concave down 

7 A: y = 10\ B: y = e x 
C: y = In x, D: y = log x 

9 y - 0, y = 0, x = 0 



y = 2 ■ 3 X + 1 



15 Vertical asymptote at 3, 
Domain (3, oo) 

y 



17 1 mole/1 

19 10~ 1:1 moles/1 

21 3.162 x 10 -3 moles/1 

23 (a) 0 
(b) -oo 

25(a) r(x) 

(b) r(x) 

(c) j(x) 

27 y = b*,Q<b< 1 
29 y = Inx 
31 y — —b x , b > 1 
33(a) (II) 

(b) (I) 

(c) (III) 

(d) (I), (III) and (IV) 

35 (a) (i) 0.693 

(ii) 0.087 

(iii) 0.01 

(iv) 0.002 

(b) The values appear to be approaching 0. 

37 (a) 10" 2 , 10“ 4 , 10~ 7 
(b) Less 

39 25.9%,-0.10018 

41 (a) 0.005 moles/liter 

(b) 3.3 x 10 -4 moles H + ions 
1.987 x IQ 20 ions 

43 100 watts/cm 2 

45 10° 306 « 2 times as loud. 

47(a) D 2 -D % m 10log</ 2 //,) 

(b) 3.01 decibels louder 

49 3,162 
51 32 

53 (a) -oo 
(b) -oo 


Section 5.4 

51 1.455 x 10 6 

52 4.23 xlO 11 

53 6.47 x 10 4 

54 1.231 x l() 7 

55 3.6 xlO' 4 

56 4.71 x K)- 1 

57 10 4 < 12,500 < 10 s 

58 Hr 4 < 0.000881 < 10" 3 

59 10“' <1/3 <10° 

S10 10" <3.85- 10" < 10 12 
1 Log 
3 Linear 
7 3.7 
9 2.2 
11 0.6 

13 (a) y = -3582.145 + 236.314x; r » 0.7946 

(b) y = 4.797(1.221)*; r « 0.9998 

(c) Exponential is better fit 

15 10 -3 62 million years ago 

17 (a) Increasingly spread out 

(b) Equally spaced 

19 Log scale more appropriate 

23 (b) Linear function 

(c) /(x) is exponential; 
g(x) is linear 

(d) It is linear; yes 

25 (a) y 

120 


. i i i i x 

12 3 4 5 

(b) Exponential 

(C) y 


80 

40 




Linear 

27(a) y- 14.227 -0.233* 

(b) In y = 2.682 -0.0253* 

(c) y= 14.614e-° 253jc 

29 (a) w 



_j -i-i-u L 

2 2.5 3 3.5 


(b) W = 3.06L - 4.54 

(c) w = 0.011 if 306 
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Chapter 5 Review 

1 Q = 7(().0000*5 I r 
7 Q = 4t*‘ 

5 Q — 

7 flog 3)/(log 1 .04i 
9 |Jog(9 1 /46))/(Iog{ 1 . 11} 

! I <log( 12/5))/(3 lug 1.014) 

13 flog 1.6)/(log 1.03 I) 

13 47 

lui:.s 

17 10 41 "^ 

19 No solution 
21 2(x+f) 

23 1 n{AB) 

25 Domain: x > 20: Asymptote: x = 20 
27 Domain: x < 300: Asymptote: ,v = 300 
29 Domain: x > -15: Asymptote: x = -15 


3! (a) 

4+4 p 

(b) 

-4 

(e) 

pfq 

(d) 

34 

33 (a) 

In 8 - 3 

(b) 

loc 1.25/tea 1.12 
In 4 

(c) 

0.13 

(d) 

105 

(e) 

C /: 

(14 

e 1/: /(e !/: - !) 

(g) 

-1.599 or 2.534 

(h) 

2.478 or 3 

(i) 

0.653 


35 158.5 times larger 
37 1 5.85 times larger 

39 (a) Initial balance: S l 100 
Effective yield: 54 
<b) Initial balance: SI500 
Effecthe rate: 5.1277/yT 
(e) Conti mums rate: 4,S79 r .;/yr 


41 (al¬ 

1412 bacteria 

ibi 

10.011 hours 

(e) 

1.005 hours 

43 (at 

7 years 

(b) 

10.47 

45 Inf 1.5)/0.2 

II 

: (In 2)/0,22 * 3.151 

49 fa) 

Domain: all .y 


Range: y > 0 


Asymptote: y = 0 

(b) 

Domain: all a > 0 


Range: all y 


Asymptote: a — 0 

51 (a) 

Fog function 


)' 


30 


20 

10 






» • 

I 

-10 • 


(b) y 

30 • 

20 • 

10 . 

-2-1* 1 2 3 

*-10 


(e) Li near: y 4 - 9.9~ 

(d) y — 4 + 9.9 In x 

(e) x = 0.67e nh ; 

Exponential function of y 

53 fa) Q(t) = 2c - :nUl 

(b) 3.9214 

(c) After 5 l .986 hours 

(d) 54.931 hrs after second injection 

55(a) 33.5174 

(h) k x 4.082 f 4. continuous hourly decay rale 

57 (a) 10 

(b) 50 

(c) 10* 1 

59 tyk 

Ch. 5 Understanding 

I False 
3 True 
5 True 
7 True 
9 True 
I 1 False 
13 False 
15 False 
17 True 
19 False 
21 False 
23 True 
25 True 
27 True 
29 True 
31 True 
33 False 
35 False 
37 False 

Ch. 5 Skills: Logs 

3 8 
5 0 
7 2 

9 log 0.0001 = -4 
1 I In 0.135 = -2 
13 |cr-=(U)l 
15 e' 2 = 4 

17 Cannot he rewritten 
19 bg(x 2 + I) - 3 log a 
21 C ’an not he rewritten 
23 Cannot he rewritten 
25 log 12.v 
27 log(vV) 


29 log (1X4- Ji 3 U +4> 2 ) 

31 log (9 — x~ ) 

33 Cannot he simplified 
35 0 
37 4r. 

39 -]n(C+Jf 

41 ,v = (log 3)/(log 5) & 0.683 

43 ,v = -(ln9)/5 « -0.439 

45 .y - (log 77 1/(6 log 19 — 4 log 7) « 0.440 

47 a- = (I0-V’ - 17)/9 ^ 1.625 

49 a- = (e+ 1 >/6 0.620 

Section 6.1 

51 20.086 

52 -20.086 

53 0.050 

54 -0.050 


S5 (a) 

/'(--v) - 

2x 2 

(b) 

-fix) = 

-2a 2 

S6 (a) 

/(-a)= 

-I/a 

(b) 

~f(x) = 

-I/a- 

S7 (a) 

/(-A)= 

-2a 3 - 3 

(b) 

-fix} = 

—2a 3 + 3 

SS (a) 

/(-A) = 

-4a 3 - 9a 

(b) 

-fix) = 

-4a 3 - 9a 

S9 (a) 

/(-A) - 

3a 4 + 2x 

(b) 

-fix} = 

-3 a 4 A 2 a 

S10 (a) 

fi-x) = 

—(3.y A/(x 2 

(h) 

-fix) = 

—(3a 3 )/(a 2 

1 (a) 

(-2.-3) 


(h) 

(2.3) 


3 -7 




5 Domain: / < 0 

Range: -4 < Q(—t) < 7 

7 Domain: f < 0 

Range: -7 < (9(* t) < 4 

9 y = e - ' 

II Reflected across .v-axis; 

-g(A4 = -(1/3)* 

y 



13 mt-n) = tr + 4n + 5 

.V m(-n) 



6 


12 
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llj -m(-/t) = -n' - 4/f - 5 


, min j 

1 20 / 


(l-| No 

27(a) -10 
(h) -25 
(c) 10 

<dj 3 
(Li -26 


35(a) Hit) = 3 — 21(03)7)' 

(h| /){/): Asymptote D — 0. intercept D - 21; 
//(/): Asymptote H - 3, intercept 7/ = -IS 


temperature °C 


17 


Id 



21 Neither 
23 liven 

25(a) y=-.v' + 2 


V 



(h) y -(.v - 2) 


y 




(c) H(t) + 10 approaches 30°C; 39(a) Odd 

//(F) + k approaches (20+ k)°C, temperature (b) Unless fix) = 0 or g(x) = 0, k{x) is neither, 
of the room (c) Even 
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41 y = x. y = —x + b, where b is an arbitrary con¬ 
stant 



45 No 

47 If f(x) is odd, then /(0) = 0 
51 Yes, /(x) = 0 


Section 6.2 

51 (a) 72 

(b) -18 

(c) 177 

(d) 25/4 

52 (a) 2 

(b) -1/3 

(c) 2/3 

(d) -1/10 

53 (a) —(l/3)/(x) = -(1/3)\fx 

(b) 5/(—x) = 5 yf-x 

(c) 6/(x — 8) = 6 \/x — 8 

(d) (l/4)/(2 - x) — (1 /4) V2~-x 

54 (a) 5p(x) = 15x 2 - 30 

(b) —(l/3)p(-x) = -x 2 +2 

(c) —2p(x + 3) = -6x 2 - 36x - 42 

(d) (5/3)p(x - 1) = 5x 2 — lOx - 5 

1 y = 10/(x — 2) 




9 


y 



-6 -3 


11 y 



15 Stretch vertically by a factor of 2, Shift left 1 unit 
17 y 



37(a) h(x) = l/2/(x) 

(b) k(x) = f(-x) 

(c) m(x) = /(x) -4 

39(a) >• = - 2fix) 

(b) y = /(x) + 2 

(c) y — 3/(x - 2) 

43 -7 


Section 6.3 

51 8x 3 — 5 

52 2x 3 - 10 

53 (—x 3 )/27 - 5 

54 (27/5)x 3 - 1 

55 4e 2/ 

56 (4/3)c 6f 

57 4e 12 ' + 11 

58 28e 6 ^ lH 

59 -3 

510 50 

511 10/3 

512 -36 

513 A = 1, B = -2, h = 0, k =9 

514 A = -1, B = 2, A = 3, k =9 

515 = 6, B = —1/3, h = —27, & = 0 

516 4 = -5, B = -1, h = -7, = -10 

1 (a) y 



23 -0.25 < 0.25C(x) < 0.25 
25 R(n) = -5P(n) 

27 7(n)= l/4P(n + 7) 

29 I is (b) 

II is (d) 

III is (c) 

IV is (h) 

31 1.3C(/) 

33 y 



35 
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I I A horizontal compression hy a factor of' I /3 and 
then a horizontal shift right hy 2/3 units. 


13 (a) 


J?U) 




-V 


29 (a) I 
(h) Hi 
(e) IV 
id) II 

31 y 





m(x) 




15(a) (3, -14) 

(h) (6, “26) 

(e) (14. 17) 

(d) (-21/5.-25/2) 

19 2/3 

21 (tf/rf, b + c) 

23 1 ()()/(12n) 

25 (a) (ii) 

(h) (iv) 

(c> (i) 

(d) (iii) 

27 (a) A — f{r) — k r~ 
(h) f(\.\r) 

(c) 2 \% 


39 



2c 
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41 y = -/(-^x) 

43 (a) -3 < x < 1 

(b) -6 

45 (a) -8 < x < 0 

(b) -3 

47 (a) y = x 2 + 6x + 5 


y 



(h) y = -2x 2 - 4x + I 


y 



(d) /(x 2 ) - 1 - x 2 

(e) /(1/x) =(x- \)/x 
(0 f(yfx) = 1 - yx 

13 y 



15 j = /(/ + 4) — 8 

17 (a) A horizontal reflection about the y- axis. 

(b) A horizontal shift 6 units to the right. 

19(a) VI 
(h) V 

(c) HI 

(d) IV 

(e) I 

(0 H 

21(a) -16/ 2 4- 23 

-16r 2 + 48; + 2 
(b) 

height (feet) 



d 

35 

60 

85 

110 

m(d) 

5.5 

5.2 

5.1 

5.1 

d 

135 

160 

185 

210 

m(d) 

5.3 

5.5 

5.75 

6 


d 

31.25 

62.5 

93.75 

125 

p{d) 

5.5 

5.2 

5.1 

5.1 

d 

156.25 

187.5 

218.75 

250 

P(d) 

5.3 

5.5 

5.75 

6 


Ch. 6 Understanding 

1 T rue 
3 True 
5 False 
7 True 
9 False 
11 True 
13 True 
15 False 
17 False 
19 True 


49 g(x) = -3/(x 4- 4) + 6 
51 h(x) — —2/(—x + 3) — 4 

53 (h) d(t) reflected ahout the r-axis and then shifted 
up 142 units 

temperature (°F) y = c(t) _ 142 _ </(,) 


(d) 1.541 secs 
1.199 secs 

(c) 3.041 secs 

23 y = -(x + 1 ) 3 + 1 
25 y m (l/2)/?(x + 6) + 1 
27 15, q a; 7190 

31 y 



35 y 


Section 7.1 

I (I), (ID. (IV) 

3 90 m 
5 90 m 
7 40 
9 b 

11 9 o’clock position; 90 m 
13 3 o’clock position; 90 m 

Period is 10 minutes 

h (feet) 



Chapter 6 Review 

1 (a) 4 

(b) 1 

(c) 5 

(d) -2 

3(a) (6,5) 

(b) (2,1) 

<c) (1/2,5) 

(d) (2,20) 

5 Odd 
7 Neither 
9 Even 

11 (a) /(2x) ~ 1 ~ 2x 

(b) /(x+ l) = -x 

(c) /(I - x) = X 



37 y = —(x - 3) 2 
39 


d 

25 

50 

75 

100 

g(d) 

2.5 

2.2 

2.1 

2.1 

d 

125 

150 

175 

200 

g(d) 

2.3 

2.5 

2.75 

3 


17 

h (feet) 


Period is 10 



19 {h( 15) — /i( 10))/5 = 26 ft/min 
21 (/j(30) - h(25))/5 = -26 ft/min 
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23 

h (meters) 


Period is I 



Ampl: 10 meters 
Midline: h — 14 


f (minutes) 


25 

h (meters) 


Period is 8 


15 {3.687, -0.919) 

17 (3.742,-0.660) 

19 sinfl = 0.6; 
cos 0 m -0.8 

21 70°, 110°, 250", 290° 

23(a) 307° 

(h) 127° 

25 (a) sin 135° = 0.707; cos 135° = -0.707 
(h) sin 285" = -0.966; cos 285° = 0.259 

27 sin 20° < sin 150° < sin 35° = sin 145° 
sin 70° 



27 3 (or 9) o'clock; descending; 

5 minutes; 40 meters; 0 meters; 

11.25 minutes 

29 12 o'clock; descending; 4 minutes; 
30 meters; 5 meters; 10 minutes 

33 (a) Weight B 

(b) Weight A 

(c) Weight A 

35 Midline: y — 5.55; 

Amplitude: 5.15 WBC xl0 4 /mL: 
Period: 72 days 


72° 

180° 

(c) 216° 

35 (a) All are equal 

(b) KP = 1/2 

(c) OP = V3/2 

(d) (i/3/2, 1/2) 

(e) cos 30° - \^3/2; 
sin 30° = 1 /2 

(f) cos 60° = 1/2; 
sin 60° - 73/2 

37 (60,0), (7.5,0) 

(60 cos 6,60 sin (?) 
(7.5 cos 0,7.5 sin (?) 


WBC (xl0 4 /m!) 



50 100 250 


Section 7.2 

1 (a) (-0.174,0.985) 

(b) (-0.940,-0.342) 

(c) (-0.940,0.342) 

(d) (0.707,-0.707) 

(e) (0.174,-0.985) 

(0 ( 1 . 0 ) 



3 -720° 

5 80° 

7 50°. 

11 (-3.8,0) 
13 (0,3.8) 


Section 7.3 

1 jt/3 

3 1.7453 radians 
5 5 jt/6 
7 -3*/2 
9 630° 

11 16,200/* « 5156.620° 

13 8100/* a 2578.310° 

15(a) I 

(b) II 

(c) II 

(d) III 

(e) IV 
(0 IV 

(g) I 

(h) II 

(i) II 

(j) in 

17 -4* 

19 8.54* 

21 6.2*/4 « 4.869 
23 6.2a*/180 
25 (-5i/3,-5) 

27 (-5,0) 

29 (-5v / 2/2,5v / 2/2) 

31 (5^2/2,-5 72/2) 

33 -1/72 
35 10 cm 
37 16 inches 

39 r = 5; 0 = 3/5 rad = 34.3775°; 


x = 3: P = (4.1267.2.8232) 

41 r = 0.05; 0 = 0.384 rad = 22"; 
a = 0.019; P = (0.0464.0.0187) 

43 r = 80; 0 - 3*/7 rad = 77.1429°; 

.v = 107.7117; P = (17.8017,77.9942) 


45 (a) Yes 

(h) Just over 6 


47(a) -2*/3 < 2/3 < 2*/3 < 2.3 

(h) cos2.3 < cos(-2*/3) = cos(2*/3) 

cos(2/3) 

49 (a) 


(b) k -(f) 






< 


51 u — —5 cos 2 

r = 5 sin_2_ 

W — 5 72( 1 - cos 2) 

53 1 



55 7* inches 
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Section 7.4 

1 Mid: y = 3; Amp: 2 

3 Mid: y = 6; Amp: 0.15 

5 2 < y < 6 

7 midline y = 3, amplitude 2, shift and stretch of 
sin / 

9 midline y = -1, amplitude 0.5, shift and stretch 
of cos t 

11 g(5) = 3sin5 + 3 
13 g(/) = 2cos/ + 3 
15 g(f) = -3 sin t + 5 

17 / (x) = (sin x) +1 
g(x) = (sinx)- 1 

19 g(x) = 2 sin x, o = 180°, b = 2 
23(a) (i) Odd 



27 y - 3g(x) + 2 
29 y = 4g(x) — 4 
31 s (m) 


1200 

750 


/ \ s = /(0) = 750 + 450sin B 

v • • m 


300 * 


- 1 —■- e 


-90° 90° 270° 450° 630° 


33 s (mm) 
740 


370 ^ 


\ s = f{6) = 370 + 370 sin 9 


\ / 
\ / 

i i i 


- L V i e 


180° 360° 540° 720° 


35 (a) y — A sin t + k. 
(b) A: = 3 and A < 0 

37 t m 0.739 

39 h(8) = 2.5 + 2.5 sin 0 


(ii) Not odd 



(iii) Odd 


y 



(iv) Not odd 


Section 7.5 

1 Mid: y ~ 0; Amp: 6; Per: 2k 
3 Mid: y = 1; Amp: 1/2; Per: ?r/4 
5 period 8, midline y - 30, amplitude 20 
7 period 0.7, midline y = 0.05, amplitude 0.03 
9 period 0.5, midline y = 0.5, amplitude 0.5 

11 Both / and g have periods of L, amplitudes of 1, 
and midlines y - 0 

13 h(t) = 4 sin(2^r) 

15 g(r) - -2 cosO/2) + 2 

17 y = 4000 + 4000 sin((2>r/60)x) 

19 y = -2sin(;r0/6) + 2 
21 y 



23 y 

0.004 


0.001 


— 0.002 



blanket sales (thousands) 



39 /(f) = 

-lOOcos(fft) + 100 (for 0 < / < 1) 
10cos(4^r) + 190 (for 1 < t < 2) 

41 (a) T(°C) 



2 4 6 8 10 12 


(b) 23.2°; 12 months 

(c) T =f(t) = 

-23.2 cos(0r/6)/) + 58.6 

(d) T = /(9) « 58.6° 

43 (a) Yes 
(b) No 

45 Phase: 13; Horiz:-13/7 
47 3/10, g(x) = 10sin((?r/5)x - 3 jt/ 5) 
49 A = 20 + 15 sin(0r/2)f -f x/2) 

Section 7.6 

1 0,1,0 
3 Undefined 
5 0 

7 -1/V 3 
9 V 3 

11 8 = k/2,0 = 3k/2 
13 9 = k/2,0 = 3k/2 
15 Reflected about 5-axis 




(b) Odd provided k = 0 
25 g(x) = 1.8 sin x - 3.3 


25 /(x) = sin x, a = k/ 2, b = k, 
c = 3nf2, d = 2*\ e = 1 

27 /</) = 

17.5 +17.5 sin((2^/5)r) 

31 V = 155.6cos(120;rr) 

33 y = 3/(x) 

35 y = —f(2x) 

37 Amplitude: 41.5; 

Period: 12 months 


17 Shifted up by 1 


K 3jt 
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19 Compressed hon/oniall) h> 2 

_ 3/r _ /r 1 — ~^ K 

~~ T y T T T T 



21 -0.4X2 
23 -1.428 
25 >■ = (1 /2)tan 0 
27 (a) y 


) 1 ij 

h 1 1 

/ 1 

-/(fj.l) 

XI 

/f- 

40,0) | 

2 1 t 

l / 

-2 - 

!/' 

i / 

-3- 

1- !/ 

/</) i= tan | 

!0 




(h) /(0-tanfflJ 

31 (a) t — ±m, ±3/r, +5x. ■■■ 

(b) / = 0. ± 2 m , ±4/r, ±6/r. ••• 

(c) 2m 

33 Incorrect, tan / counterexample 

35(a) y = (-l/CC + 2 
(b) 2 v7 

Section 7.7 

i -V5 
3 -I/V3 
5 -1/V5 
7 2/\/3 

9 (cos(20)) : + (sin(20)) : = 1 

II 1 

13 cos/ 

15 1 

17 (a) (~x. -y) 

19 see 0 = 2 
tan 0 = V3 

21 see 0 — 2/ \/X 
tan 0 — I/\X 
23 cos 0 = VI -r 

25 (a) sin (p = -0.8866, lan0 = -1.9166 
(b) cos 0 = -0.8062, tan <9 = 0.7339 


27 sin 0 - \Jx- - ! 6 fx. 
tan ft - \fx : - 16/4 

29 cos 0 -- 9/ y/x- +~x7. 

sin 0 = a/\/ y : +81 

31 (a) Appear identical 
(b) No 

Section 7.8 

1 (a) 0.009 
(h) jz (6 or 30° 

(ct 114.593 

3 la) V"3 + i 
(hi; 2 \j~2 + I 
tc) 1 14.228 1 

5 0.58569. 33.557° 

7 0.7227,41.4' 

9 0.608 
11 1.330 
13 2/r/3. 4/r/3 
15 3/r/2 
17 k 

19 jt/4. 5jt/4 
21 jt/3. 4jt/3 
23 1.893 

25 The ancle is r: the value is a 
27 The angle is mi the value is y 

29 The angle is e: the value is - 

31 (a) /r/6 
(h) 0.909 

cej 2.086 

33 (at — 1 < a < I; -m/ 2 < fix) < m/2 

(b) -1 < .v < 1: 0 < g(.v) < m 

(c) All real numbers; -n/2 < h{x) < m/2 

35 Statement II is always true; 
statement I is not always true 

Chapter 7 Review 

1 Yes 
3 No 
5 No 
7 Yes 

9 S - {-0.707. -0.707), T = (0,-1). U 

(0.866, -0.51 



1! .V = (-3.536,-3.536) 

7' = (l 1-5) 

V = (4.330. -2.5) 

13 (4.944,-15.217) 

15 The angle is r. the \alue is .v 
17 The angle is d: the value is I /c 
19 0 
21 -1 
23 -1 
25 \\m/ 6 
27 - 5 m / 4 
29 270" 

31 900/* = 2X6.479 
33 -1 2m 

35 (a) II 

(b) 111 
(e| IV 

(d) I 

(e) III 

37 6.2- 1 2m /4 ^ 63.303 
39(a) C(t) 

(h) £>(/) 

(c) 4(f) 

(cl) Bit) 

41 Mid: y — 7: Amp: 1: Per: 2m 

43 (a) 30° 

(b) -30° 
tel 150° 


45 

-2 < / < 1 


47 

Not possible 


49 

-2 < \ < 0 


51 

Period: 6: Amp: 

5: Mid: y = 0 

53 

Midline: /t = 2; 
Amplitude: I; 
Period: 1 


55 

1 - sin A 


57 

373.205 feet 


59 

Amp: 30; mid: y 

= 60; per: 4 

61 

Amp: 40; mid: y 

-- 50; per: 16 

63 

y = sin .v for fix), kix): y = cos .v for g{x), h{x) 

65 

y 
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69 -1 

71 

73 1.168 

75 /j(x) = 5cos((;r/4)(.x - 4)) + 5./ 2 (x) = 
-5cos((;r/4)x)+5,/ 3 (x) - 5 sin((;r/4)(x-2))+ 
5,/ 4 (x) = -5sin((jr/4)(x —6)) + 5; answers may 
vary 

77 /,(x) = 3cos((^/4)(x - 3)) - 3./ 2 (x) = 
-3 cos((jt/4)(x+ 1 ))-3, f } (x) = 3 sin((x/4)(x- 
1)) — 3,/ 4 {x) = -3 sin((jr/4)(x —5))-3; answers 
may vary 

79(a) 72.77 cm 
(b) 0.202 radians 

81 5.8;r inches 

83 (-0.99,0.14) 

85 f(t) = -900cos((x/4)0 +2100 

87 Amplitude: 20 
Period: 1/2 
Phase shift: 0 
Horizontal shift: 0 



89 Amplitude: 3; 
Period: 1 /2; 


7 

True 

9 

False 

11 

False 

13 

True 

15 

False 

17 

True 

19 

False 

21 

False 

23 

False 

25 

False 

27 

False 

29 

True 

31 

True 

33 

False 

35 

True 

37 

False 

39 

False 

41 

False 

43 

False 

45 

False 

47 

False 

49 

True 

51 

False 

53 

False 

55 

True 

57 

True 

59 

False 

61 

True 

63 

False 

65 

True 

67 

False 

69 

True 

71 

False 

73 

False 

75 

True 

77 

True 

79 

False 


Phase Shift: 6 jt; 

Horizontal Shift: -3/2 (left) 


Ch. 7 Skills: Special Angles 



91 (a) 12°/min 

(b) 0 = (12/-90)° 

(c) /(/) = 

200 + 200 sin( 12/ - 90)° 

(d) Amp = Midline - 200 feet 
Period = 30 min 

Ch. 7 Understanding 

1 True 
3 False 
5 True 


1 1/2 

3 -V^/2 

5 i r- 

I yft/2 

9 1 /\Jl 

II -vA/2 
13 I /yjl 
15 -1/\/2 
17 -sji/ 2 

19 They are equal 
21 5 
23 20/ 

25 5, 5, 5^2 
27 Ifyjl, l/yj2>l 
29 45°-45°-90°,4V^ 


31 {3\fl, -3\fl) 

Section 8.1 

1 (a) tan 0 = 2 

(b) sin0 = 2/y/5 

(c) cos 9 = 1 / y/5 

3 (a) 0.923 
(b) 0.385 

5 (a) 0.447 
(b) 0.894 

7 y - 7 sin 17°; x - 7 cos 17° 

9 r = 6/ cos 37°; y = 6 tan 37° 

II y = 9/ tan 11°: r = 9/ sin 77° 

13 61.164° 

15 7.012° 

17 89.190° 

19 c = 34.409: A = 35.538°, B = 54.462° 
21 B = 62°; a = 9.389; b = 17.659 
25(a) yJl/2 

(b) V2/2 

(c) 1 

21 h = 400 feet; x = 346.410 feel 

29 0.35 miles 

31 p= 18.660 

33 p= 1.732 

35 d = 35000/ tan 0 feet 

Plane 



cl Arch 


37 (a) 4.00417° 

(b) 28.57 ft 

(c) 28.64 ft 

39 63.435° 

41 Height: 541.723 ft; 

Distance between: 718.891 ft 
43 « 59.971° 

45 a = 11.310°;/?= 16.699° 

47 (a) h m 88.388 feet 

(b) h = 62.5 feet 

(c) c k 88.388 feet, 
dm 108.253 feet 

Section 8.2 

1 x« 19.121 

3 b m 5.120, c m 6.497; P = 52° 

5 am 11.818,6 a 2.084:0 = 80° 

7 a = 10.450; 6 = 16.560°, y = 143.440° 

9 A = 25.922°, B = 31.135°. C = 1 16.343° 

11 b = 31.762, A = 38.458°, C = 60.542° 

13 c = 10.954, A = 54.010°, B = 45.990° 

15 c = 7.2605; A = 21.4035°; £ = 126.597° 
17 A = 27.7755°. B = 54.2245°, b = 13.9279 
19 a = 15.681, 6 = 12.531, B = 53° 
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21 No triangle is possible 

23 a = 7.246, A = 88.980°. C = 16.020° 

25 a = 16.01 1. A = 2.634, C = Ijt/20 radians 
27 a = 9, h = 6.888, C = 3/r/8 radians 
29 A = 0.837 m, c = 2.720 m; y = 143.7° 



31 a a 41.410°,/? a: 82.819°,/ a 55.771° 



33(a) sin 0 — 0.282 
(h) 0 a; 16.374° 

(c) 12.077 cm 2 

35 984.160 feet 

37 636.596 Ibet 

39 (1.708,5.575) 

43 125.037 feet 

47 (a) 435 feel 
(b) 24,145.86 ft 2 

49(a) 5.420 and 3.757 
(b) 8.833 

Section 8.3 

I IV 
3 II 
5 III 
7 I 

9 IV 

11 90° to 180° 


y 


(-1,7) 





13 180° to 270° 


y 



15 (1,/r) 

17 (2, 5jt/6) 

19 (-1/2, v/3/2) 

21 (3, — V^3) 

23 .v 2 + y 2 = 4 
25 y = ,v 

27 r = 2/(3 cos 0-4 sin 0) 

29 r = sin 0/ cos 2 0 

31 H : x = 0, y= 3; r = 3, 0 = k/2 
M : -V = (), y = 4; /■ = 4. 0 = k/2 

33 // : .v - -3. y = 0; r = 3, 0 = n 
M : .y — 0, y = 4; r = 4, 0 = jt/2 

35 // : -v - 3\/2/2. y = 3>/2/2; r = 3, 0 = k/4 
M : a = 0. y = -4; r = 4, 0 = 3 jt/2 

37 /y : A « 2.898, y « -0.776; r = 3, 0 = 
2.U/12 

M : ,v = 0. y = -4; r = 4. 0 = 3*/2 
39 v/s < r < VT8 and jt/4 <0 <k/ 2 
41 O<0 < jt/2 and 1 < r < 2/ cos 0 
43 /j loops 

45 An inner and outer loop 

47 0 < 0 < 2* and 3/16 < r < 1 /2 

49 (a) 0 < 0 < jt/ 4 and 0 < r < 1 
(b) Two pieces: 

0 < a < \fl/7 and 0 < y < a ; 

^2/2 < a < 1 and 0 < y < \f \ - a 2 
51 No; (5, 3^/4), (5.-3^/4) 



35 tan 0 = -3/4 

37 (b) 12 o'clock —■ (a, y) = (1,1) and (r, 0) = 
(\/2,^/4), 

3 o’clock -*■ (a, y) = (2,0) and (r,0) = (2,0), 
6 o'clock -*■ (a, y) = (1,-1) and (r.O) = 
(\/2, —k/4), 

9 o'clock -*■ (a, y) = (0,0) and (r,0) = (0, 
any angle ) 

Ch. 8 Understanding 

I False 
3 False 
5 True 
7 False 
9 True 
11 True 
13 False 
15 False 
17 True 

Section 9.1 

1 —1.159, 1.159,5.124,7.442 
3 0 = 0.708. 2.434 
5 /= 1.813,4.473 
7 0.1571 or 9° 

9 0.5236 or 30° 


II 0.2768 or 15.859° 


Chapter 8 Review 

1 (a) y/45/7 

(b) 2/7 

(c) y/45/2 
3(a) 8/12 

(b) \/80/I2 

(c) 8/\/80 

5(a) yTT7/n 

(b) 2/11 

(c) Vui/i 


13 -1.447 

15 (a) ±;r/3, ±5 jt/ 3 
(b) Two 

17 0.927,5.356 
19 1.107,2.034,4.249,5.176 
21 1,253.3.889 

23 1 15°, 245°,475°, 605° 

25 0.927,5.356,7.210,11.639 
27 2.346,3.937 

29 0 = -k/4 + 2k k, 5 k /4 + 2k k, k an integer 


7 

44.971° 

31 0 = —Kfb + Kk. k an integer 

9 

59.036° 

33 / = k/6, 5k/(\ 

1 1 

0 = 30° 

Ik/6, or 1 Itt/6 

13 

-3- 

II 

<35 h 

35 r = jt/ 2, 3/r/2, 
k/6 , or 5 tt/6 

15 

t 

37 / w 0.698, 1.396; six 

17 

1 


19 

(1.571.0) 

39 (a) /(/) = 40,000cos ( ^ + f J + 60,000 

21 

(0,0) 

(b) /(3) = $40,000 

(c) Mid-March and mid-September 

23 

4> = 53.130°; 0 = 36.870° 

41 P: x « 0.819; 

25 

5; 67.380°, 22.620° 

Q. x ss 3.181 

27 

Height = 46.174 ft; 

43 (a) d = V^rA + a 2 


Ineline = 205.261 ft 

(b) d = 25,238.776 meters 

29 

2.1268 miles 


31 

d « 220.676m 

Section 9.2 

33 

0 = 3 tan <fi miles 

1 No; / = k/2 
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3 Yes 

5 cos 0 — yf~\5/ 4, tan# = 1/\/f5 


7 sinfl==-\/2i'/5 ) tanfl= \/21/2 
9 sin /-cos/ 

11 cos t + 3 sin t 
13 2 sin a 
i 5 cos ? — sin ? 

17 0 

19 tan yfd 
21 (3/4)tan(<£+1) 

23 (10/3,tan (^) 

25 sin 0 - \J 1 - cos 2 0, for sin 0 > 0; 

sin 0 - y \ - cos 2 0. for sin 0 < 0 
35 jt/6, 5 jt/6, x/2. 3jt/2 
37 0. jt/3. 2jt/ 3, /r, 4 jt/3, 5tt/ 3, 2/r 
39 Not an identity 
41 Not an identity 
43 Not an identity 
45 Not an identity 
47 Not an identity 
49 Identity 
51 Identity 
53 Identity 

55 (a) tan 0 

(b) sin# 

(c) (1 /cos#) 2 or 1 + tan 2 # 

(d) (1/2)tan # 

57 sin 2# = — a/ 9 - x 2 

59 (a) 2x\/\ - x 2 /(2x 2 - I) 

(b) 2x/(\+x 2 ) 

61 sin 4/9 = 4(sin 0 cos #)(2 cos 2 0 - 1) 

Section 9.3 

1 0.8244 
3 -0.5622 
5 416/425 
7 87/425 

9 sin 15° = cos 75° = (\/6 - \^2)/4 
cos 15° = sin 75° = (yfb + \/2)/4 

11 (^+V2)/4 
13 0.839 
15 0.545 

17 (a) 

(b) 

(O 

(d) 1 

Section 9.4 

1 10sin(r- 0.644) 

3 \/2sin(/ + 3 jt/4) 

5 All integral multiples of k 





Section 9.5 

1 -Vfi/2 
3 2cos(4?)cosr 
5 2 sin(5?) cos(2?) 

7 1.585 
9 1.216 

15 (a) h — fit) — 25+15 sin(jr?/3) + 10 sin(/r;/2) 
(h) f(0 periodic with period 12 


7 (I) 

9 (II) 

11 (a) 2500; increase in population during March 
(b) t = 3.786, 8.214 times at which pop is 12000 

13(a) P = 5000+ 300? 

(b) p = 3200(1.04# 

(c) Pit) = —900cos(2/r?/5) + 2100 

15(a) f(t) = 65 - 25cosOr//12) 

(h) Period: 24; 

Amplitude; 30 
(c) s;4 am and 1 pm 


h (meters) 
50 



t (minute) 


y (megawatts) 


(c) h = /(1,2) — 48.776 m 

Section 9.6 


1 10 


1 

5 c ijr 

90 

a 

3 

0c' fl . for any 0. 


X. / fi ° 

5 

5 e f4.nw> 

50 




40 4 

! * • m 

7 

-5 + 12/ 


1 l 

9 

-3 - 4? 


i j - [ i -- -- t (hours) 

i . s/7 


1 1 6 1 2h 18 24 

11 

- - + t-f- 







13 

T + 3 

(d) 184.051 mw at 3:21 pm 

15 

a/2 +/V2 

(e) hit) = 145- 

17 



/1525 sinUr/12 +0.6947): 



max = 145 + y/\525 = 184.051 

19 

y/2/2 + iy/2/2 

17(a) y 

■ = 0 

21 

\/2 cos 4L + / y /2 

(b) The function oscillates more and more as x -> 



0. 

23 

2.426+4.062/ 

(c) No 

25 

A , = 2 - / 

(d) z 

1 = 1/* 


4, = -2 + 2/ 


(c) Infinitely many 
(f) If a = 1 /(kjr) then b = I /(ik + 1 )jt) 

19 (b) No; no. hut possibly for 1979-1989 

(c) Multiply by an exponential function; 
s(?) = 

(e a05: K-1.4c O s(~)r+ 1.6) 

b 

(d) 

retail sales 
(billions of $) 


Sales 



s(t) 

t (years 

12 after 1979) 


(e) 4.632 billion dollars 


1 /6 ppm/month; -1 


I (a) 1/6 ppm/month 
ppm/month 

(b) Sc.i^ona! concentration variation 

(c) 0 ppni/month; 0 ppm/month; 
ppm/month 

(d) I /6 ppm/month; I /6 ppm/month; 1 /6 
ppm/month 

(e) Average monthly increase in concentration 


27 (a) e iK / 2 

33 2e xi ^ = 1 + 1.732/. 2e* f = -2, 2e 5 ^ = 
1 - 1.732/ 

35 2 , / f V' r 'V 12 = 1.084 + 0.291/. 2 ,/ V' r '/- i = 

-0.794 + 0.794/, 2 l ' / V'W i2 = —0.291 - 1.084/ 

37 1 

39 (\/2)/2 + /(\/2)/2 

Chapter 9 Review 

1 1 — cos / — sin / 

3 4 tan t 
5 tan? 

7 cos ? - sin ? 

9 sin0 
II 2cos<£ 

13 8-5/ 

15 \/20e“ im7f 
7 / 6 17 a = nf 3. 5jt/3 
19 2.897. 6.038 


21 (a) y — 10cos(2/r.Y/60) + 8 
(h) jc, = 23.8550,= 36.1445 
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23 (a) 

temperature {° h) 
75 - 



(b) Vertically reflected cosine euive 
(e| jr n 24.9 - 30.4 cost nt fh\ 

(d) / ^ 3.373. 8.625 

If) y - 24.4 + 36.4 euM^r/6) 

25 (lair A)(sin~ .v) - lair ,v - -air a 
27 esc 0 = 11/8 
umO = X/yft1 

29 sin 0 = 0.963 
tun # — 3.566 

31 cost) - 3//l4 
33 7*/f>. ll/r/6./r/2 
39 la) cost) = a 

(b) eos(/r/2 - 0) = \J 1 - a j 

(e) tail 2 £/ = (.] ~ a 2 )/(a 2 ) 

(d) sin 2^ = 2 V 1 a - ( a I 
(C ) COS 40 = 1 — 8.V~ ( 1 — A"":) 

(0 sin(eos' 1 a) = \/1 - a~ 

41 3.376.6.049 

43 eus( ^ ) = yj ~ (I -I- cos 0) 

45 (a) y 



(b) V^sinfO • /t/4) 

V 2 cost# -- 3n/4) 
47 Appear to be same 


y 



4y (a /r = — 2 + 3/ y 



Ch. 9 Understanding 

1 True 
3 True 
5 True 
7 True 


month 


0 


t 


3 + 21- 


9 

[rue 

11 

false 

13 

frue 

15 

True 

17 

True 

19 

false 

21 

True 

23 

false 

25 

4 rue 

27 

false 

29 

frue 

31 

frue 

33 

false 

35 

'frue 

37 

True 

39 

True 


Section 10.1 

I (a) 2 
(b) 1 
<c> -1 

(d) 2 

(e) -1 

0') -i 

3 .v(0) - 2, M il = 5, M2) - 8. M3) = 3,1(4) = 
1, ,v(5) = 4 

5 2 A /(2 A + 1) 

7 3 + lair a; lan(3 + a : ) 

9 y/Tlx~b 


43 gU) = a 2 + A , h(x) = 3a 
45(a) u(a) = (1 + a)/(2 + a) 

(b) if (a ) = a/( 1 + A) 

47 (a) t (a) = -a 

(b) u{ a) = \f 1 - A 

49 (a) r(.\ ) a* sin a 
(b) u(A) = siiri yfx) 

51 (a) (i) 3 

(ii) 4 

(iii) 3 
(iv> 4 

(b) 5 

53 (a) 4 and 0 
(b) 2 




I I 

13 

15 

17 

19 

21 

23 

25 


27 


31 

33 

35 

37 

39 

41 


3a 

108a : - 2 

fu j(.v» = 

Sill A 

A- 1 + 3 A + 1 
5+ 1/a 

Lenglh in terms of time 
Time in terms of temp 


X 

Ax) 

g(x) 

g(f(x)) 

0 

2 

3 

2 

1 

3 

1 

3 

2 

1 

2 

1 


X 

Ax) 

g(x) 

h(x) 

0 

2 

1 

3 

1 

1 

0 

0 

2 

4 

3 

2 

3 

0 

4 

1 

4 

3 

2 

4 


g(A) - (3 a 2 )/(3a 2 + 2) 
2a + h + I 
- I/(a(a + /;)) 
fix) - 2a 
fix) = a 2 

g(A) = A 2 , h(x) = A + 3 



61 y 
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63 13 

65 v(x) = x + 1 /x 

67 fix) = e~ x \g(x) = x - 2 

69 r/(x) = 2 X 

71 /* = 60 + 50(0.8) r 

73 50; 50 cars/wk repaired on average 

75 t-ju/4 

79 (a) and (e) 

81 (a) even 

(b) even 

(c) even 

(d) odd 

(e) even 

(f) neither 

(g) neither 

Section 10.2 

1 — 1.373; multiple solutions 
3 15.849; only solution. 

5 f~' = x — 5 
7 h~' = x 2 
9 f- ] (x) = (x + l)/3 
11 w _l — (~x + i/x 2 + 4)/2 
13 Invertible. 

15 Not invertible. 

17 Not invertible 
19 Not invertible 
21 Not invertible 

23 (a) and (e). (b) and (c). (d) and (f) 



31 Yes, f(f~ l (x)) = f~ l (f(x)) = x 
33 Yes, /(/ _1 (jc)) = /~'(/(x)) = x 
35 r l = y/il-x*)/2 
37 o~ l = x/( \ - x) 

39 k~'{x) = (3 - 2x) : /(x + 1 ) 2 
41 h 1 (a) =(54-4- 1 () v )/(10 v - 1) 
43 g“‘(x) = arcsinfln x/ In 2) 

45 Time at which pop is P; years 
47(a) = (1/5)/? - 30 

49 /-‘(P) = 501n(/ J /10) 


51 (b) There will be approximately 325,474 
people after 50 years 
(c) f-'(P) = 

(log/ 3 -log 37.8)/ log 1.044) 

/“ ! (50) = 6.496 

0 


2 

-2 

-0.05 


(d) 

53 (a) 

(b) 

(c) 

(d) 

(e) 

(0 

55 /-'(3) < /(3) < 0 < /CO) < f~H 0) < 3 
57 (a) Definitely false 

(b) Possibly true 

(c) Definitely false 

(d) Possibly true 

61 /-'((■) = /„ W 

63 (a) p(q(t)) = q(p(t)) — t; inverses 
(b) Line y = t 


y y=l& 


y — t 


- y ~ log t 

- t 


Section 10.3 

1 (a) f{x) + gix) = 2x 

(b) fix) — g{x) — 10 

(c) f(x)gix) = x 2 - 25 

(d) f(x)/g(x) = ix + 5)fix -5) 

3 (a) f(x) + g(x) = 3x 2 + x + 1 

(b) f{x) - g(x) = —3x 2 + x + 1 

(c) fix)g(x) = 3x> + 3x 2 

(d) f(x)/g(x) = (x + l)/(3x 2 ) 

5 (a) fix) 4- g(x) = 2x 2 + 6 

(b) fix) — gix) — 2 

(c) fix)gix) = x 4 + 6x 2 + 8 

(d) fix)/gix) = (x 2 + 4)/(x 2 + 2) 

7 fix) ~ x 

9 h{x) = lx - 5 
11 k{x) = 1 - 2x + x 2 
13 fix) = e x (2x -f- 1) = 2xe* + e x 
15 h{x) = 4e 2x + 4e x + 1 
19 sin x + x 2 
21 (sin x)/x 2 
23 sin 2 x 

25 (a) h(x) = x 2 + x, h{ 3) — 12 

(b) j(x) = x 2 - 2x - 3, y(3) = 0 

(c) k(x) = x 3 -t- x 2 - x - 1, k( 3) =: 32 

(d) m(x) = x - 1 for x f -1, m( 3) = 2 

(e) n(x) = 2x 4- 2, n(3) m 8 

31 4550 


65 (a) Yes 
(b) No 

67(a) H{t) = 200t'- 1J512 * 

(b) Dropped 50.02 l °C in the first 15 mins, 
37.532°C in the next 15 mins 
(e) iy) — — ln(y/200)/1.15129 

(d) About 3 hours and 12 minutes 

(e) Brick’s temperature approaches room temper¬ 
ature 

69 /-‘(x)= (0.5x _l - A" 1 )"' 

71 t = 0.5fP(l0) = 0.873 

73 (a) C(0) = 99% 

(b) C(x) = (99 — x)/( 100 — x) 

(c) C _1 (y) — (99 — 100>’)/0 - y) 

75 (a) 36 m 

(b) 6 seconds 

(c) One possibility: 3 < t < 6 

height 
36 



-fx 





n 




-t 





4- 


\ 


-vt 

J- 






(MW) 



time 


(c) 


time 



36 


height 



t (years) 
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(h) / = 3.25 years 
(c) Returns to normal 

41 //( ,v ) — cos \fx, h(x) — - sin( \fx )/{2 \fx ) 

42 //(a)- /•’( x )G{ x ) = x' s i n x 

45(a) Mi) = 316.75(1.004)•' 

(b) V(t) = 2.25 sin 2/rt\ other answers possihle 

(O y 



10 20 30 40 


47 Ace estimates 2000 ft 2 of office space costs 

$ 200 , 000 . 

44 /(2.v) < 2 fix) 

51 Space estimates 1500 ft 2 costs $200,000 

52 Ace seems to he a belter value 
55 40 

Chapter 10 Review 

I 2'": 4 v 
3 l/(x 2 -2) 

5 \/-v 2 + 1 
7 l/(x-2) 

9 (a) Not invertible 
(h) Not invertible 
(c) Invertible 

I | h '(.v) - a*/( 1 - 2.0 
12 t/ 1 (a) — ~ In(.v — I) 

15 h l (x)= {(1 -e x ) 

17 g~'(x) = 0 x + 2)/< 1-2.0 
19 f-‘{x) — (I I a 3) 2 / (I +AT 

21 y 1 (,v) — 10 !</x '- 2 

22 Not invertible 
25 Not invertible 

27 r ; (o = )n(y + 7> 

31 2e* — 1 
33 4a- 3 
35 v^e 2 ^ 1 

37(a) /(2 a) = 4a 2 4- 2x 
(b) g(x 2 ) = 2 a 2 - 3 
(c> h(l~x) = (\ — a)/a 

(J> (/(A)) 2 = (A 2 + A) 2 

(e) £ -1 (A) = (A +- 31/2 

(0 (/7(A))- 5 -(1 -Jfj/A 

(g) fix)g(x) = (A 2 + a)(2a - 31 

(h) h{f(x)) = 

(A 2 + A)/( I - A- 2 -a) 

39 a/( 1 + e lx ) 

41 3a 2 + A 
43 2x \/a + 2 

45 3a/2-1/2 
47 xV~ tan 2 a 

49 ian((3.v-1) 2 /2)-27 a-^ 2 


t 

pit) 

git) 

rit) 

0 

4 

3 

5 

1 

5 

2 

1 

2 

3 

4 

0 

3 

2 

0 

4 

4 

1 

5 

2 

5 

0 

1 

3 


52 if (a ) m y/x\ v(x) = 3 - 5a 

55 if (a ) = a 2 , t(a) ^ sin a 

57 »(.0 = a'. r(x) = 2.v + 5 

59 (v(a| - 3 \ r(x) = 2 a - 1 


63(a) /■(.v) — (x — I )/(.v - 2) 

(b) s (a) - v + I and n.\) = I /a 

(c) pip(a)) = (2a + I )/(u + I > 


A 

/« 

Six) 

hix) 

0 

9 

1 

0 

1 

0 

2 

1 

2 

1 

0 

9 

'(/>) 

a* 

i/*s 

<~i 

1! 

- 50 



t 

II 

a. 


0 

20 



5 

22 



10 

24 



15 

26 



20 

28 



P 

t=r\p) 

20 

0 

22 

5 

24 

10 

26 

15 

28 

20 


69 Velocity for time /; mph 
71 1-t 2 

73 a = (In 3/ In 2) -5 
75 a =■ *4 H — 3 
77 a — (19 >/37)/2 

79 (a) A = irr 1 

(h) A 



(d) / '(4) - \J A jx 

( ° y y = /(a ) = nx 2 



[ 


(0 Yes 

<3 I (a) f(g(a)) = II 

(b) iK (f(c)) = h 

(c) j 1 (/>) -g Hb) = -c 
(d> 0 < a < a 

83 2^-9 

85 C3 ± >/T7)/4 
87 y 



89 (a) Only to (u(x)) 2 . 

(b) n((r(A)) ; ) and u 0 r(r(x))) 

(c) (i) I + sin 2a 

|ii) I 

(iii) eos(.v 2 ) +sin(.v 2 ) 



y = g(fix - 2)) 



M (a) g(x) 



I 
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(C) 


&(*) 



fM 


if) fix) = a 2 - 8.x +14; 
g(.v) = -a- 2 + 4x + 4; 

/(a) - g(x) = 2 a 2 - 12a + 10 
(g) Yes 




101 False 

103 g(x) = (a + 2)/2 = 0.5a + 1 
105 ( a ) fix) = r\, g( x ) = 6 a, G ( a |as 3 a 2 

(b) f(x) = sin a, g(x) = - -7=, G(x) Jx 

-V' 

107 (a) True 
(b) False 


(c) False 

25 (a) 0 

(cl) True 

(b) 0 

109 Increasing 

27(b) 0 

1 1 1 Can't tell 

(c) g(A) 

113(a) /(8) — 2, /(17) = 2, 

/(29)) = 2, /(99) = 0 

29 (a) For a'/ 2 : 0.707, 0.293, 0.225, 0.189 
For a 2 : 2,6, 10, 14 

(b) /(3 a) = 0 

(b) Concave down: concave up 

(c) No 

31(a) a"* 3 ~ +oo. a 1 / 3 —* 0 

(d) /(/(-v)J = fix) 

(b) A* 3 - 0. a 1 / 3 - CO 

(e) No 

33 Formula not unique 

115 r l (I) = -iln(l-I/Z. co ) 

35(a) A = x\B = x 2 ,C-x ?l ^ 

{L) = Age of fish of length L 

il 

II 

>5 

II 

* 

Domain: 0 < L < 

(b) A”, A' 1 ; Concave up 

Ch. 10 Understanding 

a 1 / 2 , a 1 / 3 : Concave down 

Inverse functions 

l False 

37 A | > a 0 

3 True 

39 r.H’./.g 

5 True 

41 /(.v) = -l/(3^/7)*ar 4 / 3 

7 True 

43 (a) C(a) = kx 

9 True 

(b) k = 9.5; C(a) = 9.5a 

11 False 

<C) C0S,<$) CW = 9.5x 


13 False 

15 True 
17 False 

16 False 
21 False 
23 False 
25 True 
27 True 
29 True 
31 False 
33 True 
35 True 
37 True 



a (yards) 


(d) $52.25 

45 c = 81.667 a; 326.667 

47(a) B = kM^ 4 
(b) 10,502.6 

49 /i = 192.5/r; 64.167 mph 

51 (a) 1.2 meters/sec 

(b) 21 % longer than the existing ship 


Section 11.1 


SI 

6ff| 

S2 

9a 5 

S3 

0,1 6 a 2 / 

S4 

70m' ?/6 

S5 

a = 0.585 

S6 

A = ±0.1 

S7 

False 

S8 

False 

S9 

False 

S10 

1 

False 

48 

- x -•"=5 

3 

Yes; g(A) = (— 1 /6)a ! 

5 

No 

7 

Not a power function 

9 

Even 

1 1 

Fractional 

13 

fix) = (3/2) • A” 2 

15 

y = 3x'- ,,SK 

17 

7(a) — 2 a ^ 

19 


21 

??■ 

II 

Cn 

II 

cc 

II 

23 

k = 3/2; y = (3a)/2: 


53 (a) d = 1.7.3.4.20.4. 102 
d = 0.34t 
(b) 9.8 mins 

(e) A = 9.1,36.3, 1307,32685 
A = 0.363t 2 

(d) P — 11.25r 

(e) 298 sec, or approx 5 min 


P 



t (sec) 


55(b) m = 2.1 r 

(c) 11.7 cm 

(d) 0.513 gm/cm 3 

57 (a) h{x) — -2a 2 
(b) j{x)=~x 2 

Section 11.2 

S I A 2 + A - 2 

52 A 3 -a 

53 6a 3 + A 2 - A 




















591 


54 a 1 - a- - I 2a 

55 | 

SO 2 

57 ft 

58 —IS 

1 No 

2 Yes. 2 
5 No 

7 -5a- 4 
9 -3a : 

II 8a° 

13 4a' 1 1 4 

15 40a\ 2a,5a, 4a 
17 2a\y : ,2.y’ 

19 Degree: 4; Terms: 3: 
a -* ±eo: v -cso 

21 (a) co 
|b> oo 

23 -10.543 
25 (a) 



27 (a) 
lb) 


5 - 

X L 

-10 

-5 - 


10 


= fix) 


(c) a > 158.114 or a < -158.1 14. 

29 - I. I < a < -0.9, -0.121 < y < 0.08 I 
3 1 -20 < a < 20. -7600 < y < 8400 
33 (II) 

35 (III) 

37 (a) y 

30 



(b) A0.5) = 1.625; 

/-'{().5) -0.424. 

39 a A -3.a, - —1. a-, = O.a, = 5.a n - —1 
./'(a) — llv’- 1 2 a : + 5 
41 Yes 

43 (a) y 

10 h 



(b) 

100 people 

25 

None 

(e) 

Jut\ of 1897 

27 

a — —2 or a — -3 

<d) 

1010: bebruarv of 1893 



(e) 

- 1 15.7; not reasonable 

29 

0. -3 

45 (a) 

Volume 

31 

lii X ) = 4<A + 2 M A + 1 )(A - l )-(A- - 3) 


1 

VKO 

33 

g (A) —-7 ( a + 2 )' ( A - 2 )(A - 3) 


0.8 

/|\ 


4 


0.6 

/ 1 \ 

/ 1 \ 

35 

fix) = ~(a + 4) : (.v - 3 ) : 


0.4 

/ 1 \ 

37 

g( a) = 2(a + 1 Ka - 2 )(a -4) + 4 


0.2 

/ 1 \ 

/ i \ 

39 

g (a) = -2(_v + 2 }(a - 2)a : 



—- / (sec) 

1^345 

41 

/* = -], a — 2. g ( a ) = k(x + 5or r — 





2.g(.v) = ki a + 5)(a + i%.k ^ 0 




43 

V = 4a- + 9a 4- 3 

(b) 

V a .886 at / ^ 3.195 



(O 

(0.0) and (5,0): 

45 

7.83 by 5.33 b\ 1.585 inches 


Lungs empty at beginning and end 

47 

Afl a > -2 except a = 3 

47 (a) 

0 < 'f 

< 5 

49 (a) Never true 


(b) 0 < 7 < 15 
(e) 0 < T < 30 

(d) Negative 

49 (a) /r(0.5f 0.65625; 2 dee pi 

(b) /?(!)- 0. /(f) - 0.5; poor approx 
(O 



Section 11.3 

51 A 4 (A - 1 )(A + 1 ) 

52 a(a - 5)(.v — 1) 

53 a(4 - a)(4 + a) 

54 .a = 0 or a - 1 or a = -1 

55 a = -2 or a = 1 

56 a = -1 or a = 2 or .v = - 


57 *=75 

1 -3.2, -7 

3 0.-7.3.-1 + y 8. - 1 - y 8 


19 f{.\) = x : - 2a 

21 g ( a ) — ~ (a — 3}~ ( a — 5)(a T 1) 

23 y = -(a 1 )( a — 2)" and y = - ~ (a 4- 1 r (a ■ 


(b) Sometimes true 

(e) Sometimes true 

(d) Never true 

(e) True 

If) Never true 

Section 11.4 


(6y : + 7 )/y l 
20/(a - l) 
a-V2 

3(4a 4- I 1 )/((a + 3)(a + 2)) 

( - 1 8a 2 + 18a + 41)/(( a - 2 )-(..v + 1)| 
1 /(a + y)~ 

1/3 

Cannot be simplified further 
l /(A — 1 ) 

Rational; (a + 2 >/<a : - 1) 

Rational; (a 1 + 2)/(2.v) 

Not rational 
Not rational 


a + 2 a +1 
(a + 3)(2a + 1) 
(3a + 1 )(2a - 5) 


■ 1/3 


5 

fix) = 4a(2a + 5)(a 

-3); 

13 

(III) 


Zeros: 0.-5/2.3 


15 

(IV) 

7 

h{ X ) = A(A + 2) 2 (a - 

-3) 

17 

4 

9 

y — ( — 1 /8)(a 4- 2)1 a 

- 2) : (a - 5); 

19 

3/4 


y = (— 1 /2 ())(a + 2Ha - 2)(a - 5) : 

21 

y ~ 4 

1 1 

/ N 

S 500 

23 

y = - 7 


/ 


25 

r l ix) 


/ 


27 

m y 


J- 

Aa 




-5 

4 5 


1 





0.75 

13 

c 




15 

pi A) = (A + 1 5)(A - 

iRv - 3 ) 



17 

fix) = a (and other answers) 




y = fin 


3.7 


(el Approaehcs 1 
(d) About 3.73 weeks 

29(a) 240K/(L +200) 

■ 2) (b) 200/3 mph 


10 


t (weeks) 
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31 (a) C(*) = ( 1 + x)/(2+x) 
(h) C(0.5) = 60%; 

C(-0.5) = 33.333% 

d) y 


9 x-int: x = 0, x = 4 
y-int: y = 0 
Horiz asy: y — -1 
Vert asy: a = 1, x = 5 



-1 


33(a) fix) = x/(x + 5) 

(b) /(7) = 7/12 a 58.333# 

(c) x = 0 

(d) y = 1 

35(a) C(x) = 30000 + 3x 

(b) a(x) = 3 +30000/x 

(c) y 

\ y = a(x) 



3 ' V = 3 

x 

50000 


m fl -1 (y) - 30000/(y - 3) 
(g) 15,000 

37 No 

Section 11.5 

1 (a) (iii) 

(b) (i) 

(c) (ii) 

(d) (iv) 

(e) (vi) 

(0 (v) 


11 x-int: x = ±3 
y-int: y = -1 
Horiz asy: y = 1 
Vert asy: None 

13 (a) +oo 
(b) +oo 

15 (a) 2,2 

(b) lim v _ ir _ 4 + /(x) = -oo; 
lim x __ 4 - /(x) = oo 

17 (a) Small 

(b) Large 

(c) Undefined 

(d) Positive 

(e) Negative 

19 (a) y 




21 (a) y= -!/(* + 2) 

(b) y = - \/(x +2) 

(c) (0, -1/2) 


3 (c) Horizontal: y = 0 
Vertical; x = -2 


gW-- 



23 p = 1.(0,11/3), (11/4,0) 
x = 3, y = 4 

y 



y = 4 

X 


5 Zeros: x = ±2; 
Asymptote: x = 9; 
Approaches y = x as 
x —> ±oo y 



25 p= 1,(0,3), (3/2,0) 
x= l,y = 2 

y 


(0,3) 
2 


x = 1 


y = 2 



27 (a) y = 1/x 

(b) y = x/(2x — 4) 


7 Zero: x m -3; 

Asymptote: x = -5; 
y —> 0 as x — ±oo 

y 


x = -5 . 

i 

i 

i 

(0,3/25) 

v= -£±L"\ '1 

1 3 



29(a) 1/x 

(b) y = (l/x) + 2 

31 y 



33 y=«x + 3)(x-l))/(x + 2) 2 
35 y = (x + 2)(x — 3)/((x — 2)(x + 1)) 

37 y = x/((x + 2)(x - 3)) 

39 y = x 2 + 1; (—5,26) 

41 Hole at x = 1 
43 Asymptote at x = -2 
45 f(x) = —3(x - 2)(x - 3)/(x - 5) 2 
47 h(x) = (x — 5) 2 /((x + 2)(x - 3)) 

Section 11.6 

1 (a) A- (iii) 

(b) JJ - (ii) 

(c) C - (iv) 

(d) D - (i) 

3 p(x) = 25* 

5 Neither 
7 r(x)=2(±) x 
11 y = 6x 35 
13 y = 50x’ 1 
15(a) C, /(x); 

A, g(x); 

B, h(x) 

(b) Yes 

(c) No 

17 3~ x approaches zero faster 
19 Neither 

21 (a) fix) = 112x-96 

(b) f(x) = 2(8) x 

(c) f{x) = 16x 3 

23 Table 11.15: j(x) = .3x 3 
Table 11.16: k(x) = 1.2x-3 
Table 11.17: m(x) = log x 
Table 11.18: z(x) = ,4x 2 

25 (a) v m 40 

(b) r(x) > /(x) 

(c) /(x) > r(x) 

27 y -» 0 as x ±oo 
29 y -t 0 as t —* oo 
y —► oo as 1 —► —oo 

31 y oo as x —'* oo 
y 0 as x —oo 

33 y —► oo as r —>■ ±oo 

35 y 1 as x oo 
y —*■ — 1 as x ^ — oo 

37 y —> 0 as t —* oo 
y -*■ 0 as t —> -oo 

39 (a) p 5 (r) = 1000f(l + rf + (1 + rf + (1 + rf + 
(1 + r) 2 + (1 + r) + 1]; 
p 10 (r) = 1000[(1 + r) 10 + (1 + r) y + (1 + rf + 
(1 + r) 7 + (1 + rf + (1 + r) 5 + (1 + rf 
+(1 + r) 3 + (1 + r) 2 + (1 + r) + 1] 

(b) 20.279% 


Section 11.7 

1 Exponential 
3 Exponential 
5 fix) = x liu ' /ln2 
7 g{x) = 2x 12 
9(a) (i) y = 46.79f 0J()1 
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<ii) y = 0.822r : - 6.2X2/ + 76.53 
(h) Quadratic lor 2002-2012 

„ , = ,d 

13 y = " -V 

15 y = c' n ' 

17 (a) y= -83.039 +61.514.x; superb lit 
(b) Good only lor close values 

19 ««3.49 

21(a) N = -14 / 4 4- 433/ 3 - 2255+ + 5634/ - 4397 
(b) Good lit 


N AIDS deaths 
(thousands) 

400 


(b) About 1.92 years 

3! (a) 

V‘ = In N 


10 

5 


jx = In 1 


N = -14 t A + 433/ 4 - 2255r 
+5634/ - 4397 


L/ 


16 


/ (years) 


(c) Model fails for t > 20 


N AIDS deaths 
(thousands) /v : 


400 


f\ 


-14/ 4 + 433 1 } - 2255/ 2 
+5634/ -4397 


f 

♦ 

# 



J 


100 200 300 


L 


10 20 30 

23(a) C(/) = 213.81(1.072)' 

(b) 7.2% per year 

(c) slower growth; concave down 

25 (a) 

Population (thousands) 

2000 
1500 
1000 

500 ^ 


/, (years) 



—l Years 

20 40 60 8010(120 since 1650 

(b) Pit) = 56.108(1.03 i ) f , answers may vary 

(c) 56.108 is 1650 population, 1.031 means 3.1% 
annual growth 

(d) P( ]()()>- 1194.308, Slightly higher 

(e) P{ 150) - 5510.118. higher 

27 (a) y = 1.365/’ 47,1 

(b) y= 19.065- 1.065' 

(c) y = 0.450/ 2 - 12.1674/ + 96.692 

(d) (a) low, (h) and (c) best 

29(a) N = 1 I48.55e iuf,m 



2,500,000,000 
2.000,000,000 
1,500,000,000 
1,000,000,000 
500,000,000 



5 10 15 20 25 30 35 40 


Chapter 11 Review 

1 Yes; k = 1/6 and p — —l 
3 No 
5 No 

7 Yes; y = x 2 
9 Even 
11 Odd 
13 Odd 

15 A: e? 2 \fl. p = 11/15 
17 4 lh degree 


19 y —* oo; like 4.x 4 
21 y — oo; like 2.x 
23 .x = (.3± V33)/4 
25 Not rational 


(b) y = 4.670 + 3.005.x 
(e) N = I07/ 1 IM,S 

33 (a) Quadratic 

fb) y = -34.136.x 2 + 3497.733.x - 39.949.714; 
answers may vary 

(c) $42,734; answers may vary 

(d) Age 10. -$8386. not reasonable; answers 
may vary 

35 (a) h e I6.2e~ f/3t23 ; h, = 12.3cT' /l3, - h ; h b =* 


27 y: 

= 9/e ' 

29 (a) 

2 

(h) 

5/6 

31 (a) 

8 

(b) 

6 

(e) 

8 

33 (a) 

fix) = x l/n 


fi(x) = x” 

(b> 

(UI 

35 (i) 

B 

(ii) 

1. 

(iii) 

c; 

(iv) 

H 

(v) 

u 

(vi) 

s 

(vii) 

A 

(viii) 

b 

37 (a) 

u is a power function, r is trigonometric. 


linear, z is exponential 

(b) 

256(1/4}' 

(c) 

0.4.x - 1.74 

(d) 

0.5.x 1 ^ 

(e) 

0.25 sin((jr/2)(.v - 2}) + 0.5 


39 y = 4(.v + I ){x + 3) 

41 y — 2x{x + 2)(.v - 2) 

43 y = 7(.v + 2)(.x — 3)“ 

45 y — — ^ (.v + 2}" (.x )(.x — 2 ) 2 

47 fix) = ~-^-(.x + 3 ) 2 (jc - 3)x 2 
16 


49 (a) 

cl 

+ 

II 

=S 

(b) 

y = (2at“ + 1 )/x~ 

(O 

None 

51 (a) 

gU) = 6,x 2 

(b) 

gU) - -48 + 36x 

(e) 

gU) = 6(2M 

53 (a) 

Six) 

(b) 

r(x) 

(O 

None 

(d) 

pix), qix) 

(e) 

r(x) 

55 itg) 

ax) io 


-10 


-5 


10 


-10 


(b) No 

(c) 3; -6 < x < 3, -3 < y < 3 

(d) fix) — (x + 5)(.x — 1 )(.x - 2) 2 

(e) 3; No 

57 fix) = (.x + 3)/(x+ 1) 

59 g(x) = (x + \)~/(x - l) 2 
61 p(x) = + 3)U - 2)(jc - 5)(.x - 6) 2 

63 uix) = (-1/4H.X + 4)(.x - 1 ){x - 3) + 2x + 5 
65 Inversely proportional 

67(a) P = 4.1 * l(r !0 r/V 2 
(b) 4320 earth days 
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69 (a) 



(b) $1000 per unit 

(c) Profit: 1000 < x < 2000; 
Break even: x — 1000 or 
a = 2000; 

Loss: a > 2000 or 
0 < a < 1000 

71 (a) T = k R z D 4 

(b) Increases by factor of 4 
(e) Increases by factor of 16 

(d) Reduce to 44.4/7 


Exponential 

r( c / r ) r = I5.597f-°' 323 '' 



Ch. 11 Skills: Fractions 

1 41/35 
3 (3 - 4a)/6a 
5 -2(1 - 
7 (2 - 3a)/a 2 
9 1/18 
11 a/2 

13 (4y 3 z-3iCA)/(A 2 y 4 ) 

15 (8(y + 4))/(y - 4) 

17 (-27a +44) /((a + 1)(3a - 4)1 
19 (a + 20)/(a 2 - 16) 

21 1 /2 r 

23 (A - 1)/( yfx)* = xyfx - yfx/x* 
25 (4a + 1 )/(b - a) 

27 (r 2 r 3 H- + r ] r 2 )/{r l r 1 r } ) 

29 (2a + 3)/((a + 3)(fl~3)) 

31 (-2a -M/ (a 2 (a + /i) 2 | 

33 -2a ~h 
35 1 -(1/a) 

37 a~>’/(2a + 1) 

39 {2a - 4a 4 )/U 3: + D' 1 
41 13/a- + 1/(2 a- 1 ) 

43 (2// 2 ) + (1 // 3 ) — 4/{3/ 4 ) 

45 1/6- 1/(4a) 

47 1 - 7/(x + 5) 

49 1 + 1 }R 

51 1 + sin a / cos a 


(b) High-energy photons 

(c) r =: 15.597e“ u ' 3Bt ’; r = 10.53r‘ l,b41 (best fit) 

(d) Power function 


53 False 
55 False 
57 True 


Ch. 11 Understanding 

1 False 
3 True 
5 True 
7 False 
9 True 
11 True 
13 False 
15 True 
17 False 
19 False 
21 True 
23 False 
25 True 
27 True 
29 True 
31 True 
33 True 
35 False 
37 False 
39 True 
41 True 
43 False 
45 False 
47 False 


Section 12.1 

1 Scalar 
3 Vector 
5 Scalar 
7 Vector 
9 p ~ 2w 
l 

r = u + w 

s = 2 tv - u 
7 — u - w 



13 



15 




17(a) 1.710 miles 
(b) 5.848 miles 

19 5.116 miles; 14.639° east of north 

21 14.705 meters; 

angle of 17.819° from horizontal 

23 (a) 14.3373 
(b) Veers right 
(e) Not possible 

Section 12.2 

1 -37 - 4 J 

3 w » -0.725/ - 0.95 J 
5 7 +3j 

7 0.3/ - 1.8/ +0.03/ 

9 v/TT^ 3.317 
If 7.649 

13 —5 i + 10/ knots 
15 45° or ;r/4 
17 90° or jt/2 

19 -140.847/ + 140.847/ + 18 k 
21 21J +35/ 

23 (a) 50 km/hr 

(b) horizontal: 43.301; vertical: 25 
25 (a) 3.5360 + / ). 

(b) 3.536/ + 4 .736 J 

27(a) (i) m =3/,/ ~2j 







m = 3 / , h — 2 / 


( $ 

h - 2/ 


(ill m = 3j .h i + V-V 


m = 3/ 
( ' 


fl = / + 

*60 


(iv) m 


= -3 j Ji = V2/ + \/2; 


(iv) h = y/2i + \flj 
/_Ay- 

m = -3; 


(b) .V -2/ 


«/= 3/ 



h = 2 / 


(c) \/27 + (V5 - 3)> 


7z = V^7 + y/2j 


m = —3/ 


29 £ 

31 7+7 


Section 12.3 


1 (2. 2.4.6JO, 16) 

3 (-4, -5. -5, -5, -4, -2) 

5 (5.6.7,8,9,10) 

7 (13/6,5/2. 10/3.25/6, I 1/2,22/3) 

9 (3.69, 1.45,6.67, 1,44, 1.17.0.75) 

11 (3.527. 1.287,6.507, 1.277, 1.007,0.587) 
13 (79.000,79.333,89.000,68.333,89.333) 

15 3.378° north of east 


17 (a) r = 4.330/ + 2.500; 

For the second leg ofhis journey, ic 


finish 


.301 


(hi jv — 9.848 
fe) 14.397 

19(a) (8,7) 

(b) P A =(-8.-7) 

21 q ti = 1.0657 + 1.966/ ; (1.065,1.966) 
q b = 2.7037 + 3.1 13/; (2.703,3.1 13) 
f/ ( = 2.1297 + 3.933/; (2.129,3.933 > 
q :l = 0.4917 + 2.785/ ; (0.491.2.785) 

Section 12.4 

1 -7 


to 


(d) 


(e) 


(ft 


1 

-8 

—2 

6 

3 

-24 

-6 

4 

7 

10 

•> 

10 

10 

-14 

-4 


-1 

-4 

5 


3 

15 

-30 
8 9 

I 1 6 

13 i: 
6 8 
-4 
14 
28 
-24 


3 

24 

-6 

0 

3 

10 


15 

3 


26 

14 


3 -38 

5(a) (51,15,38) 

5 14 

(b) ( 


-1 1,33) 

7 -2 

(el l 

;70, 20,22) 


(d) I 

: 11, - 

-6,17) 

9 28/ + 147 

(e) i 

581 


1 1 238 


24 60 84 

13 108.435° 

(0 

48 -72 36 

15 2100 Ft lbs 


k 192 -60 0 

17 1.91 1 radians (109.471°) 

7 (a) 

De lined 

19 For both, max =11. min = 3 

(b) 

Not defined 


(O 

Not defined 

1 INI) 

(d) 

Not defined 

25(a) a = (3,2,4); c ={c b ,c ( .,c m ) 

(e) 

Defined 

II 

o 

II 

■+ 

+ 

+ 

(f) 

Not defined 

(c) The “freshness-adjusted" cost is cheaper at 



( 

Beta 



0.90 0 

27 43.297° 

9(a) 1 

T 

0.10 0.50 

29 (a) Width 



k 0 0.50 

(b) Height 

(b) 

P\ = 

: (1.8,0.2,0), 

(e) Perimeter 


P 2 - 

= (1.62,0.28,0, 


Section 12.5 


1 (a I 

(b) 

(c) 

(d) 

(e) 

(f) 

3 (a) 

(b) 


15 

35 

10 

-5 , 

-2 

10 

0 

-16 

4 


2 

V ) 

-8 

-26 

-6 

11 

13 

45 

10 

-21 

k 

-5k 

0 

8* 

12 

8 

16 

24 

4 

36 

0 

-8 

—2 

-12 

-6 

-10 

-18 

-8 

-4 

-16 


1 i (a) 
(b) 

13 (a) 

(b) 


0 

0.02 

0.98 


p/ =(1.458,0.304.0.238) 

0.97 0.05 

0.03 0.95 

p 201 I — (214,386), 
p 2012 — (226.88,373.12). 

" / 

5 


T = 


(e) r 


( 2a + h \ 

\3a + 2b J 


15 (a) = -I 

(b) h = 

(c) Ar = yir , and AF is parallel to l 


20 


4 

28 12 
20 32 

16 24 



-4 

-14 

-6 

-10 
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Chapter 12 Review 

1 (3,3,6) 

3 (-3, -2,9) 

5 (7,8, -21) 

7 (4,-2, 18) 

9 a =b = c -3k 
d = 27 + 3* 

e =7 
/ =-2/ 

11 -4.57 +8J 4- 0.5it 
13 13 
15 6 

17 67 + 67 + 6 k 
19 ||w || = +6 
II? II = V5 

21 (a) Yes 
(b) No 

23(a) l = (11,7,11,7,13) 

(b) F = (32,36,21,8,4), 

G = (3, 3,2,0,7) 

25 F = g sin 8 
29 OAuI +0.693 nj 

31 (a) AB =27 - 2] - 7k 
AC = -27 + 2] - 7k 
(b) 0 = 44.003° 

35 7iB = -u;BC = 3v ;AC 
-u + 3v ; AD = 3r 

37 3n - 3m ; 

3m + n ; 

4m - n ; 
m -2n 

Ch. 12 Understanding 

1 False 
3 False 
5 False 
7 False 
9 True 
II True 
13 False 
15 True 
17 True 
19 False 
21 True 
23 True 


Section 13.1 

1 Nol arithmetic 
3 Arithmetic 
5 Arithmetic, a n - 3 + 3 n 
7 Arithmetic, a„ = -0.9 - 0.1 n 
9 Not geometric 
11 Geometric 
13 Not geometric 
!5 Geometric; 4(1 /2)" _l 
17 Geometric; 1/(1.2)"“' 


AB + BC 


19 1, 5/4, 7/5, 3/2; not geometric 
21 -1, 1,-1, 1; geometric 

23 1, 1/V2, 1/V3, 1/2; not geometric 
25 n > 101 

27 10.8, 64.8, 4.8 + 1.2/? 

29 7.9,57.4,2.4+ 1.1 n 
31 1.661, 7(0.75)"-' 

33 486, 2 • 3" _1 

35 (a) 690.1,706.662, 723.662, 740.989 

(b) 590.6, 625.445, 662.347, 701.425 

(c) 2015 

37(a) 19.042,19.151,19.260 

(b) 19.042(1.0057)" 

(c) 121.951 years 

39 Arithmetic, d > 0 
41 Arithmetic, d < 0 
43 2.7. 12, 17 \a n — -3 + 5n 
45 3,7,15,31; 

a„ = 2"-' -3 + 2"- 2 + 2"^ + ... +J 


3 5.997 
5 781.248 
7 7.199 

9 Yes, a= 1, ratio =-1/2 
11 Yes; o-5, ratio = -2 

13 z:; =I (-ir +l (3») 

I 5 ZL„(-D'32(i)” 

17 189/32 

19 I if JV is even and 0 is TV is odd. 

25 

21(a) 2 88 ( I - 007 ) ,,_1 

n= 1 

(b) 2395.111 bn barrels 

23(a) 569,173.67 
(b) $69,274.38 

25 (a) Doubles 

(b) Less than doubles 

(c) More than doubles 

27 (a) $48,804.91 
(b) $5457.18 


47 (a) 150, 187.5, 199.219, 199.997, 200, 200; 
verging 

49(a) $256 
(b) d n & 4" 

Section 13.2 

1 Not arithmetic 
- 3 Not arithmetic 

5 (—1 ) 2 + 0 2 + l 2 + 2 2 + 3 2 + 4 2 + 5 2 
7 1+3 + 5 + 7 + 9+11 
9 (-0 2 + (-D 3 + (-1 ) 4 + •** + (-1) 10 

13 Zl =i O/2)n 

15(a) S'-i 21 
(b) lit) 

17 o, = 3, d = 4 
19 o, =2,d =9 
21 500,500 
23 2625 
25 -132 
27 -561 
29 -111.3 
31 150;2325 


Section 13.4 

1 Yes, 0=1, ratio = -x 

3 No. Ratio between successive terms is not con¬ 
stant 

5 Yes, a = e x , ratio = e x 
7 Yes, o = l, ratio = \/2 
9 y 2 /{ 1 - >•), \y\ < 1 
11 10 
13 1/54 
15 4 

17 x 2 /{\-x 2 ) 

19 235/999 
21 11/90 
23 3781/4950 

25 (a) P n = 250(0.04) + 250(0.04) 2 + - + 

250(0.04)"-’ 

(b) P n = 10(1 - (0.04)" -1 )/(l -0.04) 

(c) P„= 10.417 

27 22.3 million dollars 
29 $9101.74 

Chapter 13 Review 

1 603;59 


33 (a) (i) 248.7, 281.4,308.7; population at cen¬ 

sus time 

(ii) 22.1. 32.7, 27.3; change in population 
over the decade. 

(iii) 2.73; average yearly population growth 
over the decade. 

35 612 

37 9 

39 (a) 256 ft, 400 ft, 576 ft 
(b) 744 ft, 600 ft, 424 ft 

41 7.906 sec 

43 Last row: 106 
Auditorium: 1360 

45 (a) 297 


3(a) 1+5+9+13+ 17 
(b) 45 

5 No 

7 1/(1 -2z),jz| < 1/2 
9 315 

11 n(n+ l)/2 

13 24 cans at bottom 
3 less per row 
8 rows 

15 435 
17 $25,503.33 

19 (a) 300, 350, 400, 450, 500, 550, 600. 

(b) 950 yards 

(c) 3 L 1 day and after 


Section 13.3 

1 1,572,768 


21 (a) h n = 10(3/4)" 

(b) D, = 10 feet 

D 2 = /i<|+ 2h j = 25 feet 
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£>3 = h {) + 2h j +2h 2 = 

36.25 feet 

D 4 = A„ + 2/z, + 2h 2 
+ 2/i 3 « 44.688 feet 
(c) D n = ‘ 

10 + 60(1 - (3/4) ,,_1 ) 

23(a) $1250 
(b) 12.50 

Ch. 13 Understanding 

1 True 


3 True 
5 True 
7 True 
9 True 
11 False 
13 True 
15 False 
17 False 


19 False 
21 True 
23 False 
25 False 
27 True 
29 False 
31 False 
33 False 



INDEX 


() + notation. 208 
cos** % 329 
a, 544 
sin" 1 .329 
1 an 1 .331 

— notation. 158, 208 
e. the number, 168, 170 
infinite series, 175 
e m , 388 

h the number, 386 
powers of, 386 
//-dimensional vector, 507 
x-eomponent of vector, 505 
x-intercept. 447 
y-eomponent of vector, 505 
>*-intercept, 21 


A4 paper, 59 
Aaron, Henry, 57 
absolute value function, 86 
acceleration, 28 
acidity, chemical, 205 
acoustic beats, 384 
acute angle, 336 
addition 

of complex numbers, 386 
of fractions, 491 
of matrices, 522 
of vectors, 498 
properties, 502 
advertising expenditure, 224 
Afghanistan, population, 26 
African elephant, body mass, 442 
AIDS, 477, 480, 541 
Albany, NY. 54 
alcohol concentration, 414 
allometric equation, 488 
alternating current, 299, 317 
alternating sequence, 536 
AM signal, 380 

ambiguous case. Law of Sines, 338 

ampicillin, 557 

amplitude 

cosine function, 288 
exponentially decreasing, 372 
linearly decreasing, 370 
sine function, 288 
trigonometric function. 288, 296 
analog radio dial, 480 
Andromeda Galaxy, 214 


angle 

acute, 336 
obtuse, 340 
angle measure 

conversion between degrees and 
radians. 281 
on unit circle, 274 
reference angle, 312, 313 
special angles, 274, 322 
angular frequency, 293 
annual growth factor, 142 
approximate solution, 63 
approximation 
of e, 175 

polynomial. 451.489 
arc length, 279 
arccosine, 311, 329 
Archimedean spiral, 345 
arcsine, 312, 329 
arctangent, 312, 331 
area 

circle, 1 I, 70 
square. 26. 78 
arithmetic 

sequence, 537 
scries. 542 
sum of, 542 
arithmetic mean, 195 
Armenia, population, 481 
associative property, vector operations, 
502 

astronomy 

astronomical distances, 214 
planetary motion, 483, 488 
sunspots, 17 
asymptote 

exponential function, 158 
horizontal, 158, 208, 209 
logarithmic function, 204 
power function, 440 
rational function, 460, 466 
vertical, 208, 209 
atenolol, 552 

atmospheric pressure, 164 
Australia, mining, 26 
Avatar, film, 511 
average 

cost, 423 

cost of production, 457, 463 
income, Canada, 422 
rate of change, 11 


as slope, 13 

function notation for, 13 
axis of symmetry, 123 
parabola, 124 

ballet dancer, vertical jump, 128 
base e, 168 

base change, exponential function, 198 

baseball diamond, 340 

baseball, height function. 1 16. 126 

basketball player, slam-dunk jump. 130 

Belleterre, Quebec. 26 

biology 

blood alcohol concentration, 44 
blood stream concentration. 164 
calories, 17,51,83 
carbon-14 decay, 12, 17. 140. 160, 
227 

Cesium-134 decay. 175 
chloroiluorocarbons, 156 
cholesterol ratio, 46 
circulation time, 442 
dose-response function, 36 
Einsteinium-253. 200 
epidemic. 77 
genetic distance, 521 
greenhouse gases, 104 
hand strength, 51 
metabolic rate, 217 
oxygen consumption, 29, 31, 51 
respiratory cycle, 450 
SARS virus, 25 
snowy tree cricket, 2 
Teehnetium-99m, 202 
Thulium-171 decay, 175 
topi population, 51 
Tritium, 200 

black bear population, 179 
black rhinoceros, body mass. 442 
blood alcohol concentration, 44 
blood alcohol content. 181, 202 
blood pressure, 299 
blood sugar level, 7 
blue whale, body mass, 442 
body mass, various animals, 442 
bonds, 558 

Boston, temperature. 300 
Botswana, population. 180 
boustraphedonic pairing function, 59 
break-even point, 45 
British Airways, Ferris wheel, 266 
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INDEX 


bronze alloy, 83,462 
brown tree snakes, Guam, 178 
Bulgaria, population, 163 
bullet, velocity, 56 

caffeine, effect on pulse, 414 
calories, 17, 51, 83 
capacitor, 159 

car rental agencies, comparison, 39 
carbon-14, 12, 17, 140, 143, 160, 195, 
197, 202, 227,422 
cardioid, 348 
Cartesian 

coordinates, 342 
plane, 3 
causation, 49 

cell phone subscribers, 122 
Celsius, 56 

Cesium-134, decay, 175 
change 

average rate of, 11 
inside, 93, 234 
outside, 93, 234 

Charlotte, North Carolina, daylight 
hours, 260 
chemical acidity, 205 
Chicago O’Hare airport, rainfall, 4, 78 
chlorofluorocarbons, 156 
cholesterol ratio, 46 
circle 

area, 11,70 
coordinates, 276 
unit circle, 274 
circulation time, 442 
closed form, 550 
C0 2 levels, 423 
cocoa production, 157 
coefficient, 445 
column vector, 523 
combination of functions, 414 
difference, 414, 416 
product, 417 
quotient, 418 
sum, 416 
common 

denominator, 492 
logarithmic function, 188 
commutative property 
dot product, 517 
vector operations, 502 
completing the square, 124, 136 
visualizing, 136 
complex 

fraction, 493 
number, 385 
addition of, 386 


conjugate, 386 
definition, 386 
division of, 387 
multiplication of, 386 
polar coordinates and, 387 
polar form, 389 
polar representation, 387, 389 
powers of, 391 
powers of /, 386 
subtraction of, 386 
plane, 387 
power, 388 

component of vector, 503, 505 
notation, 510 

composition of functions, 97, 398 
decomposition, 399 
compound interest, 165 
balance formula, 167 
continuous, 171 

balance formula, 171 
compression 

horizontal, 251 
order, 253 
vertical, 244 
computer graphics 
in films, 513 
vector, 497 
concave 

down, 105, 106, 204, 205 
up, 104, 106, 143, 269 
concavity, 104, 106, 117, 143, 204, 205, 
269 

parabola, 119 

concentration, 414, 462, 463 
Congressional salaries, 75 
conjugate, complex number, 386 
constant 

percent growth rate, 140 
percent rate of change, 140 
rate of change, 21 
term, 445 

consumption vector, 512 
continuous 

compounding, 171 
growth rate, 168 
coordinates 

Cartesian, 342 
polar, 342 

relation between Cartesian and po¬ 
lar, 342 

correlation, 49 

causation and, 49 
coefficient of. 49 
cosecant function, 306 
cosine function 


amplitude, 288, 296 
definition, 274 
graph, 286 
horizontal shift, 296 
inverse, 310, 311, 410 
Law of Cosines, 335 
midline, 296 
period, 294, 296 
special angles, 274, 283, 322 
triangle definition, 328 

cost 

average, 423, 457, 463 
fixed, 26, 35, 457 
marginal, 559 
total, 463 
unit, 26, 35 
variable, 457 
cotangent function, 306 
Coulomb’s Law, 515 
coupon, of bond, 558 
credit multiplier, 561 
cricket 

snowy tree, 2, 4 
thermometer, 2, 4 
crime rates, 418 
crow’s nest, on ship’s mast, 358 
cube 

surface area formula, 111 
volume formula, 111 
cubic polynomial, 446 
currency exchange rates, 429 
cylinder 

surface area formula, 84 
volume formula, 84 

damped oscillation, 369, 370 
formula, 372 

data 

fitting exponential functions, 150, 
221 

fitting linear functions, 46, 150 
fitting power functions, 477 
De Moivre’s formula, 391 
deceleration, 28 
decibel, 206,413 
decimal 

repeating, 557 
writing as fraction, 557 
decomposition of functions, 399 
trivial, 399 

decreasing function, 11, 140, 142 
exponential vs. power, 473 
graph of, 12 
degree 

conversion to radians, 281 
polynomial function, 445 


INDEX 
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degree-day model, 37 
demand, 36, 46, 426 
denominator, common, 492 
density, 450 
dependence, 2 
dependent variable, 4 
depreciation 

exponential, 178 
linear, 19, 25, 44 
difference 

function. 164 
of functions, 414 
using graphs. 416 
of squares, factoring, 132 
quotient, 402 
table of differences, 149 
difference-of-angle formula, 365. 393 
direction of vector, 497 
discrete logistic equation, 540 
discrete set, 30 
displacement 
net. 496 
vector, 506 
vs. distance, 496 
distance vs. displacement, 496 
distributive property 
dot product, 517 
real numbers, 131 
vector operations, 502 
division 

of fractions, 491 
of complex numbers, 387 
domain, 78 

for real situation, 79 
from formula, 80 
from graph, 79 
inverse cosine, 311,410 
inverse function, 408 
inverse sine, 312, 410 
inverse tangent, 312, 410 
logarithmic function, 203 
restriction, 409 
dominate, 435 
dose-response function, 36 
dot product, 516 

geometric interpretation, 517 
properties, 517 
double Ferris wheel, 385 
double-angle 

cosine, 362 
identities, 361, 362 
sine, 362 
tangent, 362 
doubling time, 196 

rule of seventy, 203 


drug level, 550 

equilibrium, 553 

earning power, 181 
Earth 

distance from sun, 488 
formation of, 216 
latitude, 285 
radius, computing, 318 
earthquake intensity, 413 
ecological efficiency, food chain, 203 
economics, 26 

average cost of production, 457, 
463 

bonds, 558 
break-even point, 45 
budget constraint, 533 
compound interest, 167 
consumption, 533 
continuous compound interest, 171 
credit multiplier, 561 
demand, 36, 46, 426 
depreciation, 178 
economies of scale, 423 
employment vector, 527 
marginal cost, 559 
market clearing price, 46 
models of investment, 165 
production vector, 527 
profit, 45 

revenue vector, 511 
straight-line depreciation, 19 
supply, 46 
surplus vector, 528 
total cost of production, 35 
vector, 497 

economies of scale, 423 
effective 

annual rate, 167, 177 
rate, 165 
yield, 165 
Eiffel Tower, 340 
eigenvalue, 530 
eigenvector, 530 
Einsteinium-253, 200 
elimination and simultaneous equations, 
64 

employment vector, 527 

EPA, 18 

equation 

exponential 

algebraic solution, 190, 195 
graphical solution, 159 
graphing in polar coordinates, 344 
logarithmic, algebraic solution, 
190 


quadratic 

completing the square, 136 
factoring, 116 
quadratic formula, 137 
simultaneous, 39, 64 
solution by factoring, 133 
solving, 71 
trigonometric 

graphical solution, 354 
reference angles and, 312 

EuleFs 

formula, 388 
identity, 388 
Euler, Leonhard, 168 
European euro, exchange rate, 429 
evaluating a function, 70 
even 

function, 237-239 
power function, 432 
Ewing, Patrick, 558 
exact solution, 63 
exchange rates, currency, 429 
exponent 

properties, 183 
relation to logarithm, 189 
exponential 

decay, 140, 143 
equation 

algebraic solution, 190, 195 
graphical solution, 159 
function 

base change, 198 
compound interest, 165 
continuous compounding, 171 
continuous growth rate, 168 
decreasing, 140, 142 
definition, 140 
doubling time, 196 
effective yield, 165 
fitting to data, 221 
from a table, 149 
general formula, 143 
graph, 204 
growth factor, 142 
half-life, 197 
horizontal asymptote, 158 
increasing, 141 
inverse of logarithm, 189, 191 
nominal interest rate, 165 
parameters, 143, 168 
parameters and graph, 158 
percent rate of change, 140 
ratio method, 150 
vs. linear, 149, 151 
vs. power function, 473 
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INDEX 


growth, 152 
extrapolation, 47, 482 
eyewall wind profile, 55, 77 

factored formula 

polynomial function, 451 
and zeros, 452 

quadratic function, 116, 120 
factoring, 116 

algebraic expressions, 131 
difference of squares, 132 
formula of function, 417 
perfect squares, 132 
quadratic expressions, 132 
solving equation, 133 
Fahrenheit, 56 

Fairbanks, AL, temperature, 394 
falling objects, 545 
family of functions, 21 
exponential, 140 
quadratic, 120 
rational, 458 
feature phone sales, 15 
Ferris wheel function, 266, 271 
graph, 267 

Fibonacci sequence, 112, 540 
financial models, 19 
fitting data 

exponential function, 221 
linear function, 46 
power function, 477 
regression, 47 
fixed cost, 26, 35, 457 
Florida, population, 540 
food supply, per-capita, 418 
food surplus, per capita, 415 
football, motion of, 129 
force 

normal, 532 
sliding, 532 
vector, 497 
formula 
area 

square, 78 
circle, 70 
balance 

compound interest, 167 
continuous compound interest, 
171 

coordinates on a circle, 276 
cosine function, 296 
damped oscillation, 372 
difference of squares, 132 
difference-of-angle, 365 
double-angle 
cosine, 362 


sine, 361 
tangent, 362 
Euler’s, 388 

exponential function, 143 
ratio method, 150 
for a function 
definition, 3 
inside changes, 93 
outside changes, 93 
horizontal line, 32 
inverse function, 99 
linear function 
from graph, 29 
from verbal description, 30 
general, 21 
point-slope, 31 
perfect square, 132 
polynomial function, 445 
from graph, 454 
power function 
from graph, 436 
quadratic, 137 
quadratic function, 116, 120 
from graph, 119, 125 
rational function, from graph, 466 
sine function, 296 
sum-of-angle, 365 
surface area 
cube, 111 
cylinder, 84 
transformation 

horizontal compression, 251 
horizontal shift, 92 
horizontal stretch, 251 
vertical compression, 244 
vertical shift, 92 
vertical stretch, 244 
vertical line, 32 
volume 
cube, 111 
cylinder, 84 

fraction 

arithmetic of, 491 
complex, 493 
reducing, 492 
frequency, 294 
angular, 293 
fusion, 225 
piano notes, 383 
fuel consumption, 8 
function 

absolute value, 86 
average rate of change, 11 
combination, 414 
composition, 97, 398 


concave down, 105, 106 
concave up, 104, 106 
cosecant, 306 
cosine, 274 
cotangent, 306 
cricket, 2, 3, 71 

domain and range, 79 
inverse, 100 
decomposition, 399 
decreasing, 11 
definition, 2 
dependent variable, 4 
difference, 164, 414 
domain, 78 
dose-response, 36 
evaluating, 70 
even, 237-239 
exponential, 140 
general formula, 143 
graph, 204 
vs. linear, 149, 151 
vs. power, 473 
Ferris wheel, 266 
graph, 267 
formula for, 3 
graph of, 3 
Heaviside step, 258 
increasing, 11 
independent variable, 4 
input, 2, 4, 70,71 
inside, 97 

inside change, 93, 234 
inverse, 99, 404 
inverse cosine, 310 
inverse sine, 312 
inverse tangent, 312 
invertible, 99, 404 
linear 

definition, 18, 19 
general formula, 21 
graph, 19, 38 
point-slope form, 31 
slope-intercept form, 31 
standard form, 31 
table, 21,27 
vs. exponential, 149, 151 
logarithmic 
common, 188 
graph, 204 
natural, 190 
logistic, 79 
maximum value, 126 
minimum value, 126 
non-invertible, 405 
notation, 4, 70 
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odd, 238,239 
output, 2, 4. 70 
outside, 97 

outside change, 93, 234 
periodic, 269, 293 
piecewise-defined, 84 
polynomial, 443 

polynomial approximation, 451, 
489 

power, 437, 484 
vs. exponential, 473 
quadratic, 1 16, 120 
vertex, 1 16 
range. 78 
rational, 458 
representations of, 2 
secant, 306 
sine. 274 
sinusoidal, 293 
table representation, 2 
tangent, 301, 330 
and slope, 301 
transformation 

combined, 94, 236, 246 
compression, 244, 251 
shift, 92 
stretch, 244, 251 
trigonometric 
cosecant, 306 
cosine, 274 
cotangent, 306 
inverse cosine, 310, 311 
inverse sine, 312 
inverse tangent, 312 
secant, 306 
sine, 274 
tangent, 301, 330 
verbal representation, 2 
vertical line test, 5 
zero, 116 
functions 

family, 21 

inverse trigonometric, 329 
fusion frequency, 225 

Galileo, 498 

garbage production, 18 

gas mileage, 83 

Gateway Arch, St. Louis, 334 

Gauss, Carl Friedrich (1777-1855), 542 

general formula 

cosine function, 296 
exponential function, 143 
linear function, 21 
polynomial function, 445 
sine function, 296 


general term, sequence, 536 
genetic distance, 521 
geometric mean, 195 
geometric sequence, 538 
geometric series, 549 
infinite, 553 
sum of. 554 
sum of, 549, 550 
golden ratio. 540 
Gompcrtz function, 203 
Gore Mountain, NY, 90 
grade of road, 331 
definition, 331 
tangent function and, 331 
grapefruit, velocity, 28 
graph 

cosine function, 286 
exponential function, 204 
finding input and output. 72 
function, 3 
inverse function, 407 
In x and e\ 204 
logx and 1 (L,204 
linear function, 19 
y-intercept, 38 
slope, 38 

logarithmic function, 204 
natural logarithmic function, 205 
polynomial function, 446 
power function, 432 
rational function, 466 
sine function, 286 
tangent function. 302, 305 
gravitation, Newton’s Law of, 512 
greenhouse gases, carbon dioxide, 104 
Grinnell Glacier, 146 
growth 

exponential vs. linear, 152 
linear, 18 
growth factor, 141 
annual, 142 
formula, 143 
growth rate 

constant percent, 140 
continuous, 168 
Gwendolyn, 262 

hailstone, mass, 443 
half-life, 197 
hand strength, 51 
harmonic mean, 413 
Harris-Benedict equation, 41 
Harry Potter, film, 511 
heart rate, 29 
heating schedule, 91 
heating, Newton's Law of, 146 


Heaviside step function, 258 
hertz, 317 

High Roller Ferris wheel, 270 
hippopotamus, body mass, 442 
holes in rational functions, 467 
home run record, 57 
horizontal 

asymptote, 158, 208, 209 
limit, 161 

rational function, 460, 466 
compression, 251 
line 

slope, 32 
test, 406 
reflection, 236 
shift, 91,92 

sinusoidal function. 295, 296 
stretch, 251 

transformation, order, 253 
horse, body mass, 442 
household income, 422 
housepainting, 70, 78, 93, 248 
Houston Metro, population, 160 
human, body mass, 442 
hurricane, 55, 77 

hydrogen ion concentration, 210, 212 

ice-cover, Mt. Kilimanjaro, 27 
identities 

and solving equations, 359 
derivation of, 366 
Euler's, 388 
trigonometric, 358 

difference of two cosines, 382 
difference of two sines, 382 
difference-of-angle, 365 
double-angle, 361, 362 
sum of sine and cosine, 377 
sum of two cosines, 382 
sum of two sines, 382 
sum-of-angle, 365 
vector operations, 502 
identity, Pythagorean, 304 

graphical representation, 305 
imaginary 

number, 386 

part, of complex number, 386 
power, 388 
income tax, 77 
increasing function, 11, 141 

exponential vs. power, 473 
graph of, 12 
independent variable, 4 
India, population, 146 
inequalities 

graphing, 41 
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linear, 41 
solution, 41 

infinite geometric series, 553 
sum of, 554 
inflation, 146, 175 
influenza epidemic, 77 
input, 2, 4, 70 

as independent variable, 4 
from graph, 73 
from table, 72, 75 
inside change, 234 
to a formula, 93 
inside function, 97 
intensity 

light, 250 
sound, 206 
intercept, 3, 21 
x-axis, 447 
vertical, 21 
interest rate 

compound, 165, 171 
effective, 165 
nominal, 165 
interpolation, 47, 482 
intersection of graphs, 64 
lines, 39 

inverse cosine, 329 
inverse function, 99 

cosine, 310, 311, 410 
definition, 404 
domain, 408 
domain restriction, 409 
evaluating graphically, 406 
graph, 407 

In x and e x , 204 
log x and 10 x , 204 
log, 195, 204 
notation, 99 
property, 408 
range, 408 
sine, 312, 410 
tangent, 312, 410 
inverse proportionality, 437 
inverse sine, 329 
inverse tangent, 331 
invertible, 99, 404 
IQ, 57 

Ireland, population, 113 
Ironman Triathlon, 85 
Isle of Shoals, 412 
iTunes sales, 218 

Japanese yen, exchange rate, 429 
Jupiter, distance from sun, 488 

Kepler’s Law, 483 


Kepler, Johannes (1571-1630), 483,488 

Lambert W function, 413 

latitude, 285 

Law 

Coulomb’s, 515 
Kepler’s, 483 
of Cosines, 335 
of Gravitation, Newton, 512 
of planetary motion, 488 
of Sines, 337 

ambiguous case, 338 
Torricelli’s, 438 
Laxey waterwheel, 292 
leading coefficient, 445 
leading term, 445 
least-squares line, 49 
Leike, Arnd, 483 
Letterman, David, 58 
leukemia, 272 
Lewis, Carl, 18 
Lexus, depreciation, 178 
light intensity, 250 
lighthouse beacon, 250 
limit, 161,209, 436, 464 
from the left, 209, 464 
from the right, 209, 464 
one-sided, 209, 464 
linear depreciation, 19, 25, 44 
linear extrapolation, 47 
linear factor, 452 
linear function 

definition, 18, 19 
extrapolation, 47 
fitting to data, 46 
from a table, 149 
graph, 19, 38 
interpolation, 47 
point-slope form, 31 
regression, 47 
slope-intercept form, 31 
standard form, 31 
table, 21,27 

vs. exponential, 149, 151 
linear growth, 18, 152 
linear inequalities, 41 
linear interpolation, 47 
linear regression, 47 
assumptions, 47 
correlation, 49 
least squares, 48 
linear scale, 214 
linearize, 220 
log 

function, 188 
of large numbers, 215 


of small numbers, 216 
log-log scale, 217 
logarithm 

exponential equation, solution to, 

190, 195 

is an exponent, 189 
properties, 229 
logarithmic 

equation, algebraic solution, 190 
function 

common, 188 
domain, 203 
graph, 204 

inverse of exponential, 189, 

191, 195, 204 
misconceptions, 191 
natural, 190 
properties, 190, 192 
range, 204 

undoes exponentiation, 189 
vertical asymptote, 204 
vs. power function, 474 
scale, 214, 219 

order of magnitude, 206 
logistic equation, discrete, 540 
logistic function, 79 
London Ferris wheel, 266, 270, 289 
long-run behavior 

polynomial function, 447 
power function, 471 
rational function, 459, 466 

magnetic field vector, 497 
magnitude of vector, 497 
components, 507 
notation, 497 

Malthus, Thomas, 152, 414 
marginal cost, 559 
market clearing price, 46 
mass, 488 

hailstone, 443 
various animals, 442 
mathematical model, 3 
matrix, 522 

addition, 522 
properties, 523 
column, 522 
dimensions, 523 
entries, 522 
multiplication, 522 
by a scalar, 522 
by a vector, 525 
notation, 522, 523 
properties, 523 
row, 522 
subtraction, 522 


INDEX 


Mauna Loa Observatory, 380 
maximum function value, 126 
meal plan, cost, 36 
mean 

harmonic, 413 
quadratic, 413 
melting time, 112 
metabolic rate, 217, 442 
Mexico, population, 23, 144 
midline 

cosine function, 288 
sine function, 288 
trigonometric function, 288, 296 
mile run, world record, 9 
Milky Way, 214 
minimum function value, 126 
misconceptions, logarithmic functions, 
191 

model 

degree-day, 37 
financial, 19 
investment, 165 
linear growth, 18 
mathematical, 3 
stock value, 379 
money in circulation, 9 
Monk, Timothy, 58 
Mt. Kilimanjaro ice-cover, 27 
multiple zero, 453 
multiplication 
matrix 

by a scalar, 522 
by a vector, 525 
of complex numbers. 386 
of fractions, 491 
scalar, 501,522 
properties, 502 
vector dot product, 516 
properties, 517 

names, ranking, 8 
National Football League, 72 
natural base, 168 
natural gas consumption, 539 
natural logarithmic function, 190 
definition, 190 
graph, 205 
properties, 191 

NCAA basketball playoffs, 147 
negative stretch factor, 243 
Nevada, population, 540 
New England population, 510, 517, 522 
New York State telephone directory, 83 
Newton’s Law of 

Gravitation, 512 
Heating, 146 


nominal rate, 165 
non-invertible function, 405 
normal force, 532 
notation 

function, 4, 70 
inverse function, 99 
limit, 209 
sigma, 544 
summation, 544 
vector components. 510 
vector magnitude, 497 
notes, frequency, 383 
number 

e. 168, 170 
L 386 

oak tree, water consumption, 262 

obtuse angle, 340 

odd 

function, 238, 239 
power function, 432 

order 

compression, 253 
shift, 253 
stretch, 253 
transformation 
horizontal, 253 
vertical, 253 
order of magnitude, 206 
origin, symmetry about, 238 
oscillation, 271 
damped, 369 
rising midline, 372 
Osgood, Charles, 55 
output. 2, 4, 70 

as dependent variable, 4 
from graph, 73 
from table, 72, 75 
outside change, 234 
to a formula, 93 
outside function, 97 
Owens, Jesse, 54 
oxygen consumption, 29, 31, 51 

paper, A-series, 59, 148, 179 
parabola, 116 

axis of symmetry, 123, 124 
formula, 120 
function, 125 
symmetry, 123 
vertex, 122, 124 
parallel lines, slope, 33 
parallel vectors, 501, 507 
parameter 

exponential function, 158, 168 
linear function, 21, 37 


effect on graph, 38 
power function 
k, 472 
[K 432 
p vs. k, 472 
special cases, 434 
parameters. 143 
partial sum, 541,554 
percent growth rate 
constant, 140 
continuous, 169 
percent rate of change, 140 
perfect square, factoring, 132 
period, 269 

cosine function, 294 
sine function, 294 
tangent function, 302 
trigonometric function, 296 
definition, 293 
periodic function, 269, 293 
perpendicular lines, slope, 33 
petroleum imports, US, 300 
pH, 205, 210, 212 

phase shift, trigonometric function, 297, 
298 

physics 

electrical circuit, 159 
normal force, 532 
planetary motion, 483, 488 
projectile motion, 116, 126 
sliding force, 532 
work, 519 

piano note frequency, tuning, 383 
piecewise-defined functions, 84 
plane 

Cartesian, 3 
complex, 387 

planetary motion, law of, 483, 488 
plumb bob, 318 
point-slope form, 31 
polar coordinates, 342 

Archimedean spiral. 345 
cardioid, 348 
circle, 345 

complex number and, 387 
graphing equations, 344 
polar form of a complex number, 389 
Poltrack, David, 58 
polynomial 

approximation, 451, 489 

cubic, 446 

function 

coefficients, 445 
constant term, 445 
definition, 443 
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degree, 445 
factored form, 451 
formula from graph. 454 
general formula, 445 
graphs of, 446 
leading term, 445 
long-run behavior, 447 
multiple zero, 453 
short-run behavior, 451 
standard form, 445 
turns, 453 
zero, 447, 453 
quadratic, 446 
quartic, 446 
quintic, 446 
population 

Afghanistan, 26 
Armenia, 481 
black bear, 179 
Botswana, 180 
Bulgaria, 163 
exponential growth, 152 
Florida, 540 
foxes, 75 

foxes and rabbits, 5 
Houston Metro Area, 160 
India, 146 
Ireland, 1 13 
island rabbit, 83 
linear growth, 18 
Malthus, Thomas, 414 
Mexico, 23, 144 
Nevada, 540 

New England, 510, 517, 522 
rabbit, 296, 372 
Somerville, MA, 300 
Sri Lanka, 26 
topi, 51 
turtle, 150 

United States, 248, 481,547 
vector, 497 
Washington, 202 
position vector, 513 
power function, 432, 437, 484 
comparison of powers, 471 
even power, 432 
first quadrant behavior, 471 
fitting to data. 477 
formula from graph, 436 
fractional power, 434 
graphs, 432 
long-run behavior, 471 
negative power, 433 
odd power, 432 
parameter /c, 472 
parameter p, 432 


parameter p vs. fc, 472 
special cases, 434 
transformation, 466 
vs. exponential function, 473 
vs. log function, 474 
power, complex, imaginary, 388 
present value, 555 
price vector, 512 
principal, of bond, 558 
product of functions, 417 
production vector, 527 
profit, 26, 45 

projectile motion. 116, 126 
propeller thrust, 489 
properties 

exponents, 183 
inverse function, 408 
logarithm, 190, 229 
justification, 192 
natural logarithm. 191 
scalar multiplication, 502 
vector addition, 502 
property 

associativity, 502 
commutative, 502 
distributive, 131, 502 
proportional to, 21 
a power, 437 
inversely, 437 
proportionality, definition 
inverse, 437 

power of a variable, 437 
prosperity, measure of, 414, 418 
Proxima Centauri, 214 
pulse, effect of caffeine, 414 
pyramids, construction of, 216 
Pythagorean identity, 304 

graphical representation, 305 

quadratic 

equation 

completing the square, 136 
factoring, 116 
quadratic formula, 137 
formula, 137 
function, 116, 120 

axis of symmetry, 124 
completing the square, 124, 136 
concavity. 119 
factored form, 120 
factored formula, 116 
max/min applications, 126 
standard form, 116, 120 
vertex, 116, 122 
vertex form, 124 
polynomial, 446 


quadratic mean, 413 
quartic polynomial, 446 
quintic polynomial, 446 
quotient of functions, 418 

radian, 279 

conversion to degrees, 281 
radio dial, analog, 480 
radioactive decay, 12, 17, 140, 143, 160, 
195, 197, 202 

rainfall, Chicago O’Hare airport, 4. 78 
range, 78 

for real situation, 79 
from formula, 80 
from graph, 79 
inverse cosine, 311 
inverse function. 408 
inverse sine, 312 
inverse tangent, 312 
logarithmic function, 204 
ranking of names, 8 
rate of change, 10 

average, 11, 268 

function notation for, 13 
concavity and, 104, 117, 143,204, 
205 

constant, 21 

exponential function, 143, 152 
linear function, 19, 152 
logarithm function, 204, 205 
sinusoidal function, 268 
stretch of graph and, 245, 246 

ratio 

method for exponential formula, 
150 

table of ratios, 149 
rational function, 458 
asymptote, 460 

horizontal, 460, 466 
vertical, 466 

formula from graph, 466 
graph, 466 
holes, 467 

long-run behavior. 459, 466 
short-run behavior, 464 
transformation of power function, 
466 

zero, 464, 466 

real part, of complex number, 386 
reciprocal, trigonometric function, 306 
recognition memory, 224 
recurrence relation, 540 
reference angle, 276. 312. 313 
reflection 

across y = x, 407 
horizontal, 236 
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vertical, 236 
regression 

assumptions, 47 
lilting data, 47 
least squares, 48 
line, 47 

correlation, 49 

relief package, motion of, 122 
repeating decimal, 557 
representations 

emphases of, 3 
of functions. 2 
resolving vectors, 505 
respiratory cycle, 450 
revenue, 26, 422 
revenue vector, 511 
Richter scale, 213, 226 
riverfront park, area, 126 
Rodrigue/, Alex. 555 
roses, 346 
row vector, 523 
Rule of seventy, 203 

Saks Fifth Avenue, 202 
salary raises. 140 
SARS virus, 25 
SAT, 53 
scalar. 497 

multiplication, 501, 522 
parallel vectors, 501 
properties, 502 
rules of, 501 

scale 

linear. 214 
log-log, 217 
logarithmic, 214, 219 
models, 442 
scanning law, 90 
scatter plot, 47 
Seattle City Light, 90 
Seattle, tides. 97 
secant function, 306 
Senate, women, 55 
sequence, 536 

n yh term, 537 
alternating, 536 
arithmetic, 537 
Fibonacci, 112. 540 
geometric, 538 
terms of, 536 
series, 541 

arithmetic, 542 
sum of, 542 
geometric, 549 
infinite, 553 
sum of, 549, 550 


partial sum, 541 

shift 

formulas for, 92 
horizontal, 91,92 

trigonometric function, 295 
order, 253 
vertical, 92 
short-run behavior 

polynomial function, 451 
rational functions, 464 
sigma notation, 544 
signature, book, 113 
similar, 276 

simultaneous equations, 39, 64 
sine function 

amplitude, 288, 296 
definition. 274 
graph, 286 
horizontal shift, 296 
inverse, 312. 410 
Law of Sines, 337 
midline, 296 
period, 294, 296 
special angles, 274, 283, 322 
triangle definition. 328 
Singapore Flyer, 270 
sinusoidal function, 293, 296 
skid marks, 412 
sliding force, 532 
slope 

and tangent function, 301 
as average rate of change. 13 
horizontal line, 32 
of a line, 21 
parallel lines, 33 
perpendicular lines, 33 
vertical line, 32 
slope-intercept form, 31 
smartphone sales, 15 
snowy tree cricket, 2, 4 
solar photovoltaic market, 146 
solid waste production, 36 
Solow, Robert, 59 
solution, approx, vs. exact, 63 
Somerville, MA, population, 300 
sound intensity, 206, 213 
spanned by, arc length, 279 
Spearhsh, South Dakota, 17 
special angles. 274, 283, 322 
speed skating. Olympics, 156 
spiral. Archimedean, 345 
square 

area, 26, 78 
perimeter, 26 
Sri Lanka, population, 26 


standard form 

linear function, 31 
quadratic function, 120 
step function, Heaviside, 258 
stereo amplifier. 243 
stock value, model of, 379 
Stone Age man, 202 
straight-line depreciation. 19 
strawberry production. 423 
stretch 

horizontal. 251 
order, 253 

rate of change and. 245, 246 
vertical. 244 

substitution and simultaneous equations, 
64 

subtraction 

of complex numbers, 386 
of matrices, 522 
of vectors. 499 

sum 

arithmetic series, 542 
geometric series, 549 
infinite, 554 
of functions, 416 
partial, 554 

sum-of-angle formula, 365, 393 
summation notation, 544 
sunspots, 17 

Super Bowl XLIV, commercials. 442 
supply, 46 
surface area 
cube, 111 
cylinder, 84 
surplus vector, 528 
surveying, 333 
transit, 334 

swimming, world records, 52 
symmetry 

y-axis, 238 
about y = x, 242 
axis of, 123 
origin, 238 

system of equations. 64 
table 

exponential function, 149 
finding input and output, 72 
linear function, 21. 27, 149 
of function values, 2 
tangent function 
and slope. 301 
definition 

right triangle, 330 
unit circle, 301 
graph, 302, 305 
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inverse, 312, 410 
period, 302 

triangle definition, 328 
tax, income, 77 
taxi fare, 89, 256 
Technetium-99m, 202 
telephone calling plans, comparison, 57 
temperature 

Albany, NY, 54 

Belleterre, Quebec borehole, 26 
Boston, 300 
conversion, 56 
Fairbanks, AL, 394 
New York City, 9 
Spearfish, South Dakota, 17 
wet-bulb, 442 

term 

of polynomial, 445 
of sequence, 536 
Tesh, John, 211 
test 

horizontal line, 406 
vertical line, 5 
Texas Rangers, 555 
The Avenger, film, 511 
theophylline concentration, 164 
thermometer cricket, 2, 4 
thrust, propeller, 489 
Thulium-171, decay, 175 
Torricelli’s Law, 438 
trading 

at discount, 558 
at premium, 558 
transformation 

combined, 94, 236, 246, 296 
horizontal 

compression, 251 
order, 253 
reflection, 236 
shift, 91, 92 
stretch, 251 
power function, 466 
reflection across y = x, 407 
translation, 93 

trigonometric functions, 296 
vertical 

compression, 244 
order, 253 
reflection, 236 
shift, 92 
stretch, 244 
transit, 334 
translation, 93 
triangle 

adjacent side, 328 


opposite side, 328 
trigonometric definitions, 328 
trigonometry 

Law of Cosines, 335 
Law of Sines, 337 
triathlon, Ironman, 85 
trigonometric 

equation, 354 

graphical solution, 354 
reference angles and, 312 
function 

amplitude, 296 
angular frequency, 296 
cosecant, 306 
cosine, 274 
cotangent, 306 
graph, 286 

horizontal shift, 295, 296 
inverse cosine, 310 
Law of Cosines, 335 
Law of Sines, 337 
midline, 288, 296 
period, 293, 296 
phase shift, 297, 298 
reciprocal, 306 
secant, 306 
sine, 274 

special angles, 274, 283, 322 
tangent, 301, 330 
identities, 358 

difference of two cosines, 382 
difference of two sines, 382 
difference-of-angle, 365 
double-angle, 361, 362 
sum of sine and cosine, 377 
sum of two cosines, 382 
sum of two sines, 382 
sum-of-angle, 365 
Tritium, 200 

trivial decomposition, 399 
tuition cost, 27 
turning point, 452 

unit circle, 274 
unit cost, 26, 35 
unit vector, 504 

United States, population, 248, 481, 547 
US dollar, exchange rates, 429 

variable, 2 

dependent, 4 
independent, 4 
variable cost, 457 
vector 

^-dimensional, 507 
x-component, 505 


y-component, 505 
addition, 498 
properties, 502 
applications 

computer graphics, 497, 513 
consumption vector, 512 
economics, 497, 533 
force, 497 

magnetic fields, 497 
population, 497 
price vector, 512 
revenue vector, 511 
velocity, 497 
work, 519 

component, 503, 505 
notation, 510 
definition, 496 
direction, 497 
displacement vector, 506 
identities, 502 
length, 507 
magnitude, 497 
notation, 497 

multiplication, dot product, 516 
properties, 517 
parallel, 501, 507 
parallel vectors, 501 
position vector, 513 
scalar multiplication, 501 
parallel vectors, 501 
properties, 502 
subtraction, 499 
unit vector, 504 
zero vector, 501 
velocity vector, 497 
vending machines, 53 
vertebrates, appearance of, 216 
vertex, 116, 122, 124 

form of quadratic function, 124 
vertical 

asymptote, 208, 209 

logarithmic function, 204 
rational function, 466 
tangent function, 302 
compression, 244 
intercept, 21 
line 

slope, 32 
test, 5 

reflection, 236 
shift, 92 
stretch, 244 

transformation, order, 253 
video games, sales, 380 
viscosity, 46 
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volcano, sound of explosion, 443 
volume 

cube, 11 1 
cylinder, 84 

von Bert al an fly growth model, 429 
Voyager, 498 

Washington, population, 202 
water filtration, 146 
weight, 488 

wet-bulb temperature, 442 


white rhinoceros, body mass, 442 
wind energy capacity, 164 
wind energy power, 201 
wind turbine, 292 
women in the Senate, 55 
work, in physics, 519 
world record 

mile run, 9 
swimming, 52 

yam, temperature, 146, 244 


Yonkers, NY, 144, 156, 159 
Yugo, 22 

zero 

multiple, 453 
of a funetion, 116 
polynomial function, 447 
and factors, 452 
number of, 453 
rational function, 464, 466 
vector, 501 
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TRIGONOMETRIC IDENTITIES 


• Tangent identity: 


• Periodicity: 


lan t — 


sin t 
cos t 


sin(/ + 2n ) = sin t eos(/ + 2it ) = cos 1 tan(f + it) — tail t 


• Pythagorean identity: 

• Double-angle formula for sine: 


siir / + cos" t — 


sin 2t = 2 sin t cos / 

Double-angle formula for cosine (expressed in three different ways): 

cos 2/ — 1-2 siir t 
cos 2/ = 2 cos" t — ! 
cos 2/ = cos 2 / - sin 2 1 


• Double-angle formula for tangent: 

• Negative angle identities: 


tan It 


2 tan / 

1 - tan 2 t 


sin(—/) = — sin / cos(—/) = cos/ tan(— /) — — lan t 

• Identities relating sine and cosine: 

sin / — cos ^ cos t = sin ~ ^ 

• Sum-of-angle and difference-of-angle formulas for sine and cosine: 

sin(0 + 0) = sin 0 cos 0 + cos 0 sin 0 
sin(0 — (/)) = sin 0 cos 0 — cos 0 sin 0 

and 

cos(0 + 0) = cos 0 cos 0 - sin 0 sin 0 
cos(0 - 0) = cos 9 cos 0 + sin 0 sin 0 

• Sum and difference of sine and cosine: 


cos it 4- cos r = 2 cos 
cos u — cos r = -2 sin 


// + r it — r 

eos • 


2 2 

//-ho . u - r 


■ sin 


. it i' it — r 

sin i/ -h sin o = 2 sin —-— cos —- — 

~ // Hh v . it — o 

sin w — sin n = 2 cos —-— sin —-— 
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